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FOREWORD 


The man in the street talks today, and rightly, about the Scientific Revolution that 
shapes our lives. To the educator, the scientific revolution presupposes a revolution 
in concepts, understandings and teaching methods. Triggering off the scientific 
revolution came some years ago, an educational revolution in science and mathematics 
teaching. Gone now are the days when we could teach mathematics as if it were a 
study in techniques and skills in which the student was content to memorise skills 
without understanding concepts, and in which the teacher could be satisfied with the 
transmission of these skills. Today, it is essential to get the child to understand the 
fundamental concepts of modern mathematics and science and to teach skills for 
what skills are worth. 


We in India have arrived rather late at the world’s scientific-cum-educational 
party. Only recently have we been able to develop an integrated programme for the 
teaching of mathematics and science, to run. Summer Institutes to train teachers in 
modern mathematics and to push forward the revolution in education that is integral 
to the business of our scientific revolution. Curriculum and teaching techniques in 
mathematics at School level have to be integrated with modern mathematics at 
University level. 


In recognition of this need, the National Council of Educational Research 
and Training has undertaken to produce modern textbooks in mathematics and 
science. A detailed programme of publication has been undertaken by the Central 
Committee on Educational Literature that was set up by the National Council in 
1961. In addition, the Council sometimes sponsors valuable educational literature, 
such as the present book that has been written by Shri Shanti Narayan, Principal, 
Hans Raj College, Delhi. Working at high pressure, Shri Shanti Narayan has 
produced a modern textbook on Algebra for Secondary Schools. We publish here 
Part I of the textbook by him and his co-author Shri Mohan Lal, Lecturer at P.G. 
D.A.V. College, New Delhi. 


The aim of Part I of this book in mathematics is to enable the student at 
secondary school to form a clear understanding of concepts and to develop the skills 
to solve mathematical problems. Throughout, the presentation of material has been 
influenced by developments in modern methods. We, in the National Council, hope 
this book will stimulate and equip students of mathematics all over India to think 
further for themselves in this vital field. 
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The National Council places on record its gratitude to. Shri Shanti Narayan 
and to Shri Mohan Lal for the industry and speed with which they have produced 
this book, which is the result of mature experience and great determination. We 
look forward with hundreds of other readers, from whom demands have already been 
received, to Part П. From these readers, Shri Shanti Narayan and the National 
Council invite suggestions on this book. We would be grateful for constructive and 
precise suggestions that will enable us to bring out a revised edition when this becomes 
necessary. 


New Delhi ' L.S. CHANDRAKANT 


PREFACE 


There are people all over the world who have been busy creating mathematics con- 
sisting of new concepts and. techniques. These concepts and techniques have a 
profound influence on the society which is undergoing revolutionary changes. "This 
growth, however, has had no impact on the Mathematics Instructional Programmes 
specially at the school level in our country. What is being taught to the students in 
secondary schools today is exactly the same as was perhaps taught to their. great- 
grandfathers. This means that our instruction has not kept pace with the growth of 
mathematics. The result is that we have not been able to make as extensive a use 
of mathematics as others to promote our national development. At the same time 
we have not been able to participate to the extent possible in the process of creating 
mathematics. 


Modern mathematical thought has begun to be reflected in some post-graduate 
courses,in India. Unfortunately, this is only being super-imposed, and implies the 
failure to recognise the evolutionary character of mathematical growth. Were this 
not so, one would expect the school mathematics programmes to be influenced by 
modern mathematical thought, that is a development of the so-called elementary mathe- 
matics. Thus, there has to be a constant inter-communication between the growth of 
mathematics and mathematical instruction at different levels of schooling. Dissemina- 
tion of mathematical knowledge with its present rate of doubling every ten years has 
to be accompanied by a corresponding concern for continuous efforts to improve pro- 
grammes in mathematical instruction. 


Mathematics as presented here will be more stimulating and interesting than 
the Mathematics that we have been used to teaching in our schools so far, and which 
has come to be identified only with the learning of some rules. It is important to 
avoid the feeling, which is unfortunately there, that this presentation will amount to 
making things more difficult. We should not give way to this feeling and permit it to 
take hold of us without any experience of the new programme. It may just be a fear 
of the unknown. 


Though an axiomatic presentation of the subject starting with undefined con- 
cepts and unproved propositions is not to be the aim at this stage, we hope that the 
presentation will help students in terms of their present maturity to acquire an under- 
standing of the nature of definitions and the principles of proof making. It is a pity 
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that the general impression has been that whereas in geometry we prove, in algebra 
we merely do. This impression is far from true. 


To enable the student really to imbibe the spirit of this presentation, he is 
helped to read the book and not just do the exercises. There is no alternative to a 
thoughtful reading of the book. The teacher should encourage the student to read 
and try to involve him in what he has read. 


The authors do not suggest that this book, which of course marks a drastic 
change in presentation and content, is intended to be the last word on what is 
needed. A trial is, however, earnestly requested. To the extent that this presenta- 
tion raises fruitful controversy leading to constructive suggestions, it will be successful 
and worthwhile. 


The authors are deeply grateful to the National Council of Educational 
Research and Training which agreed to publish the book. The hearty co-operation 
which is forthcoming from all quarters augurs well for improvement. The Council 
made available the services of Shri R.C. Sharma, Senior Research Officer in the 
Department of Science Education, who went through the manuscript and made very 
helpful and useful suggestions. We are grateful to Kumari Nilima for her help in 
the preparation of this book, 


SHANTI NARAYAN 
Delhi MOHAN LAL 
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Natural Numbers 
Compositions and Relations 


1. INTRODUCTION 


A child has his first contact with Mathematics as soon as his schooling starts 
through what are called 
Counting Numbers or Natural Numbers. 


The child develops his awareness of counting numbers through association 
with different collections of objects. He learns to associate with each collection of a 
single object, the number one. Again on adjoining a new object to a collection 
containing a single object, there is obtained another collection to which is associated, 
the number two. Further as we go on adjoining new objects one by one to the 
collections already obtained, we have collections to which are associated successively 
the numbers 

three, four, five, six, seven .. 
The collection or what is now usually called the set of numbers thus obtained is called 
the set of natural numbers. 

The process of adjoining new objects is obviously endless. This means that 
there is no last natural number and that there is a natural number succeeding any 
given natural number. This idea is expressed by saying that the set of natural 
numbers is infinite, 

We thus need an endless number of symbols, one for each natural number, 
to denote the members of the infinite set of natural numbers. Hence we find it 
necessary to have a technique for representing the natural numbers by means of a 
finite number of basic symbols. Moreover, in the interest of intercommunication at 
different levels, this technique must be scientifically conceived and command inter- 
national acceptance. It is obvious that the employment of different techniques by 
different individuals will lead to chaos. 
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Luckily for the world civilization as such, a scheme which meets both these 
demands was conceived by the Hindus in India. This scheme, known as the Positional 
Scheme enables us to express any given natural number in terms of any finite 
number of symbols. Moreover, its adoption renders very convenient the processes of 
addition and multiplication of numbers. 

The idea underlying the positional scheme makes it possible to represent every 
natural number in terms of two or more basic symbols. Depending upon different 
numbers of basic symbols employed, we have different schemes. These schemes are 
also known as different Systems of Numeration. The usual Scheme, called the Decimal 
Scheme employs the nine symbols 

hU 1,2,.3,4,5.6,.7, 8, 9 : 
together with the symbol ‘0’ which the Hindus called Shunya ( ЧЕТ) and which, in the 
English language, is called ‘Zero’, As an example, we see that the number three 
hundred and forty-seven in the decimal Scheme is written as 
347 
So that we have 347—3 x 10 х 10 4- 4 x 10 2- 7 
73.x.100.2- 4.Xx 10-47 
and the symbols 3, 4, 7 respectively, stand for 
3hundreds, 4 tens, and 7 ones, 
Interchanging the positions of the symbols 3, 4, 7, we have 
374 =3х 10 x 10-4-:7:Х:10:4-:4:-3 x 100 ++ 7 x 10 + 4 
437 —4 x 10x 10-83 x 10:-1-7:-44 х 100:--3:х10--7 
473. = 4 x 10.x 10-4-:7/х:10:4:3:5:4:х 100 -7х 10--3 
734 -7х10х О HA = hx 100--3 х 10- 4 
743: = 7: x 10-х 104-4 x 10+ 3 —7 x 100 4-4 x 10:3. 


Of the three digits, the first one on the right denotes so many ones, the next to 
its left denotes so many tens and the one next to its left 50 many ten times ten, 


e As another example we see that the natural number three Jundred and four, 
Is, in the decimal scheme, denoted as 
‚ 304 
so that we have 
four ones, no ten, and three ten times ten. 
In other words 


304 —3 x 10x 104 4:253: 100 4.4; 


The student may similarly write down а few more numbers in the expanded 


form. Let him, for example, write in the expanded form the numbers denoted by 
587, 32, 5329. у 


Essentially there js nothing sacred about the employment of any particular. 
of basic symbols for the representation of - natural numbers in terms of the 


number 
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positional scheme. We could have any number of them and different’ number of 
symbols will give rise to different systems of numeration, While the decimal scheme 
has been and continues to be employed for almost all purposes, recently the Binary 
Scheme employing only the two symbols 
0,1 

has been found to be of great scientific interest. It is in terms of this Binary Scheme 
that the High Speed Computors function. It may be mentioned that the recent 
development of these computors, capable of carrying out all sorts of numercial 
calculations at surprisingly large speed has led to new vistas of scientific resarch and 
enquiry. For instance, the immensity of calculations involved in the designing of 
sputniks would have been completely beyound human reach but for the computors, 
It may also be mentioned that the world has now in its possession the values of л: 
up to 100264 decimal places obtained by a computor in 8 hours and 40 minutes, 

Unless otherwise stated we shall be employing the decimal scheme: all along 
the book. 

Numbers and Numerals. We sometimes make a distinction between NUMBERS 
and NUMERALS. While the number is a concept, a numeral is a representation of the 
same. We shall naturally have several different numerals to represent the same 
number. For example 

2-4,2х3,9--3,24--4,6 
are different numerals for the same number 6. 


EXERCISES 


Ineach of the following, check whether the numerals represent the same 
number or not. 


(i) 8 x 7 and 20 — 5 (ii) 9 x 3 and 39 
(iii) 8 + 2 and 6 — 2 (iv) 9+ (3.x 2) апа 12. , 
(у) 12 — (5 х 2) and 4 + 2 (vi) 36 + (4 + 2) and (36 — 4) + (36+2) 


(vii) 9 + (7 — 2) and 2 + (36 + 3) (viii) (3 + 2) + 4 and 3 + (2+ 4) 

(ix) 2 x (9 — 6) and (2 x 9) — 2 x 6). 

It may be pointed out that different positional schemes lead to different 
numerals as representatives of the same number, This is treated in detail in an 
appendix at the end of the book. 

We also have Greek, Roman and Arabic numerals as different representatives 
of the same number. 1 

While conceptually the distinction between Number and Numeral is there and 
is important, we shall, however, in usage, not make this distinction. 


2. BASIC LAWS OF ADDITION AND MULTIPLICATION COMPOSITIONS 


Assuming that the student is, at this stage, well versed in carrying out any 
given computations involving addition and multiplication, we shall in this chapter 
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draw his attention to the basic properties underlying the manner of his doing these 
computations, We will here attempt to have a New Look at the various compositions 
and recognize some fundamental laws in existence. These fundamental laws, like 
every other fundamental law, are simple looking but with a very profound and far 
reaching significance. The obviousness and the apparent triviality of these laws must 
not lead us to undermine their fundamental character. We shall only be identifying 
and stating these laws, It may be remarked that underlying the processes of carrying 
out the addition and multiplication compositions, in terms of various steps and 
directions which we learn to do in a mechanical manner, is the ‘existence and 
operation of these laws. Finally we may state that these laws provide the rationale 
for the mechanics of the computing processes. 


Addition Composition. Let us consider any two collections, say, of 7 books and 
4 books. We adjoin to the seven-book collection, the four-book collection to obtain 
another collection to which we associate the natural number 7 + 4, called the sum of 
the two natural numbers 7 and 4, taken in this very order. Thus to the pair of natural 
numbers 7 and 4, taken in this order, we associate the natural number 7 + 4, called 
their sum. Similarly to the pair of natural numbers a and b taken, in this given order, 
we associate the natural number 

a+b, 

called the sum of a and b in this very order. 


We say that the Addition Composition has been defined in the set of natural 
numbers inasmuch as, to any two natural numbers taken in a certain order, a, b we 
can associate a natural number, called their sum denoted symbolically by 

a+b. 

Commutative Property of Addition. Tf, in the above illustration of collections of 
books, we had adjoined to the four-book collection, the seven-book collection, the 
resulting collection will have the same number of books as the first one. We describe 
this position by writing 

44+7=7+4 
and notice that interchanging or commuting the position of 4 and 7 does not alter the 
sum. Thus, 

44+7=74+4 
is a statement which is obviously true. A statement which is true will be referred to 
simply as True Statement. A statement which is not true will be described asa 
False Statement. 


Each of the following 
2+3=3 + 2, 7+9=9 +7, 24 + 37 = 37 + 24 
is a true starement. 


Thus, we recognize the first basic property of addition called the commutative 
property, principle or law of addition, 
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We should note that each of the true statements above is only an illustration 
of this commutative property and not the statement of the property as such which 
we give below : . 


COMMUTATIVE PROPERTY OF ADDITION 


a+b=b+a 
for all natural numbers a, 6. 
Here a, b do not stand for any particular natural numbers. The equality will 
be true whatever natural numbers be substituted for a and b. For example, if 
a=3andb=5 
we have 3-5-5-3 
is true. 


EXERCISES 


1. Name the property of addition on the basis of which the following 
statements are true. 

(i) 25+ 27 = 27 + 25 (ii) 37 + 44 = 44 + 37 

(iii) 98 + 75 = 75 + 98 (9) 77 +9 =9 +71. 

2. Give some statements, which are true because of the commutative 
property of addition. 

3. Each of the following is a true statement, What is the natural number x 
in each case ? 


| 


(012-417-417--х (ii) 29 +x = 15 4- 29 
(iii) х + 44 = 44 + 19 (9) 77+9=х +77 
0) x +21 2 21 + 39 (vi) 105-424 +x 
(vii) 47 + 33 = x + 47 (viii) 25 + x = 14 + 25. 


Associative Property of Addition. We shall now recognize and formulate a 
property of addition which pertains to three natural numbers as against the com- 
mutative property pertaining to two natural numbers. 

Suppose we have three collections of, say, three, two and four pencils each. 
We consider the following two different processes. 

I. Weadjoin the two-pencil collection to the three-pencil collection and 
adjoin the four-pencil collection to the one thus obtained. : 


1 и Ш 
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П. We adjoin the four-pencil collection to the two-pencil collection and 
adjoin the collection thus obtained to the remaining three-pencil collection. 


НН Ш 


3+ (2+4) 

The number of pencils in each of the two collections obtained by the two 

different processes is the same, so that we have 
(34-2)4-4 — 3 + (2 + 4). 

It will be seen that while we have not changéd the position of any of the three 
numbers, we have only had different manners of association of the numbers on the 
two sides. We have here an instance of what is called the Associative Property of 
Addition, which we state as follows : 


ASSOCIATIVE PROPERTY OF ADDITION 


(a+ b) +с=а+ 6+ с) 
for all natural mumbers a, b, c. 

As an application of the associative property of addition, we see that each of 
the following is a trué statement. 

(0 07+ 5) +9 О 
(ii) Q3 + 12) + 8 23 + (12 + 8) 
(ШЇ) (11 + 55) + 44 = 11 + (55 + 44) 
(iv) (21 + 18) + 72 = 21 + (18 + 72) 
(у) (15 + 27) + 108 = 15 + (27 + 108). 

We may remark that the use of the word Associative for the description of 
the property in question is suggested by the fact that it refers to different manners of 
association of the numbers on the two sides of the equality sign. 

We may also note that, it is in view of this property of addition that we can 
talk of the sum of any three natural numbers a, 5, c in the form 

а-5- c, : 
this expression being equal to any one of the two sums 
а+ (6. с) or (а + Б) + є 
which are equal to each other. 


111 


EXERCISES 


Name the property of addition on the basis of which the following state- 
ments are true. 
Q 7-6 +3) = (7 +5+3 
(0) (9 --2) +5 = 9 + (21 + 5) 


‚Фа 


NATURAL NUMBERS 7 


(iii) 13 + (11 + 8) = (13 + 11) + 8 
(9) (8 + 35) + 27 = 8 + (35 + 27). 
2. Ри down some statements which are true because of the associative 
property of addition. 
3. Each of the following is a true statement. What is the natural number y 
in each case ? 


G) (13 + 17) +5 13 + (17 + y) 
(01) 19 + (y+ 2) (19 +13) + 2 
(iii) (15 + y) +17 = 15 + (11 +17 
@7+4)+y =7- (+ 12) 
(00+ (7+3) =03+7 +3 
(vi) 17 + (24 + 11) = (y + 24) + 11. 

Simultaneous Use of the Commutative and Associative Properties, Yt often 
happens that in any one given single problem, we use both the Commutative: and the 
Associative properties. We give below two examples to show how with the help of 
these properties, we can sometimes perform certain calculations more easily than 
otherwise. In other words, these are the examples of the use of short cuts based on 
the use of these properties. This use of the laws makes the computation process 
often simpler. The abbreviation CA, will indicate that we have employed the 
commutative property of addition and the abbreviation АА, will indicate our having 
employed the associative property of addition. Thus, CA and AA will denote Com- 
mutativity of addition and Associativity of additon respectively. 


1-1 


Examples 

1. (25 + 37) + 75 = (37 + 25) + 75 CA 
= 37% (25 + 75) AA 
= 37 + 100 
= 100 + 37 = 137 CA 

2. (9 + 380) + 11 = (380 + 9) + 11 CA 
= 380 +- (9 + 11) AA 
= 380 + 20 
= 400. 


Note. In actual practice the transformations based on the two addition properties are 
made mentally. 


EXERCISES 


1. Compute the following sums through short cuts pointing out the parti- 
cular property of addition you are employing at each step. 


(i) (9 +48) +1 (ii) 9 + (380 + 11) 
(iii) (12 + 431) + 88 (iv) 75 -+ (633 + 25) 
0) 37 + (63 + 24) (vi) 57 + Q8 + 143) 


(vi) 14 + (36 + 8) (viii) 146 + (7 + 24). 
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2. Each of the following is a true statement. What is the natural number 
x in each case? Justify your answer on the basis of the commutative and associative 
propertries. 
GU -535)--11-401--7)4-8 (10) (5--3)-х =44+3 45 
(ii) (15 +x) + 11 — 11 (14 4-15) (0) (x 4-24) + 11 — 7 + (244 11) 
0) Q3 + х) + 17 = (17 4- 9) + 23 (у) (17 + 14) + x = (9 + 14) 4 17. 
3. Simplify each of the following in two ways adding from left to right and 
from right to left. Also justify on the basis of the two laws of addition your getting 
the same answer in either way. 
(9) 15 ++ 17 + 18 ? (ii) 25 + 29 + 38 
(iii) 87 + 59 + 63 (v) 77 + 99 +. 33. 
Multiplication Composition, Let us consider four rows of trees, each row 
| containing as many as five trees. The total 
^ 4 A 5 5 number of trees, counting them by rows will be 
5+5+5-+ 5 which we agree to write as 
4 х 5. Thus, given two natural numbers 4 and 
4 А E ^ a 5, we associate to the pair a natural number 
4 х 5, called the product of4 and 5 taken in 
this order. In general, if we started with a rows 
es A 5 5 A of trees each having b trees, then the number 
/ of trees will be b +b --....(a times) which we 
write as a x b. Thus, to the ordered pair of 
Ф йн А A ap natural numbers a and b, we associate a natural 
number 


axb 
called the product of a and b in this order. 


| We say that the multiplication composition has been defined in the set of 
natural numbers inasmuch as to any two natural numbers a, b, taken in this order, 


we can associate a unique natural number called their product and denoted symboli- 
cally by 


a X b. 
In the case of letters denoting the numbers, we may write the product of a and b in 
any one of the following ways 
a X b,a. b, ab. 


Properties of Multiplication. Exactly analogous to the two properties of 


addition, we have the Commutative and Associative properties of multiplication 
which we shall now describe. 


Commutative Property of Multiplication. In the example of trees above, we 


could have as well counted the trees by columns. There are five columns and each 
has four trees in it, 


a N 
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The total number, therefore, will be 
4444+4444+4=5%x 4. 
The number of trees being, of course, the same, we have 
4x5=5x4 
so that we have an instance of the Commutative property of multiplication which we 
state as follows : 


COMMUTATIVE PROPERTY OF MULTIPLICATION 
asc p 10а 
for all natural numbers a, b. 


EXERCISES 


1. Name the property of multiplication, on the 

statements are true. 
() 15 x 13 = 13 х 15 (ii) 8 х 24 = 24 x 8 

(iii) 107 x 43 = 43 x 107 (iv) 7 x 48 = 48 x 7 

2. Give some statements which are true because of the commutative pro- 
perty of multiplication. 

3. Each of the following is a true statement. 
in each case ? р 
(i) xx 73 = 73 x 24 (ii) 29 x x = 69 x 29 

(iii) 33 x 47 =x x 33 (9) 61 х 72 — 72 х x. 

Associative Property of Multiplication. Consider a rectangular. framework 
with three beads attached to two of its parallel sides. Further suppose that we have 
four such frameworks placed one above the other jp — 
so that we have a structure of the type shown in 
the diagram. We are interested in the total number 


of beads. 
The total number of beads in each horizon- 


tal framework is 


basis of which the following 


What is the natural number x 


Зе, 

The total number of horizontal frameworks 

being 4, we see that the total number of beads is 
хаха. 

Again we see that the entire structure can / 
as well be thought of as consisting of 3 vertical frames. 

The number of beads in each of the three vertical frames being 2 X 4, we see 
that the total number of beads is 


3 x (2.x 4). 


of multiplication, 
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The number of beads in the entire framework being independent of the 
manner we proceed with, we sce that 


(3x 2x 4=3%X (2x 4. 


This is a specific instance of the law of associativity of multiplication, which 
we formally state as follows : 


ASSOCIATIVE PROPERTY OF MULTIPLICATION 
ax(bxc)-—(axb)xce 
for all natural numbers a, b, с. 


Note. The commutative and associative 
CM, AM respectively. 


EXERCISES 


l. Name the property of multiplication on the basis of which the following 
statements are true. 


© (7х9 x13 —17 x @ x 13). 
ii) Q5 x 4 x 107 —25 x (4 x 107). 
(iii) (37 х 24) хт —3) x QAx 7). 
(9) (102 x 5) x 37 = 102 x (5 x 37). 


2. Give some statemen 
multiplication. 


properties of multiplication will be referred toas 


ts which are true because of the associativity of 


3. Each of the following is a true statement. 
0 Cxx x20 = (7 x 25) x 20, 
(ШУ Qe 1B) 65117,5721 х (13 х 17). 

(iii) Q4 x 103) x x —24 х (103 x 9). 
(в) 03 x 3) x 13 =33 x Q x x). 

(у) (45 x 7) x 4 mius 201314) 

©) (MX 3x7 —xx 3х7. 


What is x in each case ? 


! 


| 


Examples 


Compute the following products employing short cuts based оп the properties 


(0 (25 х 37) x 4 = (37 x 25) x 4 


= CM 
= 37 x (25 x 4) AM 
= 37 x 100 = 3700 

(i) 125 x (77 x 8) = 125 x (8 х 77) CM 
— (125 x'8) x 77 AM 
= 1000 x 77 
= 77000. 


a 
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EXERCISES 


1. What is the number x in respect of the following true statements 2 Justify 
your answer on the basis of the use of the commutative and associative properties. 
() (х. Х 49) x 37 = (49 x 37) x 21. 
(0) (x x 13) x 17 = (13 х 27) X17. 
(й) (25xx)x4^4 = 25 x (5 x 4). 


1 (iv) (3 хэ) x 4 = x 23) х 15. 
d 0) 43 x )x5 =43 x (5 x 13). 
{ (i) (x x 5x3 = (5 х3) х 4. 
2. Compute the following using short cuts. : 
(i) (2 х 38) х 5 (ii) (5773 х 5) х 20 
(iii) (20 x 84) х 5 (iv) 50 x (40 x 812) 
0) 2 x (12 x 15) (vi) 15 x Q x 13) 
(vii) (4 x 41) x 15 (viii) (25 x 33) x 2. 


Multiplication Property of the Number One. In the illustration of trees at the 
beginning of this section, if we had only one row, the total number of trees would 
have been five, so that we shall have 1 x 5 = 5. Also considering the trees in the 
row to be in five columns each having one tree, we get5x 15. This is one 
specific instance of the property of the number 1 according to which 

axl=a 
for all natural numbers a. 

Briefly, we shall be refering to this property as MO. Because of this property 
of 1, we often refer to the natural number 1 as the Identify for multiplication or the 
neutral number for multiplication inasmuch as a number remains unaltered on being 


multiplied by 1 
Note. Identity for addition or the neutral number for addition, Since we have not included 
t that the set of natural 


zero in the set of natural numbers, we are not able to asser 
numbers admits of an identity or neutral number for addition. 

Distributive Law. Suppose that two persons Krishan Lal and Ram Singh 
have been employed to do a certain job, While Krishan Lal is to be paid rupees five 
per day, Ram Singh is to receive rupees seven a day. “If both work for eight days, we 
are interested in the total amount to be paid to them. 

Now there are two ways of looking at the problem. We may compute the 
amount received by both in one day and then the total amount in eight days. Or we 
compute the amount received by each separately in eight days and then the total. 
amount received by both. 

(i) The amount in ruppees received by both in one day 
2527. è 


The total amount in rupees received by both in 8 days . 
=8 x (5 + 7. M 
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(її) The amount in rupees received by Krishan Lal in 8 days. 
=8 x 5. 
The amount in rupees received by Ram Singh in 8 days 
=8 x 7. 
The total amount in rupees received by both in 8 days 
=8x5+8x 7. 
Thus, we have 
8 (5+ 7) =8х5 +8 х7. 
Surely, the chain of thought involved іп the above arguments would be valid 
if instead of the natural numbers 
9,:5,:7 
we have any three natural numbers a, b, c. 
Thus, we have the 


DISTRIBUTIVE LAW 


: a(b+c)=ab+ac 
for all natural numbers a, b, c. 


It may be seen that while on the left we multiply the sum (b + с) with a, on 


the right we are separately multiplying 6 and c with a. We may say, therefore, that 
the sum has been distributed. 


Essentially, therefore, what the law states is that multiplication distributes 


addition, However, we shall refer to this law as only the Distributive Law and 
designate the same as ‘D’, 


EXERCISES 


l. State the property of natural numbers on the basis of which the following 


are true statements, 
(i) 3 x (5 +7) = 2012, 

(ii) 29 х (3 +7) -29х3-029х7 

(iii) 11 х (39 2c Aly Se 39 + 11 x 21 

(iv) 9 x 07 4 15у з 9 17+9 x 15. 


2. Give some statements which are true because of the distributive law. 


3. Each of the followin 


g is a true statement, What is the natural number x 
in each case ? 


() x (5 + 11) =13 x5 +13 x 11 
(ii) 5 (x 4- 7) -5Х23-5х7 
(iii) 9 (3 + x) =9 X3 49x27 
(iv) 23 (17 + 13) = x1x 17+ x x 13 
©) 29 (41 + 49) = 29 x x 4.29 х 49 
(vi) 25 (51 +9) = 25 x 31 + 25 х x. 


200 


E 
1 
я 
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4. Each of the following is a true statement. 


each case. Justify your answer on the basis of the use of the properties. 
0) 4+ (х+ 5) 25-44 9) 
G) 5x (3 х) = (5 х 7) + (3х 5) 


(їй) x + 39 = 394-27 


(iv) 13 + (x + 25)— (13 + 109) + 25 


0) x (17 + 3) (4х 17) 
(i) (x 4- 5) 13 
(vii) (15 + 7) x 

(viii) 3 (x + 7) 
(ix) x (9 4- 3) 


11111 


(4 x 27) 


Example 
Simplify the following through short cuts suggested by the distributive law 
and other properties. 


Solution 


(i) 986 x 693 + 693 x 14 
(ii) 99 x 99 99 
(iii) 18 x 98 + 36. 


(i) 986 x 693 + 693 x 14 


+@ x 3) 


(13 x 5) + (15 x 13) 
Q2 x 15) + (7 x 22) 
(7 x 3) + (9 х 24) 


+ (2 x 18). 


= 693 x 986 + 693 x 14 


Vd 


= 693000. 
(ii) 99 x 99 + 99 
-099 x 99 199 x1 
= 99 x (99 +1) 
= 99 x 100 
= 9900 


(iii) 18 x 98 + 36 
18 x 98 + 18 x 2 
18 x (98 + 2) 

18 x 100 
1 


tot ww 


693 x (986 + 14) 
693 x 1000 


EXERCISES 
1. Simplify the following, using short cuts. 


(i) 29 x 54 + 46 x 29 
(iii) 8 x 37 + 69 37 4-37 x 3 
(у) 15 x 19 +3 35 


(ii) 26 x 37 4- 37 x 74 


13 


Give the natural number x in 


CM 


(0) 43 x 4-- 5 x 86 + 2 x 129 


(vi) 41 x 8 + 123 x 4. 
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2. Using various properties of addition and multiplication, compute the 
following mentally. 


(i) (28 + 37) + 72 (ii) (25 + 27) + 25 

(iii) (20 x 67) х 5 (9) 50 х (37 x 20) 

(0 (23 x 47) + 47 х 177 (vi) (99 х 137) + 137 

(vii) (89 x 99) + 89 (vii) 36 + (28 + 124) 

(ix) 87 x 9) + (11. х 87) (х) (999 x 999) + 999 

(xi) (9999 x 9999) + 9999 (xii) (9374 x 837) + (837 x 626). 


3, POWERS, MULTIPLES, RADICALS 


Consider any: natural number, say 2, and the expressions 2,2 x 2, 
2х2 х 2,2 х 2 х 2 х 2,.. each of which is a product of two with itself taken 
severel times. In different expressions the number 2 occurs a different number of times. 


We find it convenient to adopt the following notation to exhibit these different 
products. 


2 2023 

27х32, == 22 

QN ЭА E028 

VS UND MAS a y A 06 

In general QT Beet = 2°, 
—— — —- m-times 1 


Each of 20,08. 28:26: 22512201 1084 а 


is called a Power of 2. In particular 2” is called the m—th power of 2, m is called 
the Index of this power and 2 the Base of this power. 


Thus, 4 is the fourth power of 2 ; 4 being its index and 2, the base. 


We may, however, take any natural number in place of the natural 
number 2. 


Thus, for example, we have 
$4 —3x3x3x3-8l 
so that we could say that 81 is the fourth power of 3. Also we have 
B=4x4x4= 64 
so that 64 is the third power of 4. 


Definition. Jf a and m are any two паша! numbers, then 


m-times 
is called the m-th power of a, where m is the index and a is the base of the power. 


wid 
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EXERCISES 
Compute the following : 


(i) 53 (ii) 6° 
(iii) 44 (8) 73 
(у) 54 (iv) 9 
(vii) 104 (viii) Second power of 5 
(ix) 6th power of 3 (x) 8th power of 2 
(xi) 5th power of 20 (xii) third power of 6 
Examples 
Simplify : 
(i) 22 x 22 (il) xf y* x . 
Solution 2 i 
(i) 2*222x2x2and22—2x2 


28x 22= 0x2x2)x (2х2) 
=2х2х2х2х2 : 


= 25 
(ii) x?yíx { 
= х? (уб) 
FAB (p) (y* is treated as one number), 
= (хх). y$ 
= ху“. Definition of x*. 


EXERCISES 


1. Simplify the following, x, y being arbitrary natural numbers. 
(1) 72 x 74 (ii) x2. xf 
(а (iv) xy x? 
(у) уху (Dx y 3 
(уй) х®узхт (viii) 55 x 5% 


(7х) 3? x 3* (9977,29 
(xi) 5* x 55 (xii) 82 x 82. 
2. Compute the following : 
(28x33 (1) 29 x 3? 
(iii) 59 х 4 (iv) 22 x 10. 
Multiples 
Consider any natural number a and the expressions 
a,a-c-aa--a-dcaadactaclad.. 


each of which-isa sum of а with itself taken several times. According to our 
definition of multiplication, they will be written as 


14-28;.305 Ау oe 
In general | atata een.: + а = та. 
^ а d 


m-times 


` 
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Each of 
la, 2a, За ,. . ..,. ma,.. .. 
is called a multiple of а. Thus, ma is a multiple of a. The natural numbers 7 
and a are also referred to as factors of ma. 
In the following, the reader can easily see, how the concepts of the power 
and multiple behave in a similar way. 


Multiples Powers 
a — la (rs 
ata=2a Bia a" 
atata=3a aao asa 
atatata=4a ахахаха=а 
афа-.... + a= та ахахаха....ха = а" 
аф Qa — 
m-times i m-times 
Qa+3a=a+t+a+ata+a @x@=axaxaxaxa 
= 5а = (2 + 3) а = a = (2+3, 


Example. Simplify : 
2a + 7b + За. 
We have 2a + 7b + 3a 


= 2a + (7b + 3a) AA 
= 2a + (За + 7b) CA 
= (2a + 3a) + 7b AA 
= (0.2 + а.3) + 7b CM 
= a(2+3)+ 7b D 
== 5а + 7b CM 
EXERCISES 
Simplify the following, where a, b, x, y, z are all natural numbers. 
(i) 5a + Ta (ii) a + 3a + 2a 
(iii) 5a + 3b + a (iv) 2a + 4b + a -+ 3b 
(у) 3b + 2a + a+ 5b 0) x -y -z4 x. 


Radicals 
We have seen that the n-th power of any natural number a is again a natural 
number. If we write the power as b, then we have 


a = b; a, b, n being natural numbers. 
This statement is written as 


а = Х/Ь 
and we say that 
ais the n-th root of b 
if b is the n-th power of a. 
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The expression 
Vb 

is also called a radical. 

For example, we have 

4/4-2 because 22 = 4 
4/27 = 3 because 33 = 27 
4/ 10000 = 10 because 104 = 10000. 

It is usual to call the 2-th root of a number ав its square root. Also the 2-th 
root а of a is simply written as Уа without the symbol 2 so that Уа denotes what is 
called the square root of a. 


EXERCISES 
Simplify by trial the following radicals. 
0) 98 (ii) 4/32 
(iii) У81 (iv) 964 
0) 764 (vi) 4/256 
(vii) 4/125 (viii) 736 
(ix) V16 (x) 4/216. 


Whereas every power of a natural number is a natural number, we must see 
that a natural number need not essentially be the power of a natural number and as 
such the z-th root of a natural number may not be always meaningful. For example, 
the number 2 is not the 2-th power of any natural number and so we cannot talk of 
the square root of the number 2, in respect of the set of natural numbers. 


EXERCISES 


1. Which of the following numbers are squares of natural numbers ? з 
Wherever possible, find the square roots. 


(i) 1 (ii) 4 (iii) 7 
(iv) 9 (v) 12 (vi) 16 
(vii) 36 (viii) 48 (ix) 49 
(x) 121. 
2. Which of the following numbers are cubes of natural numbers? 
Wherever possible, find the cube roots. 
(i) 8 (ii) 16 (iii) 32 — 
(iv) 27 (») 48. 


3. Which of the following numbers are fourth powers of natural numbers ? 
Wherever possible, find the fourth roots. 
(i) 16 (ii) 32 (iii) 64 
(iv) 81 (v) 625. 


747 will play two roles. 


18222 Sark GE BRIA 

[Hinés. 1. (x) 121 is the square of 11 

у ie. 115 = 121 
4121 = 11 


2. (Hi) 32 isnot the cube of any natural number and as such the expression 4/32. is 
meaningless in respect of the set of natural numbers. 


3. (iv) 81 is the fourth power of 3, so that 34 — 81. 
481 —3.] 


4. Simplify the following, a, b, c being natural numbers. 
OVE (ii) уе 
(1) афа ` sor) qim 
co SO wh с (vi) VBa! | m 
yey ас "7 зо (viii) v Tabt ` 


2 (ix) 810812 
Importance of. the Distributive Law 
| The ditributive law, viz., 
a(b -- c) = ab + ас. 


Firstly it.expresses the producta (b + c) asa sum viz., ab + ac. 
Conversely, it can be thought ofas expressing the sum ab + ac as a product. 


- Both these roles of the distributive law will be illustrated. in the following examples 


and exercises. It may be remembered that, for expressing any sum as a product, we 
look fora factor of each of the terms constituting the sum. For example, in the 


.., expression 


2 рч 
ye 


! i ах. + bx + cx, р 
we see that x is. common in each of the three parts of the sum. We have 
i ak + bx + ex = (ax + bx) + ex 
: == (а + b)x+ cx 
= (а b) + cx 
=(a+b+c)x 
y m J£ x (a+b + су, 
Examples ' 


1. Show that - KETA 
Ka 5) e d m Id D) E aq + с 


for all natural numbers a, b, c, d. 


Proof. We have ^ 
122067 Ka + b)+ ce] + d= (at b) (etd) AA 
= (a + b) + (d+c) CA 
ХОЛ = [(a +b) + d] +c AA 
ned агч ет A = [@- (5--d)-rc AA 
Bok ТУ ; = [a + (d + 5)] +с CA 
= (d + b) -- d] +e “29 СА 


(Coo SPARE E гн 
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2. For all natural numbers a, b, c, prove that 
(a+ b) c = ac + bc. 
Proof. We have 


(a+ b) c = c(a + b) CM 
= ca + cb D 
= ас + bc. CM 


3. For all natural numbers a, b, c, d, show that 
a(b + c + d) = ab + ae + ad. 


Proof. We have 


ab + c + d) = а + c) + dl AA 
= a(b + c) + ad Й р 
= (ab + ас) + ad D 
= ab + ac + ad. Пле ЧА 


4. For all natural numbers а, b, c, d, show that 
(a + b) (c + d) = ас + ad + be + bd 
Proof. Treating (с + d) as one number, and using the result of example 2 above, 
we have 


(a + b) (c +d) = a(c + d) + Be + d) 


= (ac + ad) + (be + bd) D 
= ac + ad + bc + bd. AA 
5. Prove that 
X (a + by = а? + 2ab + 8 
where a and b are any natural numbers. 
Proof. We have ; 

9 (a + by = (a + D) (a+b) Definition 
=(a+ba+@a+bb D 
=aa+b)+b@+5) t CM 
=(a.a+a.b)+(.a+b.b) D 
= (a? + ab) + (ba + P?) e 
= (a? ар) + (ab + b?) CM 
= [(а* + ab) + ab] + 1% AA 
= [а 4 (ab +- ab)] + b* 
= (at + 2ab) + b? - Definition 
= а + 2ab + b AA 


Note. In each of the examples above, we have tried to justify every step in terms of the ` 
basic properties. Once the reader becomes Ё ‘amiliar with this justification, he is 
supposed to take note of the laws in operation mentally to arrive at the final 
results. Не may, аз һе gains practice, even learn to skip over some steps. " 


EXERCISES 


1. For all natural numbers а, b, c, d, prove that 
‚Фауста =@t+O+ E+) 
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(ii) (a + b) + (e+ d) = (6 с) + @- a) 
(iii) (2a + 35) + (5a + 4b) =7а+5) 
(iv) (11a + 135) + (a + 4b) = 12a + 17b. 

2. a,b,c, d, x, y are any natural numbers ; show that : 


(i) x (a 4-5 + c) = ax bx + сх 
(ii) (а b+ c) d = ad + bd + са 
(iii) (2a + 5b) (4х + 3y) = 8ax + 20bx + 6ay + 15 by 
3. а, Б, с, x, y, ате апу natural numbers ; show that : 
(i) (х + 2) (x + 3) = х 5х +6 
(ii) (x + a) (x + b) = № + (a+ Б) х +аБ 
(iii) (3x + 1) (2x + 5) = 6х2 + 17х-+ 5 


x? + 13ху + 40у? 
14x? +41ху + 30y? 

хз + 6x2 + 11х +6 
x3 + 3x2 + 3х +1 

аз + 3a?b + 3ab? + b? 


(iv) (х + Sy) (х + 8) 

0) (2x + Зу) (7х + 10у) 
(vi) (x + D (x + 2) (x 3) 
(vii) (x + D? 

(viii) (a + В 
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(ix) х (x? + 3) = хз + 3x 

(x) (x + 2) (2x8 + 5) = 2x3 4 4x2 + 5x + 10 
(xi) y? (xy + x°) = ху? + хуз 
(xii) х (y + zx + x?) = xy + xz + xf 


(xiii) (a + b) (x +y +2) ax + bx + ay + by + az + bz 


Examples 
Express the following sums as products : 
(i) ax + bx 
(ii) ax + bx + сх 
(iii) х?у + xy? 
(iv) ax + bx + (a + b) y 
whhre a, b, c, x, y are all natural numbers. 


Solution 
(i) We have 
ax + bx = xa + xb CM 
= x (a + 5). D 
(1) ах + bx + сх = xa + xb + xe CM 
= (xa + xb) + xe AA 
= x (a + b) + xc | D 
=x[(a+b)+c] D 
= x (a + b +c). AA 
(iii) x?y + xy? = (x.x) y +x (y. y) 
= x (xy) + Gy) y AM 
= (xy) x + (ууу CM 


= xy (x + y). D 


dion] 
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(iv) ax + bx + (a+ b) у = xa + xb + (a+ Буу CM 
=x (a+ b)+ (a 4- b) y 
= (a + b) x + (a 4- b) у CM 
= (a +b) (x +y) D 
EXERCISES 


Using the distributive law and other properties, express the following sums as 
products. 


(i) 3x 4- 3y (ii) ax + ya 
(iii) 2xy + 2xz (iv) 3xy + 6xz 
(у) 4xy + 5xz 09) 2 (a+ b) x + 3 (a +b) y 
(vii) 8y + 6xy (viii) а? + 2a 
(ix) x8 ++ x? (х) 3х2у + Sxy? 
(xi) 3x + 3y + 32 (xii) 3ax 4- 6by + 9c 
(xiii) xyz + х?у + x*z (xiv) 3x + 3y + 5 (х +) 
(xv) 2x + бу + За (x + 3y) (xvi) 2ax + Say + b (2x + 5y) 
(xvii) ax + by + ay + bx (xviii) бху + 8x + 9y + 12 
(xix) 4ab + 16a +b +4 (xx) xy +xt+y +1 
(xxi) 2u Е 2v + w +4 (xxii) ax + ay + xy + a’. 


4. ORDER RELATION 
Besides the addition and multiplication compositions in the set of 
natural numbers, we also have in the set what is called an Order Relation which 
shall be referred to as the 
‘is greater than’ 
relation and symbolically represented as 
5257) 

While the addition and multiplication compositions associate to each pair 
of natural numbers a, В, the natural numbers denoted respectively by a + b, ab, 
the order relation denoted by >, is such that given any two different natural 
numbers a, b, we have 1 
either a>borb>a. 

In the following we shall discuss 4 few basic properties of this order 
relation. 

Starting from the natural number, 
natural numbers by adding 1, to the natural 


we have, 


1, we successively obtain all the 
number obtained at any stage. Thus 


2-141,3-241,45341,5-441, А 


We say that the number at each stage is greater than each of the numbers 


obtained in the earlier stages. Thus, for instance, 
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(ii) (a + b) + (c + d) = (0+0 (0+ а) 
(їй) (2a + 35) + (5a + 4b) = 7(a + b) 
(9) (11a + 135) + (a + 4b) = 12a + 17b. 

2. a, b, c, d, x, y are any natural numbers ; show that : 


(i) x (a 4- 5b -F c) = ax + bx + сх 
(ii) (a -- b -- c) d = ad + bd + са 
(iii) (2a + 55) (4x + 3y) = 8ax + 20bx + 6ay + 15 by 
3. a,b, c, x, у, 2 are any natural numbers ; show that : 
() (x + 2) (x + 3) =x + 5х + 6 
(ii) (x + a) (x + b) = х + (a+ Б) х +ар 
(iii) (3x + 1) Qx 4- 5) = 6х2 + 17х + 5 


х? + 13xy + 40у? 
14x? +-41ху + 30у? 
x8 -+ 6x2 + 11x + 6 
x8 + 3x2 + 3x +1 

аз + 3a% +- 3ab? + b? 
хз + 3x 

2x3 + 4x2 5х + 10 


(iv) (х + Sy) (x + 8y) 

0) (2х + Зу) (7х + 10у) 
(vi) (x + D. (x + 2) (x + 3) 
(vii) (x + 13 

(viii) (a + b)? 
(ix) x (x? 4- 3) 
(9) (x + 2) (2x? + 5) 


11111111 


(xi) у? (xy + x°) = x¥y? хуз 
(xii) x (y + zx + x?) = xy 4 х2 + xí 
(xiii) (a + B) (x -F y -F z) | — ax + bx + ay + by + az + bz 
Examples | 
Express the following sums as products : 
(i) ax + bx 


(ii) ax + bx + сх 
(iii) x*y + xy? 
(iv) ax + bx + (a + b) y 
whhre a, b, c, x, y are all natural numbers. 


Solution 

(i) We have 

ax + bx xa + xb 

x (a + b). 
ха + xb + xc 
(xa + xb) + xe 
X (a+ b) + xc 
x [(a 4- b) +c] 
x (a 4- b +o). 
x. x) y +x (у. у) 
x (ху) + (ху) у 
(xy) х + (ху) y 
= xy (x + y). 


(ii) ax + bx + ex 
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(ii) x*y + xy? 


ини 


— ee a 


eo с cc cen 
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(iv) ax + bx + (a+ b) y = xa + xb + (a+ Бу CM 
= x (a + b) + (a + By D 
= (a+ D) x - (a b)y pu uM 
= (a+ b) (х +y) D 

EXERCISES 


Using the distributive law and other properties, express the following sums as 
products. 


(i) 3x + 3y (ii) ax + ya 
(iii) 2xy + 2xz (iv) 3xy + 6xz 
(у) 4xy + 5х2 (vi) 2 (a+ b) x + 3 (a +b) у 
(vii) 8y + 6xy (viii) а? + 2a 
(ix) x8 + x? (x) 3x2y + 5xy* 
(xi) 3x + 3y + 3z (xii) Зах + 6by + 9c 
(xiii) xyz + x?y + xtz (xiv) 3х + Зу + 5 (х +2) 
(ху) 2x + бу + 3a (x + 3y) (xvi) 2ax + Say + b (2х + 5y) 
(хуй) ax + by + ay + bx (xviii) бху + 8x + 9y + 12 
(xix) 4ab + 16а +b + 4 (xx) xy +x+yt1 
(xxi) 2и + 2v + w +4 (xxii) ax + ау + xy + а. 


4. ORDER RELATION 

Besides the addition and multiplication compositions in the set of 
natural numbers, we also have in the set what is called an Order Relation which 
shall be referred to as the 

‘is greater than’ 
relation and symbolically represented as 
Lire 

While the addition and multiplication compositions associate to each pair 
of natural numbers a, b, the natural numbers denoted respectively by a + b, ab, 
the order relation denoted by >, is such that given any two different natural 
numbers a, b, we have 
a>borb>a4. 


In the following we shall discuss a few basic properties of this order 


relation. 
Starting from the natural number, 1, we successively obtain all the 
natural numbers by adding 1, to the natural number obtained at any stage. Thus 


either 


we have, : 
5 ETE 19921 дз: 5 —4- lites 


We say that the number at each stage is greater than each of the numbers 


obtained in the earlier stages. Thus, for instance, 
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(i) 2 15 greater than 1 or 25521 
(ii) 4.15 greater than 2 or > 4>2. 
(iii) 11 is greater than 6 or 12125-76: 


In general, if a and b are natural numbers such that a is greater than b, we 
write in symbols. 

a >b. 

If we start with any two different numbers, say 12 and 17, we have that one of 
these, 17, can be obtained from 12 by successively adding to 12, the number 1 five 
times. In other words, we have 

1-12-1-1-1-1--1 
so that 17 is greater than 12, i.e., 17 > 12. Certainly here.12 is not greater than 17. 
We see, therefore, if a and b are any two different natural numbers, then either 
a>borb>a. 
This leads us to state what is called the Trichotomy Law. According to this law, 
given any two natural numbers a and b, we have one and only one of the following 
three possiblities. 

(i)a=b (ii) a >b (iii) b — a. 

In the following we shall see how it is possible to express the relation ‘is 
greater than’ in terms of the addition composition. 

Now 13 > 10 and 13 can be obtained from 10 by successively adding to 10, 
the number 1 three times so that we have 

13 = 10+ 1+ 1+ 1. 
This could be re-written as 


13 = 10 + 3. 
Thus, 13 > 10 means that, there exists a natural number 3 such that 
13 = 10 + 3. 


In general ifa > b there exists a natural number d such that a = b -+ d. 
For example, Ifa = 7, b = 4 so that 7 > 4 we haved = 3. Ifa = 18, = 12so 
that 18 — 12 we have d — 6. Conversely, if a, b, d are natural numbers such that 
a=b-+d 
then a can be obtained by adding to 5, the number 1 successively d times, so that we 
have а> b. 
Combining the two, we have, therefore, a > b if and only if there exits a natural 
number d such that 
a=b Fd 
Note, It may be noted that if 
a=b+d, 
then we also have a>d because the number a can as well be obtained by 
successively adding the number 1 to the number d, b times. Thus, whenever 
a=b+ d, 3 
we have 
a>b and a>d. 
For example 23 = 14 +9 
gives 23 > 14 and 23 > 9, 


i 
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Example 1. ATS 35 + 
because 47 = 35 + 12. 
Example 2. 23 = 19 + 4 
means that 23 > 19. 


EXERCISES 


1. Give reasons for the following statements. 


(i) 13 >7 (ii) 25 > 12 
(iii) 37 > 33 (iv) 50 > 17 
(у) 16 > 14 (vi) 19 > 16 
2. Express the following statements symbolically. 
(i) 12 is greater than 11. (ii) 15 is greater than 5. 
(iii) 24 is greater than 21. (iv) 37 is greater than 12. 
3. Which of the following are true statements and which are false statements ? 
(i) 5 is greater than 7. (ii) 12 is greater than 3. 
(iii) 31 is greater than 35. (iv) 3is greater than 3. 
(v) 11 is greater than 8. (vi) 13 is greater than 14. 
(vii) 25 is greater than 21. (viii) 29 is greater than 29. 
(13091. 07:9 (х) 12 >4 
(xi) 28 > 28 (xii) 16 > 15 
(xiii) 41 > 41 (xiv) 48 > 47 
(ху) 48 > 49 (xvi) 37 —1 
(хуй) 50 > 50 (xviii) 103 > 127 
(xix) 256 > 204 (oy eal 


4. In place of each false statement in Ex. 3 above write the statement about 
the two numbers which is true. As for example, the -true statement in place of (iii) 
will be 35 is greater than 31. 

Basic Laws of the Order Relation, Yn addition to the Trichotomy Law of the 
order relation ‘>’ we have in the following, some other basic laws of the relation. 

Transitivity of the Order Relation, Let us suppose that a student has to pay 
Rs. 7, Rs. 9 or Rs. 12 per month as tuition fee according as he is in the 9th, 10th or 
llth class. Now, we know that 

927 and 12:9 

so that a student of the 10th pays more fee than a student of the 9th class and a 


student of the 11th pays more fee than a student of the 10th class. — Certainly, we 
have that a student of the 11th class pays more fee than a student of the 9th class, 


as we have 
12755508 


— 
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We have here a situation which can be described as follows : 
` 12>9and9>7 
give 12-7. 
Similarly, we have, 
13 > 8 and 8 > 3 
give 137573: 
These are specific illustrations of the transitivity of the order relation accord- 
ing to which " 


if a>bandb>c 
then : oso 
This property of the relation ‘>’ can be easily seen as follows, 
If a>b, 
there exists a natural number d such that 
"V EE (1) 
` Again, because bc 
there exists a natural number e such that 
© Б=с--е. (2) 
(1) and (2) give . i 
a —(c--e)--d 
à i a=c-+ (e+ d). AA 
Thus, there exists a natural number (e + d) such that 
2 a= c + (e+ d) 
so that we have а> с. 


Relationship of the Order Relation with the Addition Composition 


Suppose in our illustration of the previous section each student of the school 
has to pay Rs. 2 per month as Library, Building and other fees. Then a student of 
the 10th class will have to pay Rs. (9 -- 2) and that of the 9th class will pay 
Rs. (7 + 2) per month. Essentially the 10th class. student pays more fees than the 
9th class student as we have 


9+2>:7 +2. 
Thus, if — OS Авен — 79352 S799) 
Similarly if 12>9 then. 1243-2 9 4- 2. 
In general we see that 
if a> b, 
and c is any natural number, then 
1 Г atece>b+e, 


In other words, one may say that a true order statement pertaining to two natural 
numbers, remains true if we add the same natural number to each of the two sides 
of the symbol >. 


This property is expressed by saying that the addition composiiion is compatible 
with the order relation, 
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If a > b there exists a natural number d such that 


a=bid 
а+с= (Ь 4 4) + с и 
АХ atec=(6+c)+d AA and CA 
and so at+e>b+e 7 


Thus, we have the following law : 

Compatibility of addition composition with order relation, For all natural 
numbers a, b, c, 
if amb thn a+c>b+e. 

Below, we prove two important results which will > frequently used in the 
context of solutions of equations and inequalities. E 

Cancellation law for addition. The law states that 
if а+с=Ъ + с then a=b 
whatever natural numbers a, b, c may be, 
Proof. By the Trichotomy Law, there exists one and only one of the following three 
possibilities. 

() ab (ii) b>a (iii) a = b 

We shall show that the possibilities (7) and (її) will lead to a contradiction 
of the hypothesis. 

(i) If a>b then а+с>Ъ + с. 

(ii) If ba then b+e>a+t+e 

But we are given that a + c =b + со that E a+c>b-+cnor 
b--cadc. 

*. we must have a — b. 
Theorem. If a-}- с > b + c, then a > b whatever natural numbers a, , b, c may be. 
Proof. By the Trichotomy Law, there exists one and only one of the three 
possibilities. 

(i) а> 0 (ii) b>a (iii) a = b. 

We shall see that the possibilities (ii) and (jii) will lead to contradictions 
of the hypothesis 


а+ с> Б + с. 
(i) If ба + then ee р qr ac, 
(ii) If a=b then а+с= 0 4с. 


But we are given that a+ с> b 4- с so that we have neither 
b4+c>a+cnora+c=b4+c. 
*. we must have a > b. 


As a consequence of our study of the relationship of > with addition, we 
have the following fundamental results. 
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(i) A true statement of equality continues to be true if we cancel from 
both sides of the symbol ‘=’ the same natural number occuring as an addend. 


Thus, for example we have 
if хә = thn x—6 
because, we can rewrite 11 as 6 + 5. 


Note. We also have 
if x=6 then x+ 5=6 + 5= 11. 


(ii) A true statement about the relation ‘>’ continues to be true if we 
add to both sides of the symbol the same natural number or if we cancel from 
both sides the same natural number occuring as an addend. For example, 

if (2x + 7) > (х + 9) then 2, 

We have 
(2x + 7) > (x + 9) 
ХО) > (+7) + 2 
с х-(хХ-7)»-2-0(-07) 
and cancelling (x + 7) on both sides we have 


X2 
Conversely, if а then 2х 7>х-9. 
We have 
if х>2 then METS 27+ 7-9 
and so х-(-7)эх-9 
which gives 2x -7 2 x4 9. 


EXERCISES 


xis any natural number. Prove that 
(i) if 7x + 23 = 2x + 38 then 5x15 


а => then | 7x +9 = 5 (х + 2) 
(iii) if x + 3 > 14 then x > il 
(iv) ifx > 3 then 4х-5-э3х-48 
(у) if 5x + 32 2x + 5 then дж ox 2 


Relationship of the Order Relation with the Multiplication Composition, 
Analogous to the law of compatibility of the addition composition with the order 
relation, we have the law of compatibility of the multiplication composition with 
the order relation. 

Suppose we had 36 students in each of the classes 10th and ТИВ, we were 
considering. Then the total tuition fee paid by students of the two classes will be 
rupees 9 x 36 and 12 x 36 respectively. The total tuition fee collected from the 
llth class will be greater than that collected from 10th class. We, therefore 
have 
f 12>9 then 12 x 36 > 9x 36. 
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Similarly, if there were 36 students in the 9th class we would have got 
the result : 
as 9 > 7 we have 9 x 36 > 7 x 36. 
In general, we see that, 
if @>b _ andc is any natural number, then 
ac > be. 


We say that the multiplication composition is compatible with the order relation, 
We may see this as follows : 


Теа > Ь. 
There exists а natural number d such that 
a=b-+d 
m ca = c (b + d) 
= cbh-+ са DM 
i.e., ac = be + de С 


i ac > bc. 
And so we have the following law : 


Compatibility of the multiplication composition with order relation, For natural 
numbers a, b, c, 
if ab then ac > bc. 

Cancellation Law for Multiplication. Analogous to the cancellation law for 
addition, we have the concellation law for multiplication according to which, | 

for all natural numbers a, b, c, 

if ac — bc then В 
We see its truth as follows : 


We have one and only one of the following three possibilities. 


() ab (ii) b>a (iii) a — b. 
In the case (7) we have ac > bc. : 
In the case (її) we have bc > ac. 


But neither ac > bc nor be > ac because we are given that ac = be. 
.. we must have а = b. 


Theorem. Whatever natural numbers a, b, c may be, show that if 


ac > bc then a> b. 
Proof. We have one and only one of the following three possibilities. 
(ab (1) b>a (iii) a — b. 


In the case (ii) bc > ac. 

In the case (iii) ac = be. 

But neither be > ac nor ac=be. 
we must have a > b. 


As a consequence of the study of the relationship of > with multiplication, 
we have the following results of fundamental importance. 
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(i) A true statement of equality continues to be a true statement if we cancel 
from both sides of the symbol ‘=’ the same natural number occuring as a factor. 
Thus, for example, we have : 
if » 2x — 18 thenx —9 
because we can rewrite 18 as 2 x 9. 

Note. Wealsohave: ifx=9  thenx.2—92  ie,2x— 18. 


(ii) A true statement about the relation > continues: to be true if we multiply 
both sides of the symbol by the same natural number or if we cancel from both sides 
the same natural number occuring as a factor. For example, we have : 


if 3x 2-21 then x > 7 
because we could write PA KR E cS Kids 
Conversely, if 2 Nox 
then quc» BEKLA: 
i.e., 3x > 21. 
EXERCISES 
x is any natural number. Prove that : 
(i) if x+3=7 then x? - 3x = 7х 


(ii) if2x +5—=x+11 ел 6x + 15 = 3х + 33 
(iii) if2x -- 12» x 4-4 ел бх 4-3 > 3х + 12 


(iv) if x > 5 then xa > 5x 
(у) if x? > x7 4+ 3x - then x*Lfx-3. 
Examples 
1, For any natural number x, prove that 
if 3Х--5-х--17 then х = 6, 
Solution. 3x 5 =x + 17. 


Writing 17 as 12 + 5, we have by using 4A 
3x + 5 = (x + 12) + 5. 
Cancelling the addend 5 on both sides, we have 


3x xus 12) (i) 
Again 3x = x + 2x and so (i) gives 
x+ 2x = х +12. 
Cancelling the addend x on both sides, we have 
2x = 12. 
Cancelling the factor 2 on both sides, we have 
= 6. 
2. For any natural numbers a and 5, show that if 
amb then a? > b. 


Solution, a>b 
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| as a.a>a.b Le, а> ab (1). 
Again a>b 
оо a.b>b.b ie, ab > № (2) 
Е From (1) and (2), using transitive property of ће relation * we have 
j alb. 
| 3. For any natural numbers a, b, c, d, prove that 
| if a>bande>d then a +c 2 b 4- d. 
| Solution. amb : 
| со at+c>b-+e (i) 
Н Also с> ӣ 
| M bte>b+d (ii) 
- From (i) and (ii), we have a+c>b+d 


Alternative Solution, 


There exist natural numbers p and g such that 
a=b+p 0) 
с-4-4 Gi) 
From (i) and (ii), we have ч 
at+ce=(b+p)+@+9 
=6+d)+@0+9 СА, AA 
ate> 5-4. 


EXERCISES 


1. xis any natural number. Prove that 


(i) if 4x +1 = 13 then x B3 
(ii) if x=3 then 4x + 1= 13 
(iii) if 4x --12 17 then x>4 
(v) if x>4 then 4x +1>17 
()if 17> 4х + 1 then 4 >x 
(Vi) if 42x then 17>4x +1 
2. 1а, b, с, d are natural numbers such that 
a>b and cd 
then ac > bd. 
3. For any natural numbers a, b, show that 
if a>b then а? b. 
4. a and b are апу natural numbers. Show that A 
(i) ifa 2 then (5а 4- 3b) + 14 > 3 (b + 8) 
(ii) if (ба + 3b) + 14 > 3 (b + 8) then dn г 
(iii) ifa > 11 then a+ 3a+7>7(Qa+4 1) 


(0) 17а 4 30 7. > 7(24:4-1) then a> 1l. 
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Remarks. Very often instead of saying that b is greater than a, we say that 
a is smaller than Ё or a is less than 5 and symbolically write 
a<b. 
Thus, for example, 9 < 12 because 12 > 9. 


5. For any natural numbers a, b, c, show that 


(i) if a<b thn a+c<b+e 
(ii) if at+ce<b+e, then a<b 
(iii) if a< b then ас < bc 
(iv) if ac < be then a<b 
() if a<b thn ar < 22 
(vi) if a< бад < c then а< с. 
6. For natural numbers а, 5, с, d, show that 
(i) if a<b and c< d then atece<bid 
(ii) if a< b and c c d then ac — bd. 
7. x is any natural number. Prove that 
(i) if5x -4—7 then 5x < 3 
(ii) if 5x < 3 then 5x+4<7 
(iii) if 2x +3 < 15 then х<б 
(iv) if x< 6 then 2x + 3< 15. 


5. OPEN STATEMENTS 


We know of true and false statements. For example each of the following 
is a true statement. 


()3-4-4-3 (ii) (2 x 3 +4=2 x (3 + 2) 
(1) 5 +324 +3 (0) 4x2<7x2 
(v) Их is a natural number other than 1, then 
X]. 
Again each of the following is a false statement. 
(1):3 555 (ii) 3-4-3-2 
(iii) 9< 9 (0) 7X 3>8x 3 

(v) For natural numbers a and b, if a > b 
then 208. 

Let us now consider the statement 

3x + 4 = 13 
and the question 
‘Is the statement true ? 

Because of the presence of x, in the statement, a definite answer ‘yes’ or ‘no’ 
is not possible in this case. Because of the cancellation laws of addition and multi- 
plication, we have that 
if 3x + 4 = 13 then же д, 
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and conversely, also, we have 
if E then 3x + 4 = 13, 
We, therefore, see that the statement is true if and only if 
x=3 
and is false if and only if - В. 


The symbol 52 is to be read as ‘is not equal to.’ 
Similarly, the statement 
5x +17 =7 
is true for x = 2 and is false when x Æ 2. 


Statements, about which we cannot straightaway say whether they are true or 
false are called Open Statements, inasmuch as the question of such a statement being 
true or false is open till we have some more information about the same. 


While each of the two open statements considered above is an equation, we 
also have open statements which are called Inequations or Inequalities. 


Let us consider the open statement 
3x + 1 < 20 
which is an inequality. We may feel interested in all those of the natural numbers 
such that if x is replaced by any of them the statement becomes true. 

By trial, it is easy to see that these numbers are 1, 2, 3, 4, 5, 6 and no 
other. 

Similarly, we may consider the open statement 

2x -1-4 
which is again an inequality. We may feel interested in all those of the even, 
natural numbers such that if x were replaced by any of them, the statement 
becomes true. It is not difficult to see that these even numbers аг? 

2,46, 8,...- 

In the light of the observations made above, we now introduce the 
notions of 

(i) Variable. 

(ii) Domain of a variable. 

(iii) Truth set of an open statement. 

Each open statement, equation or inequality, will involve besides some 
specific numbers one or more letters. As a member of the alphabet, this letter 
has no meaning in the context of its being there mixed up with numbers. In 
fact, each open statement, must have associated with it a sef of numbers and the 
letter or letters thought of as any member of this set. Thus, ifxbe a letter 
appearing in any open statement and S be any set of numbers such that x could 
be any member of S we shall call 

x as a variable with the set S as its domain. 
The set S may thus be as well thought of-as the set of replacements of x. 
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The members of S which when substituted for the variable, render the 
given open statement true, are referred to as Truth numbers and the set of all 
truth numbers is called the Truth set of the open statement. 

For example, with reference to the open statement 

3x + 1 > 20 
the domain of the variable x being the set of natural numbers, the truth set has 
as its members, 
1::2:53,:4::5, 6. 
Again in the context of the open statement 
2x+1>4 
the domain of the variable x being the set of all even natural numbers 
: 21:056: 8,510:--1.- 
the truth set is the domain itself. 

Sometimes, we may not be able to find any member of the domain which 
when subsituted for the variable makes the open statement true. As, for 
example, the open statement x < 1, the domain being the set of all natural 
numbers, will not be made true whatever natural number we may substitute for x. 
In such a case we say that the truth set of the open statement is Empty or Void. 


We give below a table showing the truth sets of some open statements, 
the domain of the variable being always the set of natural numbers. 


Open statements Truth set (members) 
(i) 4x + 1 = 13 {3} 
(ii) 4x + 3 < 19 11,2, 3) 
(tii) 2x + 1=4 : Void set 
(iv) x= l {1} 
(v) 2+ 1>3 {2, 3,4,...} 


The reader is advised to see how the truth sets would alter, if the domain 
in each case were changed to 
(a) the set of all even natural numbers. 
(b) the set of all odd nature numbers. 


No doubt, we have tried to only guess the truth sets of open statements 
given above. But, in general, however, this is not possible. It will perhaps be 
a matter of relief to see that we have pretty systematic processes, based on the 
properties of the addition and multiplication compositions and the order rela- 


tion, to determine the truth sets of open statements given in the form of equa- 
tions and inequalities. E 


The process of determining the truth set of an open statement is also 
referred to as solving the open statement and each member of the truth set is 
called a root ог. solution of the open statement. We also say that a. member of 
the truth set of an open statement satisfies the same. 


Toc Л ee ee 
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Equivalent Open Statements 


The process of determining the truth set of any given open statement consists 
in obtaining a chain of open statements such that 

(i) the truth set of each of the open statements in the chain is the same 

as the truth set of the given open statements ; : 

(ii) each of the open statements in the chain is simpler than each of those 
open statements comming before it ; 

(iii) the last of the open statements is such that its truth set is obvious. 

We say that two open statements are equivalent if the truth set of one is the 
same as that of the other. The two equivalent statements, thus, have the same 
truth set. For example, the statements 3x +5 = 8 and3x+6=9 are equi- 
valent statements, à 

In order to determine the truth set of an open statement, we obtain a chain 
of pairs of equivalent open statements such that the truth set of the last is obvious, 
The truth set of the last of the open statements is also then the truth set of the given 
open statement. In the present chapter, unless otherwise specified, the domain of the 
variable will be the set of natural numbers. 

We should make a note of the following four basic principles for obtaining a 
chain of equivalent open statements. 

(i) Adding to both sides of an equation or an inequality ш same natural 

number. 

(ii) Cancelling the same natural number occuring as an addend on the two 

sides of an equation or an inequality. 


(iii) Multiplying both sides of an equation or an inequality by the same natural 
number. 


(iv) Cancelling the same natural number occuring as a factor on the two sides 
of an equation or an inequality. 

It is interesting to see that if we go from one open statement to another by 
the use of the principle (7) we can go back to the original open statement using the 
principle (ii). Similarly, if an open statement is obtained from another by using the 
principle (iii), we can always go back to the original open statement using the 
principle (iv). Thus, whenever, an open statement is true, another obtained from it by 
using any of the four principles will as well be true and vice versa, 

We illustrate the process with the help of a few examples. 

Examples 
1. Solve the equation 3x + 5 = 11. 
Solution. The equation can be rewritten in the form 
(3x-b 526-5. 
Cancelling the addend 5 on the two sides we get 
3x — 6. (using ii) 
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This can again be rewritten in the form 


3x = 3). 2. 
Cancelling the factor 3 on the two sides, we get 
x. (using iv) 


The required truth set consists of the number 2. 
Verification, As a check or verification we may see that 
8 x2)45-21 
is true. 
2. Solve the equation 
2x + 5 = 12. 
Solution. The equation may be rewritten as 
2х5 = 7 + 5. 
Cancelling the addend 5 on the two sides, we get 
2x = 7. (using ii) 
Now, we cannot find any natural number x which when multiplied by 2 gives the 
result 7. We find, therefore, that the truth set of the equation is empty. 
3. Solve the inequality 
2x +7 < 18. 
Solution. The inequality can be rewritten in the form 
2x +7< 11 +7. 
Cancelling the addend 7 on the two sides, we have 
2 
By trial we see that 1, 2, 3, 4, 5 make this last statement true. Thus the 
solution set of the inequality consists of the numbers 1, 2, 3, 4, 5. 
4. Find the truth set of 
3x +2 > 11; 
the domain for x being given as the set of all odd natural numbers. 
Solution. The given inequality can be rewritten as 
3x +2>942 
and so dx, i.e., 8x22 3-3. 
Al 23023. 
The truth set consists of 5, 7, 9, 11... 


EXERCISES 


]. Find the truth sets of the following equations, the domain of the variable 
in each case being given as the set of natural numbers. 


@ х4 55 = 73 (i) 82+ х = 94 
(iii) 61+ х = 87 (i) 87+ у = 90 
(vy) y+ 36 = 62 (vi) y+3=60 
(vii) х -+ 13 = 13 (viii) 2x = 16 


—————— й 
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(ix) 2x = 5 ое ЕИ 
(xi) 3 + Ty = 3y + 19 (xii) 3y 4-7 — 13 
(xi) 9y--5 =4y +9 (xiv) 6x + 7 = 2x + 35 


(ху) 30у + 11 = 3у + 25, 


2. Solve the following inequalities for x, the domain of the variable in each 
case being the set of natural numbers. 


(0 x+3>-5 (ii) 3x > 9 

(iii) 3x + 5 > 20 (iv) Их +9 > 6x +13 
() 5x +4<7 (vi) 2x +3<7 
(vii) 11 + 3x < 2x + 12 (viii) 3 < 2x +1 


(ix) x +1< 7x. 


3. Solve the following open statements, the domain of the variable being 
the set of odd natural numbers. 


(1) 87 + y = 90 (ii) 2x = 16 
(iii) 3x + 5 < 11 (9) 5х + 4 < 25 
(у) 3х > 9 0) 11x + 3 < 9x + 21. 
Examples 


Solve the following open statements, for x,y; given that the domain of x, у 
is the set of natural numbers. 

@x+y= 11 (ii) x--y < 7. 

Solution, (i) Essentially x < 11. Now for x=1, y must be 10. Similarly 
for x = 2, y must be 9, and so on. Thus the truth set consists of the number pairs 
(1, 10), (2, 9), (3, 8), (4, 7), (5, 6), (6, 5), (7, 4), (8, 3), (9, 2) and (10, 1). 

(ii) The least value that x can have is 1 and then y could be 1, 2, 3, 4, 5. 
Similarly, when x is 2, y can be any one of 1, 2, 3, 4 алд so оп. Thus the truth set 
consists of the number pairs ау 4), (1, 5), (2; 1), (2, 2), (2, 3), 
(2, 4), (3, 1), (3, 2), (3, 3), (4, 1), (4, 2) апа (5, 1). 


EXERCISES 


Solve the following open statements, given that x, y are natural numbers. 
(i) 2x + у= 17 (ii) 2x + 3y = 21 
(iii) 2x +y <2 (iv) 2x + 5y = 6. 


6. SUBTRACTION AND DIVISION 


Subtraction. Given any two natural numbers a and b, can we always find a 
natural number d such that 
a= bd? 
The answer to this question is ‘No’ inasmuch as, if a were 3 and b were 5, we cannot 
find a natural number d such that 
-05-04, 
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In fact in terms of the order relation ‘>’ we know that given two natural numbers 
a and b, the natural number d such that 


а= + а 
exists only if we havea > Ё. 


The number d, in case it exists, is called the Difference of the numbers a and 
b, taken in this very order, and is denoted by 
a—b 
to be read as ‘a minus b, or ‘b subtracted from а. Thus another way of writing the 
equality 
a-b--d 
is a—b-d.. 


— The process of finding the number а — b is called subtraction so that subtrac- 
tion is the inverse of addition, Surely, a — bis the number which when added to b 
gives as the resulting sum, the number a. 


Through subtraction we are able to associate, to a pair of natural numbers a 
and b, taken in this very order, the natural number a — b, provided, of course, а > b. 
Because of this limitation, we cannot subtract any given natural number from any 
other given natural number. We say that the set of natural numbers is not closed with 
respect to subtraction, The reader should note at this stage that the set of natural 
numbers is closed w.r.t. (with reference to) addition inasmuch as we can always add 
any two natural numbers to obtain their sum as a natural number. 


We may as well note here that whenever it is possible to subtract b from a, it 
shall not be possible to subtract a from b. Therefore, the question of the commutative 
property of subtraction in the set of natural numbers does not arise. 

Again, let us consider three natural numbers, say, 25, 12, 3 taken in this 
very order. By the two different manners of association, we have the natural numbers 

(25 —12) — 3 and 25 — (12 — 3). 

These two numbers turn out to be 10 and 16 respectively, What could be our 
conclusion now ? In fact we see that subtraction in the set of natural numbers is not 
associative. 


Note. On account of the limitation of our not being always able to subtract one natural 
number from another, we should note that whenever we come across the symbol 


a—b 
it has to be understood that we are working under the condition 
a — b, 
even if the condition is not explicitly mentioned. 
Examples. 
1. Show that 


a(b — c) = ab — ac 
provided 6 > c, whatever natural numbers a, b, c may be. 
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Solution 
b>c 
> ab > ac 
=> ab — ac is meaningful. 
Now a(b — c) + ac — al(b — c) + c] D 
; = ab. 2 Definition 
This implies 


a(b — c) = ab — ac, 
2. For what values of x is the expression 
(2x — 8) — x 
meaningful, x being a natural number ? 
Solution, 2x — 8 is meaningful provided 
2x 8, 
which is the same as x24. 2 
Again (2x — 8) — x is meaningful provided 
(2х —8) > х. 
Adding 8 to both sides we get its equivalent form 
2x 25x48 
or x+x>x+8. 
Cancelling the addend x on both sides, we get 
322526: 
So, the given expression is meaningful provided 
x>4andx>8. 
Thus, if and only if x >8, the given expression is meaningful. Thus, x must be one 
of the numbers 9, 10, 11, 12... 
3. Solve the equation 
8 — 5x = 3, 
the domain of the variable being the set of natural numbers. 
Solution, We have that x must be such that 


8 > 5x 
and this is possible only if MESI 
Again 8—5x = 3 
is equivalent to 8 = 5x + 3. (Definition of subtraction) 
This is again equivalent to 

5+3 = 5х + 3 

which is equivalent to 5 = 5х 
which is equivalent to 7 о. 


This, 1 is the only solution of given equation. 


Check, Writing for x, 1, we have 
8—5.123 
as a true statement, 


38 ALGEBRA 


EXERCISES 


1. Wherever possible subtract the second number from the first. 
(i) 25, 11 _ (ii) 37, 39 

(iii) 14, 12 (iv) 15, 15. 

2. For what values of x are the following expressions meaningful, x being a 
natural number ? _ 
us (i) 4 — x (ii) x —9 (iii) x — (3x — 8). 

3. Solve the following open statements, the domain of the variable being the 
set of natural numbers. 


(i) x — 14 = 90 (ii) 7 — 3x — 4 
(ü)x—3 1 (9) 2— 3x «1 
()3—x «8 (vi) 3x — 2< 5. 
Division 


Analogous to subtraction as the inverse of addition, we have division as the 
inverse of multiplication. 


Given any two natural numbers a and 5, is it always possible to find a natural 
number c snch lhat 

а= bc? 
We examine this question in the specific case when 

a-—S3and b = 2. 
Can we find a natural number c such that 

Ses JE 
The answer to this question is No. In fact, we have 

2 x12 end. 22« 2 74. 


Also if с> 2 then-20 2X 2 
ie., 3c>4 
and so we cannot find any natural number c such that 

3i 2c, 


However, depending upon the choice of the numbers a and 5, we may be able 
to find c such that 


a — bc. 
As for example if a=12 апар = 3 then c— 4 
because 12=3 x 4, 
Definition. Given two natural numbers a and b, if there exists a natural number 
c such that Qs 0С 
then we write c—a-cb 
to be read as ‘a divided by b’ equals с. 


and say that a is divisible by b, We also say that b is a factor of a / 
ы milii e Л Га or equivalently a 
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The process of obtaining the number a ~ b is called Division, Surely a + b 
is a natural number, if it exists, such that when multiplied by b gives as the product 
the natural number a. 

Through division, we are able to associate, in the limited sense to a par of 
numbers, a, in this very order, a natural number 

r b 
in case it exists. For two distinct numbers a and b, whenever b is a factor of a, 
a will not be a factor of b. Butifa and b were equal, then the statements a is a 
factor of b and b is a factor of a, will be simultaneously true. For example, if 

as 
then a is a factor of b and b is a factor of a, because there exists the natural number 
1 such that 

13 — 1513; 

Because of the limitation of our not being always able to divide a natural 
number by another, we say that the set of natural numbers is not closed for division 
whereas it is closed for multiplication, 


We note that whenever itis possible to divide a by b, we cannot divide 
b by a, unless of course, both a and b are the same. So that division in the set 
of natural numbers is not commutative. 

Again, let us consider three numbers, say, 72, 12, 2, taken in this order. 
Then : 

(72 = 12) +2 and 72 — (12 + 2) 
are the two numbers obtained from the three given numbers through division by 
two different manners of association. These two numbers come out to be 
6-2 and 72 - 6 
i.e. 3 and 12 respectively. 

We, therefore, see that division in the set of natural numbers does not 
possess the Associative Property. 

Note. In view of the limitation of our not being always in a position to divide a natural 

number by another, whenever, we come across the symbol 

ab 
we have to bear in mind that we are working under the condition that ‘а is a 
multiple of b or equivalently * is a factor of a’, even though it may not be 
explicitly mentioned. 

Even though it is true that one has a sense of dissatisfaction in respect 
of the limitations of subtraction and division, yet it is an interesting fact that the 
limitation with regard to division in the set of natural numbers has led to a very 
extensive and beautiful theory known as Theory of Numbers. We shall be consider- 
ing the elementary aspects of this Theory of Numbers in the following chapter 2. 

It may not be out of place to mention here that several Indian mathemati- 
cians specially Ramanujam have had the credit of making original contributions to 


this theory. 
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EXERCISES 
1. Wherever possible, divide the first number by the second. 
(i) 26, 13 (ii) 25, 15 
(iii) 37, 37 (iv) 4, 12. 


. 2. For what values of x are the following expressions meaningful, x being 
a natural number. 


(i) x +3 (й) 3 +x 
(iii) (x + 3) +2 (iv) 36 + (x + 7) 
(v) 36+ (7 — x) (vi) (x — 2) + 6. 


3. Slove the following open statements, the domain of the variable being 
the set of natural numbers, 


(i) x+2=7 (ii) (x 2) +3 = 4 
(ii) в) + 4] 3 = 9 (iv) x +3 > 4 
() 4-х<7 (4х3. 


7. THE ORDER OF OPERATORS, GROUPING SYMBOLS, BRACKETS 


We have learnt in the present chapter the properties of the operations of 
addition and multiplication and the inverse operations of subtraction and division. 
Also we have pointed out the limitations with regard to the operations of subtraction 
and division. Each of these operations is Binary in the sense that each operates on 
а pair of natural numbers to give as a result a natural number. The symbols used 
for these four operations are 

Nica Муку 
and each of these symbols comes in between two numbers to give ultimately anothr 
number. For example 
3422:5,5—4-—1,2x3-—6,6-2-23. 
n each case we begin with two numbers and one of the four operations. 


But we do come across expressions which involve more than one operation, 
and more than two numbers. In such a case, we have to note that the order in 
which these operations are performed, in general, prove material in the sense that 
the final result obtained after carrying out all the operations depends upon the order 
in which the operations are carried out. In theexamples which follow we shall try 
to exhibit this dependence of the final result on the order of carrying out the 
operations. 

I. Consider the expression 

12—4— 3. 
This expression involves three numbers 12, 4 and 3 and the operation of subtraction 
twice. The subtraction signs are sandwiched between the numbers 4 and 3 and 


between 12 and 4. We can proceed in two different ways depending upon. which , 
of the two subtractions is to be first carried out, 


oo 
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Thus we may have 
ра 
ог (2 Ду гэ 
Thus, if we execute the subtraction on the right first, and then that on the 
left, we have 
12— 4—3)= 12 — 1 = 11. 


On the other hand, if we execute the subtraction on the left first and then the 

one on the right, we shall have 
(12 —4)— 3 = 8 —3=5, 
We arrive at two different results in the two cases. 
So, unless along with the expression 
12—4—3 2 

we know the order in which the subtractions have to be carried out we shall haye to 
face an indefinite situation. 


To indicate the order in which the operations аге to be performed we employ 
What may be called tbe 
Grouping Symbols 
or 
Brackets, 


The usual types of bracket pairs employed are 
(sess; a 
respectively called 
Circular, Square, Curly brackets. 


Thus, around the two numbers pertaining to any given operation sign, we 
put the two brackets of a particulartype. We may, however, use the same pair of 
brackets any number of times in the same expression, 


We go back to the expression 
12—4—3 
and state that the two ways of computation will be precisely specified if, as indicated 
already, we use the grouping signs in the following manner. 
(i) 12 — (4 — 3) 
(ii) (12 — 4) — 3. 
In (7) we have to carry out the subtraction on the right first, whereas in the 
(ii) the subtraction on the left is to be carried пы first. The ambiguity in 
12—4— 
has thus been got rid of with the help ot the grouping symbols and we have precisely 
12 — (4 —3) = 12-1 = ц 
(12 — 4)—3 = 8 — 3 —5. 
We have now a few more examples. 
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П. Consider the expression 
pe dae бл? 
involving two divisions. We have 
24 = (6 2) = 24 + 3 = 
(4--6)-2- 4+2= 
Ш. Consider the expression 


24 — 6 x 2. 
We have * 
: : 24 = (6 x 2) =24+12=2 
б s (24+6) x 2=4 x 2 =8. 
ee ae IV. Consider, 24x 6 — 2. 
We have 
: 24 x (6 = 2) = 24 x 3 = 72 
and (24x 6) = 2 = 144 — 2 = 72. 
; V. Consider, Ре 
We have 
| 2+ (3 x 6) = 2 + 18 = 20 
(2+ 3) x6=5x 6= 30. 
VI. Consider, a 4 b-c. 
We have 


a 4- (b -- c) = (a 4- b) + c 
and for the expression 
OX Di 0; 
we have 
ах (b x c) = (a x b) x c. 


We see that the order of carrying out the operation in general is material. 
“ However, we do have cases of the type IV, or VI, where there is no ambiguity, as we 
have the final results the same in these cases. 


Even if an expression involves more than two operations at the same time, 
by adopting grouping symbols, we can get rid of the ambiguity which may be there. 


For example, consider the expression 
atb=+exd 
involving four numbers and three compositions, As such, the expression is ambi- 
guous. By using, brackets, we get numbers which are in general different but each 
one of them is specific, once the brackets have been put. The different expressions 
we get are 
G) (a - 5b) - c] x d 
(ii) [a + (b+ о] x d 
(iii) a+ [b — (c x d)] 
(iv) a+ [(b с) x d] 
0) (a + b) 7 (c x d). 
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It may be noted that the positions of the numbers and the operation symbols 
have been kept the same in all the five cases. 


We close this section by remarking that although you might have been told 
about the usual order in which the various operations are to be carried out, yet it is 
only a matter of convention. We will, therefore, throughout this book, use brackets 
to indicate the order in which the operations have to be carried out. 


EXERCISES 


Obtain all the different specific numbers from the following, by using 
brackets. $ 


(i) 16+8+2x4 00 
(iii) 722-6 - 3 x 1 (9 8x 6-143. 


8. SETS, STATEMENTS, SYMBOLISM 


All along, in the present chapter we have been talking of the set of natural 
numbers. In the present section, we shall acquaint ourselves with the language and 
notation of sets and the symbolism of statements. 


A set is a collection of objects and each of the objects of the collection is called 
an element of or a member of the set, As examples of sets, we may have : 


(i) the set of all students of your school. 
(ii) the set of all human beings in Delhi. 
(iii) the set of all natural numbers. 
(iv) the set of all natural numbers less than 5. 
(у) the set of all even natural numbers. 
(vi) the set of all multiples of 7. 
(vii) the set of all powers of 2. 
(viii) the set of all natural numbers x, such that 2x + 1 — 9. 
(ix) the set of all natural numbers x, such that 2x + 3 < 7. 
(x) the set of all natural numbers x, such that 3x + 1 > 7. 
(xi) the set of numbers 2, 7, 11. 
(xii) the set of factors of 12. 


In order to describe a set, we list all its elements and enclose them by curly 
brackets. Thus, for example, the sets iv, v, vii, viii, xi and xii can be described as 

(iv) (1, 2, 3, 4}. 

0) (2, 4, 6, 8,......). 
(уй) (2, 23, 23, 26......}. 
(viii) {4}. 

(xi) {2, 7, 11}. 
(xii) (1, 2, 3, 4, 6, 12). 
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EXERCISES 


Describe the sets (iii), (iv), (ix) and (x), by listing their elements. 


We can have a distinction between the sets of the type (iv), (xi) on the one 
hand and the sets (iii), (v), (vii), on the other. If we were asked to list all the ele- 
ments of the set (ii) or (v) or (vii), we shall not be able to do so. We say that the 
sets of this form are infinite while those of the type (iv) and (xi) are finite. 


EXERCISE 


(i) Put down five finite sets. 
(ii) Put down three infinite sets. 


Consider another example of a set consisting of natural numbers which make 

the statement 
3x +7 =2 

true. We see that the number 7 being greater than 2, no natural number x is possible. 
We have already given a specific name to such a set. If you recollect, we called such 
a set an Empty set. We say, that a set consisting of no object is called the Empty, 
Void or Null set. It is customary to denote such a set by the symbol ¢, to be read 
as “phi”. 

In general, capital letters of the alphabet, such as S, T, A, B, C are used 
to denote the sets. The set of natural numbers 


will be symbolically referred to as N. 


We have called an object of a set аз its element. Now, if a is an element 
of a set S, we write 
aes 
to be read as ‘a belongs to S' or ‘a is an element of 5” ог ‘a 15 a member of 5”. 


EXERCISE 


Let S be the set (2, 7, 11). Which of the following statements are true and 
which are false ? 


@2E8 ()8es 
(1) 4Е 5 (i) 5 Є S. 
If an object a is not a number of a set S, we write 
a&s 


to be read as ‘a does not belong to 5” 


EXERCISE 


Let S be the set (1, 2, 3, 4, 6, 12); which of the following statements are true 
and which are false ? 


reer ай ьо" 
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(2885. (i) 665 
(iii) 5& S (iv) 3Є5 
0)1Є5 (vi) 265 
(Wii) 12 Є S (ili) 4 & S. 


Notation. In the next chapter, the reader will see that we shall have to 
deal with the sets of factors of natural numbers. We adopt here a notation to 
denote by Fac a, the set of all factors of the number a, for example 


Fac 12 = { 1, 2, 3, 4, 6, 12 }. 
EXERCISE 


Describe the following sets. 


(i) Fac 13 (ii) Fac 25 
(iii) Fac 36 (iv) Fac 53 
(у) Fac 1 (vi) Fac 24 
(vii) Fac 60 (viii) Fac 45. 


Set Builder Notation. Instead of listing various elements of a set, it is 
sometimes more convenient to use the description of the set and describe it in 
terms of what is commonly known as the set builder notation. For example, 
the set (2, 23, 23, 24......... ) described as 

(Q^:n€ №. 

This means, that the set consists of the natural numbers 2" obtained by 
replacing z by each member of the set N, ie. by each natural number. The 
expression may by read as follows : 


The set consists of the numbers 2" such that, п belongs to М, so that $; ? 
is read as ‘such that". 
Again, the set (1, 2, 3, 4, 5, 6} could be described as 
{xx:x<7, x E N} 
The set {4} could be described as 
{x: 2x + 1=9, x EN} 
and the set (5, 10, 15, 20,......... ) could be described as 
(5a:a € N). 
Equality of sets 
Definition. Two sets S and T are said to be equal if every member of S is a member 
of T and conversely every member of T is a member of S. 
The reader may easily see that the following are true statements. 
(i) (5a: a € М} = {5, 10, 15, 20,...... ) Tit 
(ii) (1, 3, 5} = 65, 1, 3} 
(1) (x:3x + 1 > 7,x € М} = (3, 4, 5, 6......... } 
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2 We should note that a set is just a collection and the order in which the 
elements of the set occur is immaterial. Thus for example, we have 
ЗЕ ee Pe lO Y 
Also the repetition of any element does not alter the set. Thus, we have 
4 17, 3/5,5, 1} — (1, 1, 7,3, 5, 3}. 
Sub-set of a Set, Super-set of a Set 
Definition. A set T is said to be a sub-set of a set S, if every member of T is a member 
of S. In symbols we write T C S, 
to be read as ‘T is a sub-set of S; ог “Т is contained т 5’. Again if Tis a sub-set S, 
we also say that S is a super-set of the set Т, In symbols, we write 


S cT 
to be read as ‘S is a super-set of Т? ог ‘S contains T’, For example, 
(i) ОК ere ia ey AARE 


(ii) The set of students in your class is a sub-set of the set of students of 
your school. 


(iii) The set of people living in Delhi is a sub-set of the set of people in 
India. 
(iv) The set of natural numbers is a super-set of the set of factors of 36. 
Symbolically, we may write this as 
N 2 Fac 36. 
Again, we have that Fac 36 C. Fac 36 


i.e., the set of factors of 36 is a sub-set of itself. 


In fact, every set S is a sub-set of itself. All that we need to'see is that every 
element of 5, must be an element of S, which is certainly so. Thus, for any arbitary 
set 5 
2 505 
is a true statement. 

Also, given any set S, we shall always have 

$С5 
i.e., the Void set is a sub-set of every set 5. In order_to see this, we must note that 
every element of ф must be an element of S. In other words, we should see that there 
is no member of ф which is not a member of S. Now, because ¢ contains no element, 
the result follows immediately. 


We conclude, therefore, that every non-empty set S has at least two sub-sets 
namely ¢ and 5. : 


Definition. A sub-set T of a set S, other than $ and $ is called a proper sub-set of 5. 


Caution, The student is warned against any possible confusion between the 
symbols ' 
Е, С 
for ‘belongs to’ and ‘contained in’ respectively. In any statement to the left of the 
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symbol € must there be an element and to its right a set, whereas the symbol C 
must be sandwiched between two sets on either of its two sides. 
Example 
{1} C (5,2, 3, 4} 
1 € (1, 2, 3, 4}. 


We should note here that 1 is an element whereas (1) is a set consisting of the 
element 1. 


EXERCISE 
Put down all possible sub-sets of the following sets. 
(1) {1, 3, 5} (ii) {7} 
(iii) (2, 6} (iv) 4. 


Given any two sets S and T, we may have neither às a sub-set of the other. 
For example, consider the set of factors of 24 and 36 respectively. The reader is 
advised to put down the two sets and see why none of the two is a sub-set of the 
other. у 


EXERCISE 


Prove the following : 
(i) Fac 12 С Fac 36 (ii) Fac 30 D Fac 15 
(iii) Fac 18 is not a sub-set of Fac 30. (iv) Fac 30 is not a sub-set of Fac 18. 
Least and Greatest Members of a Set of Numbers. 


Consider the set N of natural numbers. Certainly, this set has a member, 
namely, 1, such that it is less than or equal to any member of N. We call this number 
1 the least of the set N. 


In fact, every non-empty sub-set of the set N, will always have the least element. 
This property of the set of natural numbers is referred to by saying that the set IN of 
natural numbers is well ordered. 


If we consider any finite sub-set of N, say 
S = (1,3, 6, 2, 18}, 
it has a member 18 which is greater than or equal to every member of S. This 
number, 18 is called the greatest of all the members of S. The set N does not have 
the greatest member. А 
Also a finite sub-set of № has the greatest member whereas an infinite sub-set 
of N does not have the greatest member. 
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EXERCISE 
Put down the least and the greatest (if it exists) members of the following : 
(i) {2, 4, 6, 8, ...) (ii) {2, 4, 16, 256} 


(iii) {10, 11, 12, 13, ...} (iv) (10, 15, 35, 70} 
(у) {1}. 3 
Operations on Sets. Union and Intersection. 


Consider any two sets S and T. The set consisting of objects which are either 
elements of S or elements of 7 or of both is called the union of the sets S and T and 
is symbolically written as S U T, where U is the symbol for union. 


Thus, SUT ={x:x € Sorx € Тог (х Е Sand x c T)) 
For example if S = (1,3, 5, 7...) 

and T = (2, 4, 6, 8,...}, 

then S U T — N, the set of natural numbers. 

Again, if S = (1,2, 3, 6) 

and Т = (1,2, 4}, 

then S U T = {1, 2, 3, 4, 6). 


The reader should note that we do not write an element again once it has 
been written in that it may be seen that 2 which is a member of S as also of T has 
been taken only once, 


EXERCISES 


1. Compute S U T for the following sets. 
G) S = (1,2, 3}, T — (1, 2,3, 4) 

(ii) S = (1,3, 7}, T = {4, 6, 9} 

(iii) S = {1, 3, 5, 15}, T = (1, 2, 3, 4, 6, 12). 


2. Compute T U S for all the three cases of Ex. 1, and see that 
SUT =TUS. 


3. Compute (A U B) U с and A U (B U C) for the three sets. 
А = {2, 4, 6} 
В = {1,7, 6} 
С =1,, 3, 9} 
and verify that (4 U ВОС =AU(BUC). 
4. Name the properties of union of sets you have verified in Ex. 2 and 3. 
5. Put down any three sets A, B and Cand Compute (А U B) U C and 
(CU A4) UB. t 


Intersection, Consider any two sets Sand T. The set consisting of those 
elements which are members of 5 and as well of T is called the Intersection of the 
two sets S and T and is symbolically written as 

ў 5 n T. 


n———M— 
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Thus, SO T= {x:x€ Sand x ET}. 
For example, if S = Fac 36 and T = Fac 24 
then S = (1, 2, 3, 4, 6, 9, 12, 18, 36} 
and T — (1, 2, 3, 4, 6, 8, 12, 24) 

Xd ЗА к б О 
Again, if S = {1, 3, 5}, = (1, 5}, 
then SOT = {1, 5}. 
Also, if S = (1,3, 5) and T — (4, 6, 7), 
then SOT=4, 


as there is no common member of S and T. 


EXERCISES 
1. Campute SQ T and. TS for sets S and T given in Ex. 1 of the 
previous section, and see that SQOT=TAS. 


2. Compute (А N B) N С and АП (ВП С) for the sets A, B, C of Ex. 3 
of the last section. 


3. Put down any three sets A, B, C and compute the following. 


(0) AN (BU C) (0) AN B) U (4 n €) 
(iii) A U (Ва C) (ivy) (4 U B) n (4 U C) 
() 4U$ (vi) A 9. 


Statements, We have been dealing with statements which are true, false or 
open. In the following, we introduce symbols, which make it convenient to handle 
statements and their interrelations. 

Suppose we have two statements P and Q. Then we have quite often a 
situation where we say 

“If P then Q’, 
as for example, 

“а> bthena-- cm b- c 
However, we assume that a, b, c are all natural numbers. 
In symbols, we write 

Р-эО 
to be read as P implies О. 
Thus, for example, if x is any natural number, we have 

хэлэх 233 
Again, we may have two statements P and Q such that P is implied by Q. In 
symbols, we write : 
poe. 
For example, if a, b, c are any natural numbers, then the cancellation law for multi- 
plication gives, 
а= b «€ ac = bc. 
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Quite often, we have statements P and Q which are such that 


PRO 
and (22505 
We write, іп such a case 

РэО 


- to be read as “Р implies О and is implied Бу Q’. We also say, then, the state- 
ments P and Q are equivalent. As for example, 

a=b > ас = Бс 
and @ = heec acto. 
for all natural numbers a, b, c. The first of these follows from the definition of 
multiplication, We combine the two and write 

а = Б < ac = bc 
so that the statement, а = b and ac = bc are equivalent, a,b,c being any natural 
numbers. 


EXERCISE 
Show that 
(i) 2x ВИ A 
(ii) x45-—2x-Flex-4 


We have also, throughout the chapter come across three phrases 'For all', 
‘There exists’ and ‘Such that’. Even in the later chapters, the reader will find 
very frequent occurence of these phrases. We adopt the following symbols for 
the same. 

“For all” y 

“There exists” 3 

“Such that” : 

Tn terms of the symbolism of this section, we shall try to restate the basic 
results of this chapter ina neat and compact form. It may be seen that a good 
deal of economy in terms of space, time and effort is effected, once the student 
becomes familiar with the use of the symbols. 


For example, we know that in natural numbers a > b if there exixts a 


natural number d such that a= bd. 
Also, if there exists a natural number d such that 

a=b+d 
then а >b. 


In terms of the symbols, this entire statement can be written in the form 
a>b&jzdEN:a=b4+dya,bEN 
ie., for all natural numbers а and b, ais greater than b implies and is implied 
by the existence of natural number d such that a equals the sum of b and d. 
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9. DIVISION ALGORITHM 


We should note that, in the set N of natural numbers, there exists the 
possibility that neither of the two given natural numbers is a factor of the other. 
Asfor example, of the two natural numbers 4 and 6, neither 4 is a factor of 6 
nor 6 is a factor of 4. 


This means that if a, b are given natural numbers, the natural number 
а may not be divisible by b. The reader may recall that in such situations he 
has been, in his primary and middle classes, talking of the quotient and the 
remainder obtained on divinding a by b. 


In the following we attempt to present this procedure in a little more 
formal manner. 


Let us consider two numbers, say, 9 and 24. We have 24 > 9. Also the 
set ot multiples of 9 consists of the numbers 
к хора 


and we see the number 24 is not a member of this set 7,e., 24 is not а multiple of 9. 
We observe that, to begin with, the multiples are less than 24 but after a certain 
stage we come across a multiple which is just greater than 24. The multiple of 
9 just preceding this is the greatest of those multiples which are less than 24. These 
two multiples are 3 x 9 and 2 x 9 respectively. In fact we see that the number 24 
is sandwiched between the two consecutive multiples of 9 viz.,2 x 9 and3 x 9; 
so that, we have 
2X9-24-3x:9. 
Also, because 2x9-—24 
there exists a natural number, namely 6 such that 
24— 9 x 2 +6. 

Thus, there exists two numbers 2 and 6 respectively called the quotient and 

the remainder, such that 
24 = 9 x 2 +6. 

We may note that the uumber 6 (the remainder) is essentially less than the number 
9 (the divisor). 

Again, let us start with two numbers say 20 and 3. The set of multiples of 
the number 3 consists of the numbers 

15€3,2 xX-3,3/ 43,4 303,5 0«:3):6 Ха 
and 20 is not a member of this set. However, 

6 x35 20: 7:78 

Х 20=3 x 6 + 2. 
The quotient in this case is 6, the remainder 2 which is Jess than the divisor 3. 


and 


mum, 
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EXERCISE 
Repeat the process of the two illustrations above for the following pairs of 
numbers. 
(i) 12 and 35 (ii) 19 and 215 
(11) 104 and 1387 (iv) 224 and 1345. 


The discussion above leads us to the following result called Division Algorithm. 
Theorem. Given two natural numbers a and 5,5551,4» 8 and a is not 
divisible by b, there exist two numbers (unique) g and r such that 
а= Ы +r г < b. 
Proof. The set of multiples of 5, consists of the numbers 
b, 2b, 3b, 4b,....... . 
As b is not a factor of a, we see that a is not a member of the above set. 


Tn the beginning, the multiples of bare less than a. But after a certain stage 
we shall get a multiple of b such that it is just greater than the number a. 


Let bq denote the greatest multiple of b such that 


qb<a 
and q+ lb>a. 
Thus we have qb<a< (q+ !1)b. 
Now, because q b < a there exists a natural number r, say, such that 
a=bq +r. 
Also because 
a<(q+1)b 
we have 
bqa+r<bqa+b 
i.e., reb. 


We have two numbers q and r such that 
a-—bq--r and г< 6. 


Also,the manner of obtaining the numbers qb and (q + 1) b. shows that 
qis unique. Also since q is unique it follows that r is also unique. Hence the 


theorem. 
EXERCISE 


Determine the quotient and the remainder for the following pairs of natural 
numbers. 


(i) 17,3 (ii) 286, 11 
(iii) 575, 17 (iv) 9087, 22 
(у) 5555, 25 (vi) 7707, 77 


F 
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SUMMARY OF THE BASIC RESULTS 


I. (a+b) = (b + a) ма EN СА 
П. (@+6)+c=a+(b+c) ¥a,b,cEN AA 
HI. a.b=b.a vabcN CM 
IV. (ab) c — a (bc) yab, c EN AM 
V. axl=a. ¥aEN MO 
VI. a (b + c) = ab + ac xab, ce EN 


Trichotomy Law 


VII. For any natural numbers-a, b one and only one of the following possi- 
bilities is there. 


(1) a=b (2) a>b (3) b>a 
Transitivity Law 
VIII. a>bandb>c>a>c ya b,c EN 
IX. a>beatc>b+e ¥a,b,cEN 
X. а> b« ac 7 bc ¥abcEN 
XI. a=beat+c=bt+c va Б, сє м 
XII. a=beac=be ¥abcEN 


Well-ordering Property 
XIII. Any non-empty sub-set S of N has the least number in it. 
Division Algorithm 
XIV. Given any two natural numbers a and b, b 5 1, a > b and ais not divisible 
by b, There exist two numbers (unique) q and r such that 
а = Ы +r 145010) 


10. PROBLEMS 


In this section, we will make use of the properties of the set of natural 
numbers to solve various types of problems. We shall see that to solve a problem, 
we have first to translate it into an equation or an inequality, whose solution will 
ultimately give us a solution of the given problem. 

Before giving some examples we give illustrations of translating sentences in 
ordinary language in a mathematical form and vice versa, It will be of interest to 
note here that whereas a sentence in ordinary language will give rise to same mathe- 
matical form, a mathematical form can be interpreted in more than one way. 


Examples 
1. ‘The sum of two consecutive natural numbers is 67’, can be written in 


mathematical language in the form 
x + (x + 1) = 67. 
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2. The mathematical form 
x+ (х +1) = 67 
may be interpreted in many different ways, as for example 
(i) the sum of two consecutive numbers is 67. 


(ii) The sum of the ages of two brothers, one of whom is one year older than 
the other, is 67. 


(iii) The total earnings of an individual on two days is Rs. 67 and he earns 
one rupee more on the second day than on the first. 


(iv) The total distance travelled by a car in two hours is 67 kilometres, if 
the distance travelled in the second hour is one kilometre more than that in the first 
hour. 


The variable x, represents 
(i) the first number. 
(ii) the age of the younger brother. 
(iii) the individual’s earnings on the first day. 
(iv) the distance travelled by the car during the first hour. 


The student may appreciate that the same equation has been seen to corres- 


pond to four different situations. Of course, we could have many more such 
interpretations. 


5 EXERCISES 


Translate the following sentences in ordinary language into mathematical 
language. 


(i) The product of two consecutive numbers is 18. 
(ii) The sum of two numbers is 57 and the greater number is 13 more than the 
smaller one. 
(iii) The number of boys in a class is 13 more than that of the girls and the 
total number of students is 57. 


(iv) The age of the father is three years more than twice the age of the son and 
the total of their ages is 63 years. 


(») The perimeter of a rectangle is 42 cm. and its length is 3 cm. more than 
the width. 


2. In each case of Ex. 1 above, what does the variable stand for ? 
3. Interpret each of the followidg open statements in at least two different 
ways, 


Ч @x+5= 43 (i) x + (2x + 1) = 52 
(iii) x + (x + 1) < 32 (iv) 2x + 2(x + 1) = 42 
(vy) x —5 > 3x — 13. 


Ton 
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Problem 1, The sum of two consecutive multiples of 3 is 171. Find the 

umbers. 

Solution, The problem states that the sum of two cousecutive multiples of $ 
15 171, so that we have to have expressions for finding consecutive multiples of 3. 
We start with the assumption that one of them is 3x. The other one will be then 3 
(x + 1). Also, the sum of the two is given to be 171 so that, we have 

3x + 3(x + 1) = 171 
@ бх + 3 = 171 
<» бх 4- 3 = 168 + 3 
4 6x == 168 
а» 6х = 6 Х 28 
e х = 28. 
Also then 3x == 84 and 3(x + 1) = 87. 

The two required numbers, therefore, are 84, 87. 

Problem 2. In three hours a car travels a total of 153 kilometres. Find 
the distance travelled during the first hour, if the distance covered during the second 
hour is twice that in the first hour, and that covered in the third hour is 5 kilometres 
less than that during the second hour. 

Solution. Let the distance covered in the first hour be x km. 

Then the distance covered during the second hour = 2 x km. and that 
covered during third hour — (2x — 5) km. 

As the total distance covered in three hours is 150, we have 

x + 2x + (2x — 5) = 150 
хх + 2х + (2х — 5 = 150 + 5 


4» X + 2x x 2x == 155 
e 5x = 155 
< х = $1. 


Thus the distance covered during the first hour is 31 km. 

Problem 3, Distribute Rs. 500/- amongst Anita, Kavita and Anupa in 
such a way that Kavita gets Rs. 20 less than the double of what Anita gets and 
Anupa gets Rs. 50 more than what Kavita gets. 

Solution, Let Anita get Rs, x. 

Then Kavita gets Rs. (2x — 20) 

and Anupa gets Rs. [(2x — 20) + 50]. 

The given problem corresponds to the open statement 


x + (2x — 20) + (2x 4- 30) = 500 
<> x + (2х + 30) + Qx — 20) = 500 
<> x + (2x + 30) + 2x = 500 + 20 = 520 
> 5х + 30 = 520 = 490+30 
e 5x = 490 


> я = 98 
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Thus, Anita gets Rs. 98, Kavita gets Rs. (98 x 2 — 20), i.e. Rs. 166 and 
Anupa gets Rs. (176 + 50), i.e. Rs. 226. { 


Problem 4. The perimeter of a square in centimetres is the same as its area 
in square centimetres, Find the side of the square. 


Solution. Let the side of the square be x cm. 
Then the perimeter is 4x cm. 


Also the area of the square = х.х sq. сш. 
Т Ax Ху 
+4 = х. 


Thus, the side of the square is 4 cm. 


Problem 5. А rectangle has its sides measurable іп, full centimetres. Its 
length is twice its breadth and the area is given to be less than or equal to 46 sq. cm. 
Find all the possible values of its length. 


. Solution, Let x cm. be the breadth of the rectangle. Then its length is 
2x cm. 
The area of the rectangle, therefore, is x. (2x), i.e. 2x* sq. cm. 
As this area is given to be less than or equal to 46 sq. cm., we have that 
2х < 46 
423 <2 x 23 
© x < 23. 
The set of values of x satisfying the above relation is obviously 
ОЗА} 
The length of the given rectangle іп cm. сап be 2, 4, 6 or 8. 


Verification, The student is advised to verify in each case the correctness 
of his result. 


EXERCISES 


Find the consecutive numbers whose sum is 57. 

Find two consecutive even numbers whose sum is 144. 

Find two consecutive odd numbers whose sum is 68. 

The sum of two consecutive multiples of 8 is 168. Find the numbers. 
Find three consecutive numbers whose sum is 81. 

Find three consecutive even numbers whose sum is 108. 

Find three consecutive odd numbers whose sum is 327. 


The larger of two numbers is 17 more than twice the smaller, If their 
sum is 104, find the two numbers. 


9. Seven times a number is 12 less than thirteen times the number. Find 
the number. : 


BRIN Uv ocu gae 


10, 


1. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19; 
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Thirteen added to twice a number is the same as 5 added to 3 times the 
same number. Find the number. 

The larger of two numbers is 13 more than the smaller. Their sum has to 
be less than 27. Find the set of all possible values of the smaller number. 


9 added to three times a number is greater than the excess of of five times 
that number over 7. Findthe set of all possible values of the given 
number. 


Can twice a number increased by 3 be greater than seven times the same 
number ? 


Can three times a number increased by 6 be greater than ntne times the 
same number ? Ў 


The total distance covered by а саг in two hours is 100 km. If the 
distance covered during the second hour is 20 km. less than thrice that 
covered during the first hour, find the distance covered during the first 
hour. 


The perimeter of a square is less than 28 ст. If a side is measurable in 
full cm. find all possible lengths a side of the square can have. 


A square has its side measurable in full centimetres. If the perimeter is 
less than 24 cm. and greater than 12 cm., find all possible lengths of the 
side of the square. f 


The perimeter of a rectangle is 14cm. Find the breadth of the rectangle 
if the length is 2 cm. less than twice the breadth. 


The perimeter of a triangle is 36 cm. If one ofits sides is shorter than 
another by 5 cm., and the third side is greater than the second by 8 cm. 
find the three sides of the triangle. 


Three consecutive numbers give the degree measures of the three angles 
of a triangle. What are these numbers ? 


The capacity of a drum is 10 litres less than that of another. Together 
they can hold 92 litres. Find the capacities of the two drums. 

Ram and Shyam have 50 rupees with them. If Ram has 4 rupees less 
than twice of what Shyam has, find the number of rupees with Shyam. 


Distribute Rs. 300 amongst Ram, Shyam and Krishan in such a way that 
Ram gets Rs. 20 more than Shyam who gets twice of what Krishan gets, 


In a class the total number of students is 50. It is given that the number 
of girls is 5 less than four times the number of boys. Find the number 
of boys and girls in the class. 


In a class of 45, the number of boys is greater by 5 than three times the 
number of girls. Find the number of boys and girls in the class, 
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26. The sum of the ages of the father and the son is 65 years. Five years 
hence the age of the father will be double that of the son. Find their ages 
now. 

27. The sum of the ages of the father and the son is 60 years. Three years 
ago the age of the father was double that of the son. Find their ages 
now. 

28. In y number, the tens digit is one less than twice the units digit. If the 
sum of the digits is 8, find the number. 

29. The digitin the ten's place is twice the digit in the unit's place of a 
number consisting of two digits. This number exceeds that obtained on 
reversing the digits by 18. Find the number. 


REVIEW EXERCISES 


1. Given 
A = (2, 7, 3, 9, $, 13} 
В == (5, 7, 8, 17, 9) 
C = (6, 4, 12, 14, 16). 
What are the sets 


АПВ, В 
АО (ВПО, АП (В) С) 
U 


2. Given 
/ 1, = (x:xisa factor of 45) 
s M = {x: x is a factor of 63) 
М = (x: xis a factor of 120} 
| Р = (x : x is а factor of 270}. 
What are the sets 
LOAM,MNP,LA(M MN) 
(рам) п wu Р). 
8. Given 
Р = {xix із а multiple of 6} 
О = {x: x is a multiple of 8). 
What is the sep — ' 
PNQ. 
4. For what values of x are the following expressions meaningful, the 
domain of x being N. 
(4-3 (i) x — (2x — 8) 
(И) Gx — 7) — а, 


6. 


as 


10. 


11. 


12. 


13. 


14. 


15. 


NATURAL NUMBERS 


domain of x being N. 


(i) (20--3)-х (ii) (x + 3) +5 
(iii) [(x — 7) + 3] + 2. 
Prove that 


@+b>2abyabEeNn. 
Show that 
a>bande>d=ac + bd > ad + be, a,b,c, d, C М 
Is 210 greater than or smaller than 1000 ? 


Given that 
x+y=101 and x—y —2 
show that x= 51. 
Given that 
4х + Зу = 63 and х<5 
prove that y — 14. 


Give all possible pairs of natural numbers x, y such that 
x—y«6 and x+y< 14. 


(xv) 25 — x = 21. 
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. For what values of x are the following expressions meaningful, the 


If x>yt+4 and y = z — 3, 
then x2z-l. 
Show that 
(ab) — c = a(b = c). 
Also state the conditions under which each side represents a meaningful 
expression. 
Show that there exist natural numbers, а, b, c such that 
(а?) A qo, 
Solve the following for x, given that x is a natura] number. 
(i) x + 56 = 78 (ii) 42 + x = 93 
(iii) 25 — x = 12 (iv) 3x + 7 = 16 
()x—7217 (vi) 7 — 4x = 13 
(vii) 9 — 5x 23 pii) (x 2) +5 = 8 
(ix) (x + 3) +7 = 6 (x) 4x — 5 = 8 
(xi) 13, — 7x = 2 (xii) № = 9 
(xiii) x? + 5 = 20 (xiv) x* — 7 = 18 


16. Solve the following inequalities for x, given that x belongs to the set of 


(уй) 7x — 3 < 24 


natural numbers. j 
()x—823 (1) x— 3< 11 


(üi) x + <1 (9) x + 22 < 23 
0)27--х« 39 (vi) 2x 4- 5 « 19 


(iii) 10x — 8 > 12 


КЕ 
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(ix) 3x —5 > 12 (x) 3 + 8х > 11 
(xi) 27 + 5x 2 37 (xii) 13 — 4x > 5 
(xiii) x + 7 > 10 (xi) x +3 <7 
(ху) (х--3)-7« 12 (xvi) 3+x<2 
(xvii) (3 х) +7< 13 (xviii) x? > 64 
(xix) 25 — х? > 15 (xx) x2 — 1124 
(xxi) х2--5« 5. (xxl). 2х 05 5655-67 
(xxiii) 3x + 114 4x + 4 (xxiv) 5x + 13 > 6x +7 
(xxv) 4x + 5 > 3x + 11 (xxvi) 5x +3 x 8x +2 


(xxvii) 11x + 1 < 7x +25 (xxviii) 3x #7 5x +5 


17. Solve the following for x, y, given that x and y are members of the set 
of natural numbers. 


(i) x+y=7 (il) 7x + Зу = 15 
(iii) x — 3y = 4 (iy) x — 3y = 3 
(y) xt + у = 1 (07) х-3«у 
(vii) y — 3 2x (viii) 2x + 3y < 25 
(x) x2 + у? < 12 (х) x + 3j? = 10. 


18. Find two consecutive multiples of seven whose sum is 329, 


19. The perimeter of a rectangle is 56 cm. If its length is 4cm. more than 
twice its breadth, find the length and the breadth of the rectangle. 

20. Distribute Rs. 200 amongst Mohan, Sohan, and Om in such way that 
Mohan gets Rs. 10 more than what Sohan gets and Om gets Rs. 20 less 
than twice of what Sohan gets. 

21. The difference of the ages of the father and the son is 25 years. 10 years 
hence the age of the father becomes double that of the son. Find the 
present age of the father. 

22. The ten's digit is greater than the unit's digit of a number of two digits 
by 4 and the sum of the digits is 14. Find the number. 

23. Thearea ofa square whose each side is ofa length measurable in full 
metres is greater than 10 m?and less than 10072. Find all possible 
values of the length of the sides. 

24. Describe all possible ways of giving toffees to Sita and Krishna out of a 
packet of 20 toffees such that Sita gets two toffees less than double of 
what Krishna gets. 

25. А number consists of three digits such that the digit in the ten's place is 
twice and that in the hundred's place three times that at the unit's place. 
The number obtained on interchanging the digits in the unit's and the 
hundred’s place is less than the given number by 594. Find the number. 


E 7 


2 


Elementary Number Theory 
Divisibility in N 


11. INTRODUCTION 
We have seen that if a and b are any two given natural numbers, there may 
or may not exist a natural number c such that 
a=be. 
Further, if for given natural numbers a, b, there does exist a natural number 
c such that a — bc, we write 
! а-5-с 
and say that a is divisible Бу b and that c is the quotient obtained on dividing a by b. 
It will, thus, be seen that the symbol 
a~b 
in respect of the set of natural numbers is meaningful if and only if a is divisible by b. 
Thus, while each of the expressions 
6 + 2,16 + 4, 18 + 3 


is meaningful, none of the expressions 

6 - 4,16 + 5,3 + 6 
has any meaning in respect of the set of natural numbers. 
12, DIVISIBILITY RELATION 


If a is divisible by b, we write 
5|а 


the line between b and a being vertical and not inclined. 
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The symbol 
bla 
is to be read as 
a is divisible by b, 
For example, since 6 is divisible by 3, we write 
316. 
Again, because 30 is divisible by 5, we write 
5 | 30. 
There are several different and alternative forms in which the symbol 
bla 


could as well be read and we give these in the following. But before we do this, 
we refer to the concepts of : 
(i) Factor of a natural number ; (ii) Multiple of a natural number. 
Factor. Multiple. Ifa is divisible by b, we say that b is a factor of a or that 
a is a multiple of b, 
Thus, 
b isa factor of a > a isa multiple of b, 
A factor is also often called a Divisor so that we have 
a is a multiple of b & b is a divisor of a, 
Therefore, the symbol 
bla 
denoting that a is divisible by b may as well be read as 
(i) bis a factor of a 
(ii) b is a divisor of a 
(iii) a is a multiple of 5. 
To avoid confusion and help fixation of ideas, we shall read the expression 
bla. 
as b is a factor of a, 


Note. The student may recall that in the first chapter, he was introduced to the rela- 
tions ‘Is greater than’ in the set of natural numbers. Here he is being introduced 
to another relation ‘Js а factor of' in N. Symbolically, the relation ‘Is greater 
T ina denoted by ‘>’ and we are now denoting the relation ‘Isa factor 
of” by ‘Г. 

In case 6 is not a factor of a, we shall write in symbols 

ba. 


The student is warned against any possible confusion of the symbol *'** 
for ‘is not a factor of" with the symbol ‘+? indicating the sum. In the symbol ‘$’ 
for ‘is not a factor of? horizontal line does not cut the vertical line in the middle. 

In the light of the discussion above, we have 

316,4112,5115,313,113 
and 4} 6, 5412, 6 115, 312, 31 4. 
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Example 
Find the set of factors of the numbers 18 and 7. 


It may be easily seen that the set of factors of 18 is 
(1, 2, 3, 6, 9, 18) 
and the set of factors of 7 is 


t1, 7). 
EXERCISES 


1. Which of the following statements are true ? 


(i) 15145 (ii) 36 | 12 (i) 15 25 
(9) 1127 (у) 2311 (vi) 111 33 
(vii) 19 + 38 (viii) 23 | 69 (ix) 14 | 56 
(х) 15 $ 27. 

2. Find the set of factors of each of the following natural numbers. 
(i) 12 (ii) 48 (iii) 100 

(iv) 41 (у) 125 (vi) 71 

(vii) 300 (viii) 61 (ix) 123 
(x) 240. 

3. Put down any eight natural numbers and the set of factors of each of 

them. : 

4. Put down the set of multiples of each of the following natural numbers. 
(i) 2 (ii) 5 (iii) 7 
(iv) 6 0) 3 (vi) 4 

(vii) 11 (viii) 9 (ix) 10 
(x) 1. 


5. Put down the least member and the greatest member, in case it exists, of 
each of the sets of Ex. 2 and Ex. 4. 

Observations, 1. We see that the set of factors of a number always has the 
least, namely the number 1, and the greatest the number itself. Such a set is always 
finite. 

2. The set of multiples of a number has the least, namely the number itself, 
but it has no greatest. In contrast to the set of factors, which is finite, the set ef 
multiples is in finite. 

3. In view of the observation 1, we see that no factor of a number 
greater than the number itself. Below, we state and prove this result formally. 

Theorem. No factor of a number is greater than the number itself. 


In symbols, 
a|b:»a« b. 
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Proof. The symbol а < b means that a is less than or equal to b ie, a 
is not greater than b. We have a | b and as such there exists a number c such that 
TES 

Let, if possible a 2 b. 
Now а> b »ас > bc 
>b >be 
р> ре 
1 >1>c. 
But 1 > cis impossible as 1 is the least natural number. So we arrive at 
a contradition and, therefore, we have 


a<b. 
The relation ‘Is factor of’, Given any two natural numbers a, b, we have 
either a is a factor of b 
or а is not a factor of b 


i.e., in symbols we have 


either - alb | or * a Y b. 1] 

Thus, we have defined here a relation between pairs of natural numbers 
or as we may say a binary relation in the set of natural numbers. We say that 
‘Is a factor of’ is a relation in the set IN of natural numbers. We shall study, in 
the following, the properties of the relation ‘Is a factor of’ as we had earlier studied 
those of the relation ‘Is greater than’. But before doing so, we examine the following 
question ; 


Is there a pair of numbers such that each member of the pair is a factor of 
the other ? 

Let us consider the pair of numbers 3 ard 3. Now, we know that each of 
these is a factor of the other, because : 
37012253, 

In fact, if a is any natural number, each member of the pair (a, а) is a factor 
of the other, so if we put to ourselves the question ‘Do there exist one or more of 


such pairs of different numbers ?', the answer is that there do not exist such pairs of 
natural numbers. 


Properties of the Relation ‘Is a factor of’ 
1. Every natural number is a factor of itself and I is a factor of every natural 


number, 


If a is any natural number whatsoever, we have 
а-а.1» {i ү . 
lla 
The property that every natural number isa factor of itself is expressed by 
saying that the relation ‘Is a factor of’ in the set N of natural numbers is reflexive, 


This nomenclature ‘Reflexive is justifiable because of each natural number bearing 
this relation to itself. 


Тэ» __ = 
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Cor. The only factor of the number 1 is 1 itself. 


2. 1а, b, c are three natural numbers such that a is a factor of b and bisa 
factor of c, then a isa factor of c. 
a|bandb|cza|c. 


Proof. As a is a factor of b, there exists a natural number d such that 


b — ad. sa D 
Again, as b is a factor of c, there exists a natural number e such that 

с = be, 5112) 
Now, (1) and (2) imply that 

c = (ad) e = a (de) $2: (3) 


and (3) implies that a is a factor of c. 
Hence the result. 
[The proof cauld as well be presented in the following form where we make rather 
heavier use of symbols. 
a|bz3d:b-—ad 
ble ъзе:с = Бе 
Transitivity of the Relation ‘Is а factor of’. Yn view of the property referred 
to above, we say that the relation ‘Is a factor of’ in the set N of natural numbers is 
transitive, This nomenclature is justifiable because the relation ‘Is a factor of” is being 
transferred from one natural number to another. 


|= (ad e > c = a (do > al c] 


Illustrations 
3| 6, 6112 = 3 [12 
(ii) 5 |15, 15 | 60 > 5 | 60 
(iii) 8 | 32,32 | 96 > 8 | 96. 


The truth of each of these implications, which is of course, a consequence of 
the transitivity of the relation ‘Is a factor of? may as well be directly verified. 


3. If ais a factor of b and b is a factor of a, then а and b are equal, In symbols 
a|bb|a>a=b. : 


Proof. As ais a factor of b, there exists a natural number c such that 


b = ac.' ...(1) 
Again, as b is a factor of a, there exists a natural number d such thet 


a — bd. PHCA! 

Now (1) and (2) imply ' 

b= (bd)c >b =b (de) 
>b. 1 = Б (de) 
col sesvdo; 
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Now, 1 = dc implies that c and d are factors of 1. But the only factor of 1 is the 
number | itself, Therefore, we have 
. eum = 
From (1) or (2), then we have 
у а = b. 
The proof could as well be exhibited as follows : 
a|b>3¢c:b=ac 
т) mom one 
>b.1 = b (de) 
>l =d 
»г11,411 
Sem 1], d= 1 
and so а = b. 

_ Anti-symmetry of the Relation ‘Is a factor of’. Та view of the property of the 
relation ‘Is a factor of” ‘referred to above, we say that the relation ‘Is a factor of? is 
anti-symmetric in the set N of natural numbers. 

Example 
Show that the relation 5227 in N is anti-symmetric. 
Here a > b means either a > bora = b 
Proof а > Ь => eithera > bora—b 
and b > a > either b > aor b = а. 
Thus a > b and b > a > (either a > b or a = b) and (either b > a or b = a). 
Tt is easy to see that none of the following is possible. 
(i) a> bandb =a 

(ii) a = b and b > a 

(iii) a > band b > a. 

In fact, it is an immediate consequence of the Trichotomy Law. Thus, when 
a 2 band b > a we are left with the only possibility (a = b and b = a). 
7 a>b,b>a>a=b. 


EXERCISE 


Show that * < ’ is an anti-symmetric relation in the set of natural numbers, 
Here а < b means either a < b ora = b. 


13. CRITERIA OF DIVISIBILITY BY 2, 3, 4, 5, 6, 8,9, 10, 11. 


In this section we try to discuss the criteria of divisibility of natural numbers 
by 2, 3, 4, 5, 6, 8, 9, 10, 11. Even though the treatment is purely through examples, 
yet an attempt bas been made to explain to the reader the justification for the rules 
with which he might have had an acquaintance even earlier, and to help him to feel 
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at home with the correctness of the criteria. It may as well be remembered that the 
lines of the formal proof are exactly the same as in the following examples. 


The basic result which enables us to have these rules is that ‘If a natural 
number a is a factor of any two of the three natural numbers b, c and b + c, then 
it is a factor of the third. This result is, however, an immediate consequence of the 
notion of a factor and the distributive law. 

In symbols we may write the result in the form : 

(i) a| bale >a | (b +c) 

(й) а|Б,а| (b--c) malc 
(iii) a|c, a| (+c x a|b. 
In fact, we have 
ыл 
>b+c=a(d+e) 
zal|(b-4 с). 
бое ad 


=> c = a (e —d) 
эа|с. 


Again, a|b 534: = ай 
а | (+ с) 23e:(b + с) = ае 


The reader is advised to see the truth of the statement (iii) in a similar manner. 


For example, 7 is a factor of 14 as also a factor of 21, and as such 7 is a 
factor of (14 + 21) i.e., of 35. Again, 7 is a factor of 14 as also a factor of 49, i.e., of 
(14 + 35) and as such 7 is a factor of 35. 


I. Divisibility by 2. Let us consider the natural number 
3528. j 
We can rewrite this number in the form 
352 x 10 4- 8. i 


Now, we, know that 2 is a factor of 10 and as such 2 will also be a factor of 
352 x 10. Therefore 2 will be a factor of the number 3528 if and only if 2 is a factor 
of8. But we know 2 is a factor of 8. 


Thus, 2 is a factor of 3528. 
In order to examine whether a given number is divisible by 2 or not, all that 


we have to see is whether the unit digit is divisible by 2 or not. Thus, a number is 
divisible by 2 if and only if its unit digit is either 2, 4, 6, 8 or zero. 


We may note here that in case the last digit is zero, the number is divisible by 
2, as it will be having 10 as its factor. As for example 


3520 = 352; x 10. 
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EXERCISE 
Which of the following numbers are divisible by 2 ? 
(i) 23 (ii) 306 (iii) 235 
(iv) 356 (v) 5040 (vi) 7132 
(vii) 3721 (viii) 3009 (ix) 1138 
(x) 93244. 
П. Divisibility by 4. Consider the number 
30778. 
It can be rewritten as 
307 x 100 + 78. $2) 


Now, we know that 4 | 100 and so 4 is also a factor of 307 x 100. Therefore. 
in order to examine if the given number is divisible by 4 we have to see whether or 
not the number 78 is divisible by 4. In fact, we know that 78 is not divisible by 4, 
So the given number is not as well divisible by 4. 


So, in order to examine whether a given number is divisible by 4 or not, it is 
sufficient to examine the divisibility of the number formed by the last two digits by 4, 
as for example in the illustration above. 


EXERCISES 


1. Rewriting the number in the form (2) above, examine which of the 
following numbers are divisible by 4. 
(i) 5434 (ii) 4256 (iii) 2330 
(iv) 9786 (v) 5004. 
2. Examine, which of the following statements are true. 
(i) 4 } 9786 (ii) 4 | 7838 (iii) 4 | 2780 
(iv) 4 $ 864324 (v) 4 | 11128 (vi) 4 $ 57896. 
Ш. Divisibility by 8. Consider the number 213456. We can rewrite this number 
in the form 
213 x 1000 + 456. 44503) 
As 8 is a factor of 1000, we have that 213 х 1000 is divisible Бу 8. The given 
number, therefore, is divisible by 8 if and only if the number 456 is divisible by 8. 


Also we see that the number 456 is divisible by 8 and so the given number is 
divisible by 8. 


Thus, any given natural number will be divisible by 8 if and only if the number 
formed by the last three digits, as 456 in the case of the example above, is divisible 
by 8. 
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EXERCISE 
Which of the following statements are true ? 
(i) 8 | 26 (ii) 8 | 4328 (iii) 8% 3248 
(iv) 8 | 3184 (v) 8 | 453266 (vi). 8% 432024 
(vii) 8 | 123312 (viii) 8 | 255516 (ix) 8 | 751364 


(x) 842156304, 
IV. Divisibility by 10. Any given natural number will have 10 as а factor if and 
only if its last digit is zero. As for example 2340 is divisible by 10 but 2304 is not. 


EXERCISE 
Which of the following numbers are divisible by 10 ? 
(i) 3490 (ii) 1000 (iii) 2483 
(iv) 2585 0) 4230. 


V. Divisibility by 5. Consider any natural number, say 235773. 
It may be written in the form 
23577 x 10 + 3. 245) 

Now, 10 is divisible by 5 and so the number 23577 х 10 is divisible Бу 5. 

So, the given natural number will be divisible by 5 provided 3 is divisible by 
$. But 5 3 and so the given number is not divisible by 5. 

In fact, we have in view of the above discussion that any given natural number 
is divisible by 5 if and only if its last digit is either 5 or zero. 


EXERCISE 
Examine whether the following statements are true or false. 
(i) 5 | 325 (i) 51496 (iii) 51700 
(iv) 5 | 234 (») 5 | 1250 (vi) 5 | 3249 
(vii) 545005 (viii) 5 $ 1001 (ix) 5| 53005 


(x) 5509030, 
VI. Divisibility by 3. Let us consider the number, 
354826. 
The number can be rewritten as ў 
3 (99999 + 1) + 5 (9999 + 1) + 4 (999 + В + 8 (99 + 1) -20 + 1) +6. 

Using the Commutative and Associative laws of addition, we can put this number, 
finally in the form $ 

[3x 99999 +5x9999+4x9994+8x99x2x9]+[3+5+4+48+2+6]. (6) 
Now, each of the numbers | 

9, 99, 999, 9999, 99999 ... 
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has 3 as a factor. Thus, the given number will be divisible by 3 if and only if the 
number ; 
3+5+4+8+2 +6 
is divisible by 3. 1 

Thus, we see that a given number is divisible by 3 if and only if the number 
obtained by summing up the digits is divisible by 3. In the present illustration the 
ps of the digits is 28 which is not a multiple of 3 and so the number is not divisible 

y 3. 


Note. If some digits are zero, we omit the same while writing the sum of the digits. 


EXERCISE 


Express the following numbers in the form (6) above and state which of them 
are not divisible by 3. 


(f) 2307 (il) 4298 (11) 23456 
(iv) 9867 (у) 7083 (vi) 8735 
(vit) 10578 (и) 32178 (1х) 10305 
(x) 32178. 
VI. Divisibility by 9. As in the case of divisiblity by 3, a number, say, 
34978 


can be rewritten in the form 
[3 х 9999 + 4х 999 + 9х 99 + 7х x 94344494748. (7) 
Now, each of the numbers written within brackets is divisible by 9 and so the given 
number is divisible by 9 if and only if, 
3+4+9+7+8 

is divisible by 9 i.e., if and only if 31 is divisible by 9. But this is not so and, there- 
fore, the given number is not divisible by 9. 

Thus, a given number is divisible by 9 if and only if the number obtained by 
adding up the digits is divisible by 9. 

The note to VI applies in this case as well. 


EXERCISE 


Write the following numbers in the form (7), above, and state which of these 
are divisible by 9. 


(i) 34625 (ii) 38502 (iit) 325786 
(iv) 149387 (у) 208575 (vi) 206037 
(vit) 960209 (viii) 704256 (ix) 2505210 


(x) 6403057. 


ҮШ. Divisibility by 6. Any number will be divisible by 6 if and only if it is divisible 
by 3 and 2 both. Thus, we have to apply both the tests of divisibility by 2 and 3 in 
erder to examine divisibility by 6. 
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Thus, a given number, will be divisible by 6 if and only if, its last digit is one 
of 0, 2, 4, 6, 8 and the sum of the digits is divisible by 3. 


EXERCISE 
Which of the following statements are true and which are false ? 
(i) 6 | 324 (ii) 6 | 5301 (iii) 6 40744 
(9) 6 78000 (у) 64-73501 (vi) 6 4.60372 
(vii) 6% 92057 (viii) 6 | 74582 (ix) 6 | 827430 


(x) 6 | 85067352. 
IX. Divisibility by 11. Consider the number 
745843. 
We may rewrite this number in the form 
7 (100001 — 1) + 4 (9999 +1) +5 (1001 — 1) + 8 (99 + 1) + 4(11 — 1) +3 
or 7 (9091 x 11 — 1) + 4 (909 х 1+14+5@01x 11 — D) -- 8(9 x 11 +1) 
+4 @1 — 1) +3. 
so that finally we have the number written as 
[7 x 9091 x 112-4 x 909 x 11--5x 91 x 1 4-8x 9x 11-4 x Ш 
-17-5-4-04-38-3. .. (9) 
Now each of the numbers in the first bracket is divisible by 11 so that the given 


number will be divisible by 11 if and only if the number (7 + 5 + 4)-(4-8-3) 
is divisible by 11. This being not so, we conclude that the given number is not 
divisible by 11. 

Thus, a given number is divisible by 11 if and only if the difference of the 
greater and the smaller of the numbers obtained on adding the alternate digits 
separately is divisible by 11. Also, the number will be divisible by 11 when the two 
sums of alternate digits are equal. 


EXERCISES 


1. Expressing the numbers in the form (9) above, examine which of them are 
divisible by 11. 


(i) 704 (ii) 587 (iii) 2984 
(iv) 8569 (у) 5985 (vi) 6017 
(vii) 17592 (viii) 38986 (ix) 420409 
(x) 735483. 
2. Which of the following statements are true and which are false ? 
(i) 8 | 354078 (н) 9 4593708 (ili) 6 4578004 
(iv) 11% 5485321 (у) 4 | 5783486 (vi) 9 2874125 
(vit) {1 | 705349 (viti) 6 | 503874 (ix) 4 9407382 


(x) 8 11509344, 
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14. PRIME NUMBERS, COMPOSITE NUMBERS. 


Let a be any natural humber different from 1. We have seen that whatever 
the natural number а + 1 may be, it has at least two different factors viz, 1 and a 
itself. Now, it so happens that there exist natural numbers which have just the two 
factors, namely 1 and the uumber itself. For example, consider the natural number 


fi: 
It bas no factor other than 1 and 11. 


/Of course, there are natural numbers a which have factors besides 1 and a. 
For example, let 


a= 12. 
Then besides 1 and 12, this natural number has other factors also. They are 
2, 3, 4, 6. 
These considerations lead us to the following definitions. 
Prime Numbers 


Definition. A natural number different from 1 is said to to be prime if it has no factors 
- other than I and itself. 


For example 
2/13::557,:11 
are prime numbers, 
Composite Numbers 
Definition. A natural number different from 1 is said to be composite if it is not prime. 


Thus a natural number is composite if itis different from 1 and has at least 
three different factors. 


For example, 
4, 6, 8, 9, 10, 12 
are composite numbers. 


- It follows that given a natural number, a, we have one and only one of the 
following possibilities 


(i) а= 1, (ii) а is prime, (iif) a is composite, 
EXERCISES 


1. Put down ten natural numbers which are prime. 
2. Write twelve natural numbers which are composite. 


3. Is there a natural number which is neither prime nor composite ? Is such 
anumber unique ? Put down all those natural numbers which are neither prime nor 
composite. 


| 
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4. Are all prime numbers odd ? 
Write the set of all those primes which are even. 
6. State whether the following statement is true or false. 
“There exists one and only one even prime number.” 
7. Give a list of all primes less than or equal to 
(i) 100 (ii) 500 (iii) 1000. 
8. Give the number of prime numbers lessthan or equal to the natural 
number n where n, has any of the following values 
G) 1 (ii) 2 (iii) 5 
(iv) 10 (у) 14 (vi) 30. 
9. The product of all natural numbers less than or equalto a given natural 
number л is called Factorial n and is denoted by 


t^ 


n! 
For Exomple, 
1!21 
2121.2 =2 
31 = 12.3 = 6 
4!=1.2.3.4 =24 
5! =1.2.3,4.5 = 120. 
Verify that p is a factor of (p — 1) ! + 1, for the following prime values of p. 
(i) 2 (ii) 3 (iii) 5 
(9) 7 0) 11 (vi) 13. 


Note. In further studies, at the college level, the student will prove that p is a factor of 
(p — 1) ! + 1 whatever prime number p may be. He will also prove that p is prime 
only if it isa factor of (p — 1) ! + 1. Неге һе is only verifying the truth of the 
statement for some specific values of the prime number р. 


10. Verify that p is not a factor of (p — 1)! + 1 for the following composite 


values of p. X | 
(i) 4 (ii) 6 (iii) 8 
(в) 9 (у) 10 (vi) 12. 


The following two questions are of natural interest. 
(i) Is the set of prime numbers finite or infinite ? 
(ii) Is the set of composite numbers finite or infinite ? 
The reply to the second question, as will be easily seen, is that 
the set of composite numbers is infinite, 
In fact, if we take any number, say 4, then each of the members of the infinite set 
(4^:n€ N} VT) 
is composite. This set consists of different powers of 4. Of course, lest there be any 
confusion in this regard, we state that (1) is not the set consisting of all composite 
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numbers. In fact, the set of composite numbers which do not belong to the set (1) is 
itself infinite. à 

It is interesting to learn that the set of prime numbers is also infinite, We 
shall give the proof of this important result a little later. Asa consequence of the set 
of prime numbers being infinite, it will follow that there is a prime number greater 
than any given prime number. Thus, we say that the set of primes is 

(2,3, 5,:7,11, 13, 17, 19, 23......), 

the dots indicating that there are prime numbers greater than 23 as well. 

Theorem, Every natural number other than 1 admits of a prime factor, 


Proof. Supposethata 1 is any natural number. We shall show that 
there exists a prime number which is a factor of a. 
Now if a is itself a prime number, the theorem is proved inasmuch as the 
prime number a is a factor of itself. 
Suppose now that a is a composite number. Being composite, it admits 
of a factor, say b, other than 1 and itself, i.e., 
bla, 25 1,65 а. 
If is prime, we have finished. In the alternative case, there exists c, other than 1 
and b such that 
7 c | b. 
Of course, we have 
c« b,b < a. 
If cis prime, we have again finished. In the alternative case, there will exist d, other 
than 1 and c such that 
/ d | c. 
Again, 
d<c<b<a, 
Now the possibility of this alternative cannot go on indefinitely and we will arrive, 
after a finite number of steps, at a number which is itself prime. For the fixation of 
ideas, suppose that, we have 
f|eeld,dicc|bbja 
and fis prime. The relation ‘Is a factor of’ being transitive, it follows that f|aand 
fis prime, 
Note. The point of the proof lies in our successively determining a factor of the factor 


obtained at the previous Step and in noticing that after a finite number of steps 
we shall be arriving at a prime factor. For example, consider 


a= 400. 
Of the several factors of 400, we select any one, say 100 and write 
b = 100. 


Of the several factors of 100, we select any one, Say 20 and write 
c= 20. 


| 
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Of the different factors of 20, we select, say, the factor 4 and write 


а=4. 
Finally we see that 2 із a prime factor of d=4. Thus, we һауе а chain of 
statements 
24, 4 | 20, 20 | 100, 100 | 400 
implying that 


2 | 400 

because of the transitivity of the relation ‘Is a factor of". 
‘Of course at each step, we could exercise any choice of a factor so that different 
choices at different stages may lead us to different prime factors of the given 
number. Thus in relation to the given number 400, we could as well have the 
foliowing chain of divisibility relations 

5 | 25, 25 | 100, 100 | 400 
showing that the prime number 5 is a factor of 400. 
The reader may try his hand at this technique with different numbers, say, 


162, 375, 399. 
Theorem, The set of prime numbers is infinite, 


Proof. We suppose that the statement is false, i.e., we suppose the negation 
of this statement viz., 

‘The set of prime numbers is not infinite’ 
or equivalently 

‘The set of prime numbers is finite,’ 
is true. 

The set of prime numbers being finite, there exists the greatest prime number. 
We suppose that q is the greatest prime number. 

Consider the product of all the prime numbers, viz., the number 


Ь-2.3.5.17... 544: 55103) 
We write | 

a=b+1 4402) 
so that the number a is one more than the product of all the prime numbers. Surely 

ay 


The number а must have a prime factor. Suppose p isa prime factor ofa. Surely 
p is one of the numbers 


2:855, efecto d 
involved in the product (1). We have 
plaandpi|b 
implying that 
p | (a — b). 
As a — b = 1, we conclude that 
pil 


i.e., p is a factor of 1. 
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No prime number, however, is a factor of 1, because the only factor of 1 is 
the number 1. Thus, we arrive at a false statement. Therefore, the statement ‘the 
number of prime numbers is not infinite’ must not be true. It follows that the set of 
the prime numbers is infinite. 


Note. Having proved that the set of prime numbers is infinite, it follows that there exist 
prime numbers greater than any given prime number. Thus the list 
25:355, 1:11:13: 20.7 à 
of prime numbers is endless. What we shall naturally do is to go on selecting ош 
of the list Үр хо ' 


of natural numbers those which are prime. It should be seen, however, that the 
process of determining whether or not a given natural number is prime becomes 
more and more laborious as the numbers increase. 


Thus, for example, it may be quite an uphill task to decide whether or not 
. the number 


3570397643 


is prime. In fact quite challenging problems have ofen been proposed by mathe- 
maticians asking for the proof of the primeness of the number proposed. 


15. HIGHEST COMMON FACTOR. 
We introduce the notion of the highest common factor of two natural 
numbers by means of an example. 
Consider the two natural numbers 
45, 63. 
The sets of factors of these two numbers are 
(1, 3, 5, 9, 15, 45) 
(1, 3, 7, 9, 21, 63) 
respectively The intersection of these two scts is the set 
{1, 3, 9} 
of common factors of the given numbers. 
Finally the higest of the members of this set of common factors is 9. 


This number 9 is referred to as the Higest Common Factor abbreviated as HCF 
of the two numbers 45, 63. 


Let us consider a second illustration. 
Let 12, 20 be two given natural numbers. 
The sets of factors of these two numbers are 
(1, 2, 3, 4, 6, 12), (1, 2, 4, 5, 10, 20} 


and the set of common factors of the two numbers being the intersection of the sets 
of the factors, is 


(1, 2, 4}. 
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Now, 4 being the highest of the members of the set of common factors, we 
see that 4 is the HCF of the numbers 12, 20. 


EXERCISE 


Carry out the procedure outlined above for the following pairs of natural 
humbers and find their HCF 

(i) 36, 64 (ii) 30, 135 - (iii) 28, 56 

(iv) 21, 98 (у) 16, 45 (vi) 84, 128. 
Highest Common Factor of two Numbers 


Definition. The greatest of the common factors of two numbers is called their Highest 
Common Factor, . 


The highest common factor of two numbers 1 is often abbreviated as HCF. 


The procedure outlined above in respect of specific pairs of natural numbers 

indicatcs that any two given natural numbers have an HCF, and that the same is unique, 

Let a, b be two given natural numbers. Let A,B denote the sets of factors of 

the numbers a, b respectively. Then 
ANB 
denotes the set of the common factors of the numbers a, b. Here, A and B denote 
what we had in the previous chapter written as Fac a, Fac b. 
Now the sets 4, B of numbers a,b are both finite. It follows that their 
intersection : 
ANB 
is also finite. Moreover, this intersetion is not a void set. In fact we know of atleast 
one natural number 1, which, belonging as it does to A as well as B, must itself 
belong to 
A ( B. 
Thus we see that the set A N B of common factors is a non-empty finite set. It must, 
therefore, have a greatest member and this, greatest number is, by definition, the 
unique HCF of a and 5. 

We have thus shown that any two given natural numbers admit of a unique 

highest common factar, 

Note. The theorem which we have proved above is of thereoretical importance inasmuch 
as given any two natural numbers, we are, as a result of the therorem, confident 
that they do have HCF and that, by whatever possible process one would com- 
pute it, the results are going to be indentical. The question now relates to our 
computing the HCF of any two given natural numbers. Surely when the num- 
bers are not very large, we can carry out the process followed in the proof 
which is the one followed earlier for finding HCF of the pairs 

(i) 45, 63 and (ii) 12,20. - ‘ 

Clearly this procedure would become very elaborate when the natural 

numbers, in whose HCF we аге interested, are very large. 
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Luckily, however, there is a simpler procedure available for finding the HCF 
of any two given numbers. This process of repeated division for finding the HCF 
of two numbers, called ‘Euclid’s Algorithm’ appeared in Euclid's Elements about 
2300 years ago. We now proceed to describe this process. 

Algorithm for the Determination of HCF. 

Let a,b 
be two given natural numbers and let a> b. 

Now if b is itself a factor of-a, then the HCF of a, b is b because the highest 
of the factors of b, which is 5 is also a factor of a. 

Suppose that b is not a factor of a. 


By the division algorithm, there exist natural numbers q, r such that 


а = bq +r,r «b. Ч) 
We now show that 

the HCF of a and b 
is the same as 

the HCF of b and г. 


This will be so if the set of common factors of a and b is as well the set of 
common factors of b and r, i.e., a common factor of a and b is a common factor of b 
and r and vice versa. 

Let x be a common factor of a and b. There exist, therefore, two natural 
numbers u, у such that 

а = xu, b = xv. ...(Н) 
Brom (i), and (ii), we have 
хи = худ +r 
> r= x(u— vq) 
> xisa factor ofr. 

It follows that x, a common factor of a and b, is as well a common factor 
of b, г. 

Now, suppose that y is а common factor of b and r. There exist, therefore, 
two natural numbers s, ¢ such that 

b = ys, r = yt. . (lii) 

From (t) and (iii), we have 

a= ysq + yt = y(sq + t) 
=> yisa factor of a. 


It follows that y, a common factor of b and ris as well a common factor of 
a, b. 

Thus we see that the HCF of a and b is also the HCF of b and r, where r is the 
remainder obtained on dividing a by b, 


BLEMENTARY NUMBER THEORY 79 


This important principle gives us the necessary clue for computing the HCF 
oftwo given numbers. 

We apply to the pair (b, г) the process we applied to the pair (a, b) in that 
we divide b hy r. Ил denotes the remainder obtained on dividing b by ғ, we see as 
above that the HCF of r, т is the same as that of b, r and as much as that of a, b. 

We notice that rı < г. 

In case zı isa factor of r, the HCF of n, r being ri, it follows that the HCF 
of a, b is ri. If, however, гу is not a factor of r, we again divider by rı and obtain 
the remainder, say ға so Шау: < л. As the remainders go on decreasing, the 
process must end after a finite number of steps ie, we shall obtain a remainder h 
which is a factor of the previous remainder, say k. The HCF of Л and К will be A and 
as it is the same as the HCF of a and b, we have that the HCF of a and b is h. 

This process is illustrated below : Consider the two numbers 

15844, 13281. 
We have as a result of suocessive divisions 
15844 = 13281 x 1 + 2563 
13281 — 2563 x 5 4- 466 
2563 = 466 x 5 + 233 
466 — 233 x 2 
and as such 233 is the HCF of the given numbers, being the last remainder which is a 


factor of the remainder 466 previous to it. 
The process may be ge as follows : 
2563 13281 | 15844 
2330 12815 | 13281 
AIL 2 
2. Consider the numbers 


1404, 1014. 


233 


We have 
1404 = 1014 x 1 + 390 
1014 = 390 x 2 + 234 
390 = 234 x 1 + 156 
234 = 156 x 1+ 78 
156 = 78 x 2. 
The last remainder 78 which is a factor of the previous remainder 196 is the 


required HCF. 
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The process may be exhibited as follows : ` 


234 | 390 |1014 | 1404 
156 | 234 | 780 | 1014 


78 
=] 
EXERCISE 
Find the HCF of the following pairs of numbers : 
(i) 15087, 10857 (ii) 9154, 3781 
(iii) 1375, 4935 (iv) 3696, 6300. 


Let a, b be two given natural numbers andlet/ denote their HCF, A, В, Н 
denote the sets of factors of a, b, А respectively. 
5 It is clear that every factor of Л is ав wella factor of а, b, ie. every factor 
of the HCF, л of a, b is a common factor of a, b. 
In fact let d be a factor of h so that we have 
d |. 
We also have 
hia and h | b. 
Now 
dthh|a > dja 
dih hib > djb 
so that it follows that every factor of the HCF h of а, b is a common factor of a, b. 
In terms of set notation, we have 


НС (АПВ). “(р 
We shall now show that the statement : 
(AN BCH (2) 


is as well true i.e., every common factor of a, b is as well a factor of their HCF, ^. As 
а result of the two statements (1) and (2) it will follow that 
AQB-—H 
ie., the set of common factors of a,b coincides with the set of factors of their 
HCE, Л. : : 
We thus state and prove the theorem as follows. 
Theorem. Every common factor of two numbers is factor of their HCF. 


Proof. We suppose that we perform successive divisions involved in the 
` process of finding the HCF of a, b. Surely h will be the last remainder which will be 
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a factor of the previous remainder which we may denote by К. It follows that the set 
of common factors of a, b is the same as the set of common factors of k, й. Since Л 
is a factor of k, we see that the set of factors of /t is exactly the set of common factors 
of k, h and, therefore, the set of common factors of a, b. 


It follows that 


». W'wha NEP CM OTe Fer E T EN i-e 


Н=АПВ 
Illustrations 
е 
а = 45, b = 63. 
We have 
A = (1, 3, 5, 9, 15, 45) 
В = (1,3, 7,9, 21, 63). 
АПВ = {1, 3, 9} 
в = 9 
Н = (1, 3, 9} 
Clearly, we have 
Н-АГ(ҮВ 
2. Consider the numbers 
а = 36, b = 64 
We have 
А = (1, 2, 3, 4, 6, 9, 12, 18, 36) 
B = (1, 2,4, 8, 16, 32, 64) 
AN B= (1, 2, 4) 
h=4 
Н = {1,2,4}. 
It is thus verified that 
Н-АГ(18. 
EXERCISE 
Carry out the procedure outlined above for the following pairs of natural 


numbers. 2 
(i) 24,72 (8) 42,55 (№) 18,99 (№) 75, 40. 
| А Property of the НСЕ of two Numbers, 
The HCF of ma, mb 
ч is the product by m of the HCF of 
>. а, b 
m being any given natural number, 
Let h denote the HCF of a, b so that we have to show that mh is the HCF of 
ma, mb. 


TR S ee Ч: 
. 
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Before giving the proof, we consider a specific case of two numbers to pinpoint 
tho idea involved in the proof. 


Let 
a= 45,5 = 63 
and m=4 
so that the numbers ma, mb are 
180, 252. 


We obtain sets of successive remainders in the process of finding the HCF of 
the pair 45, 63 and the pair 180, 252. 


In the following we exhibit the information in this regard : 
I 


18 145 | 63 
18 (36 | 45 


We see that the number of entries in each of the two rows of remainders is the 
same and each entry in II is 4 times the corresponding entry in I. As such it follows 
that the HCF of 4 x 45,4 x 63is4 x 9;9 being the HCF of 45, 63. 


The essential point in the proof is that the number of remainders in relation 
to ma, mb is the same as the number of remainders in relation to a, b and each 
remainder in the first case is m times the corresponding remainder in the second case. 


We now give the proof. 


Proof. Let 
а= Ыы +r,r <b. 
It implies 
ma = m(bq + r) 
= (mb) q + mr. 
Also 


r « b 2 mr < mb. 
Thus, it follows that mr is the remainder obtained on dividing ma by mb. 


It will follow that the remainder obtained on dividing mb by mr will bem 
times the remainder obtained on dividing b by r. 


Thus, we see that the last remainder obtained in relation to ma and mb will 
be m times the last remainder in relation to a, b. 


aiias a РТ - 
" a aye von METER ARON 


i 
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Hence the result. 
Cor. Let d be a common factor of a,b. Then the HCF of 
а-4,5-4 
is h+d 


h being the HCF of a, b. 
Surely a + d, b +d are both natural numbers. Let A' be ће HCF of 
а + а,Ь = d. Then, by the preceding theorem, //4 is the HCF of d (a + d), 
d(b ~ d), i.e., of a, b. Thus, we have 
h'd — hz h' =h+d. 
Hence the corollary. 
In particular it follows that 1 is the HCF of 


а В, bh. 
Illustrations 
1. The HCF of 
36, 60 
is 12 and that of 
3 x 36,3 x 60 
is 3 x 12 = 36. 
2. The HCF of 
36, 60 
is 12 and 2 being a common factor of 36 and 60 the HCF of 
36 - 2,60 + 2 
is 12+2=6. 
3. The HCF of 
36, 60 
is 12 and that of 
36 — 12, 60 — 12 
i.e., of 
3:9 
is 12 + 12 2 1. 


This means that 1 is the only common factor of 3, 5. 
Highest Common Factor of More Than Two Numbers. 

Having considered the case of two numbers, we proceed to show how the 
notion of HCF can be extended to that of any finite set of naturalnumbers. Since 
the idea involved in relation to any finite set of numbers is basically the same as in 
relation to three, we consider only the latter. 


Let a, b, c be any three natural numbers and let A, B, C, be the sets of their 
factors. 
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Consider the intersection 
1 AnBnc . А -“4Ч) 

Surely this intersection set is nou-empty and finite, consisting as it does of the 
common factors of a, b, c. 

The greatest of the members of the finite non-empty set (1) is the highest 
common factor of a, b, c. Thus, we say that the highest common factor of three 
numbers is the greatest of the common factors of the three numbers. 

Surely this exists and is unique. 

We give below a result which will indicate a practical method for determining 
the HCF of three or more numbers. 

Theorem. The highest common factor of three numbers is the higest common 
factor of any one of them and the highest common factor of the other two. 

Proof. Let a, b, c be three numbers 

Let Р denote the highest common factor of two of them, say, a, b. We have 

ANBNCH=(AN BNC. 
Also we know that 
: Н= АПВ 
so that we have 
ANBNC=HNC. 
Now the greatest of the members of the set 
ANBNC 
is the HCF of a, b, c and the greatest of the members of the set 
HNC 
is the HCF of h and c. 
It follows that the HCF of a, b, c is the HCF of c and the HCF, h of a, b. 


EXERCISE 


‘Find the HCF of 
(i) 15807, 10857, 19024. 
(ii) 3696, 6300, 9282. 


16. CO-PRIMES. GAUSS'S THEOREM. 


у Co-Priem. We have seen that the set of common factors of two numbers 

‘is a non-empty finite set inasmuch as 1 is always а member of this set of common 
factors. Of course, this set of common factors would ordinarily have members other 
than 1. Sometimes, however, it so happens that the set of common factors of two 
given numbers has only one member, 1 ie., the only common factor of the two 
numbers is 1. 


| 
| 
| 
| 
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Let us consider some illustrations. 


1. а= 12,6 = 15 
A = (1, 2, 3, 4, 6, 12} B = (1, 3, 15, 5} 
АПВ = {1, 3). 
2; а=20,Ь=9 
А = {1, 2, 4, 5, 10, 203, 2—1(1,3,9) 
AQ B= {1}. 


We are led to the following definition. 


Definition. A pair of numbers is said to be co-prime, if the numbers have по commen 
factor other than 1, 


The two numbers which are co-prime are also said to be relatively prime. 


It is easy to see that two numbers are co-prime if and only if their highest 
common factor is 1. 


Illustrations 
The pairs of numbers (i) 12, 35 (ii) 63, 26 (iii) 162, 35 
are co-prime and the pairs of numbers 


(i) 6,8 (ii) 45, 65 (iii) 36, 216 
are not co-prime. 

Caution, "Тһе reader is cautioned against any possible confusion between the 
concept of a prime number and that of a pair of numbers being co-prime. Whereas, 
the first relates to a natural number, the second concerns a pair of natural numbers. 
The reader may as well see the truth of the following statements. 

(1) Two prime numbers are always co-prime. 

For example, 7 and 19 are co-prime. 

(2) None, one both of a pair of co-prime numbers may be prime. 
For example 

(i) 12, 25 (ii) 12,5 (iii) 11, 13 
are pairs of co-primas in respect of which, none, one and both the numbers are 
primes respectively. 

Theorem. The number / is the HCF of two numbers a and bif and only 
if his a common factor ofa and band the two numbers a ~ A and b — h are 
relatively prime. 

Proof. Let Л be the HCF of a and л. Then the HCF of 

acThb-c-hih-hc-l, 
and, therefore, 
а + hand b + А аге co-primes. 
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Conversely, if / is common factor of a and b such that the HCF of a — h 
and b — A is 1, it follows that the HCF of 


h (a — h) and h (b + h) is h. 1 
ie., the HCF of a and b is Л. 
We have the result as stated. 


EXERCISES 
Which of the followiug pairs of numbers are co-prime ? 
(i) 45, 63 (ii) 119, 299 (iii) 140, 91 
(iv) 609, 2157 0) 859, 1311 (vi) 315, 207. 
2. There is a theorem known as Fermat's theorm which is stated as follows: 
If p is any príme number and a is prime to p then p is a factor of a?-1 — 1, 


Le. р | (a1 — 1). 
Verify this theorem for the follwing pairs of values of a and p. 
G) а--2,р--3 (ii) а= 3,р= 5 (ii) a= 4, p = 3 
(9) a= 5,р = 3 0) а= 6,р = 5 (vi) a 5, p = 7. 


Gauss's Theorem 


Before stating this theorem, we make a few Observations. 
Let c be a factor of a so that x have. 
ca. 
If now b be any number whatsoever, then 
ec | a>c | ab 

i.e., if c is a factor of a, then it is as well a factor of ab. 

In general, we see that if c is a factor of any ofaorb, thencis as well a 
factor of ab i.e., 

7 с | aorc | bc | ab. 

We are now naturally interested in the converse. We suppose that a, b, c 

are three numbers such that c is a factor of ab ie, 
c | ab. 

The question now relates to c being a possible factor of a or of b. 

Let us have a few specific cases. 

(1) Let 

а = 6,6 = 15, с = 10 
so that while we have 
ud c | ab«& 10 | 90 
neither c is a factor of a nor of b i.e., in this case while we have 
c | ab 

we have 
neither с | a nor c | b, 


“Se 
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(2) Let 
а = 12,6 ='30,c = 6 
so that we have 


c | ab«& 6 | 360 
as also eue gse 52 
and c|b #6 | 30 


(3) Let 
а= 12, = 30, с = 10. 
In this case we have c | ар <> 10 | 360. 
Also while we have 
c|5 
we do not have 
e opas 
We have seen that we have had illustrations of each of the three conceivable 
possibilities. The following theorem gives us a very useful information pertaining 
to the problem in question. 
Gauss's Theorem. Let a, b, c be three numbers such that 
(i) c is a factor of the product ab. 
(ii) c is co-prime to a. 
Then c is a factor of b. 
Proof. Now с, а being co-prime, their HCF is 1. It follows that the HCF 


of 
cb, ab 
is bx Tb. 
Now с is a common factor of the two numbers 


cb, ab 
whose HCF is 5. 

It follows that c is a factor of b [Refer Theorem on Pages 80-81]. 

Cor. Ifa prime p divides the product pips of two primes, then it must be 
equal to at least one of p; and рз. More generally, if a prime р divides the product of 
any number of primes, then it must be equal to at least one of them. 

Illustration. 
Let 12; b 993000 057 
We have 
c | ab& 5 | 360. Е 
Also 5 is co-prime to 12. It follows Бу Guass’s Theorem, as may also be directly 
seen, that 5 is a factor of 30, 
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17. LOWEST COMMON MULTIPLE 


Let us consider two numbers 15 and 6. The sets of multiples of 15 and 6 
are 01715112: 15, 3 155A 5:15...) 
and {1 x 6,2 x 6,3 x 6,4 x 6,5 x 6...}. 
Both these sets are infinite. The intersection of these two sets consists of numbers 
which are multiples of 15 as well as 6. We may say that, this set is the set of 
common multiples of 15 and 6. This intersection set is not empty. Its members 
аге 30, 60, 90 ..., and so it will have a smallest member namely 30. This smallest 
member 30 is called the Lowest Common Multiple abbreviated as LCM of 15 
and 6. 

Instead of dealing with two particular numbers 15 and 6, we now deal with 
any two numbers a and Р. Ths sets of multiples of а and 5 will be respectively 

{9 дагда. ы } 

апа По. у 
We may denote these sets by {xa : x € N} and (xb: x € N}. Consider the inter- 
section set consisting of multiples of a and as well of b, It is non-empty because it 
has at least one element ab which is a multiple of both a and b. 

This intersection set will have a smallest member.. This smallest member 
of the set of common multiples of a and b is called the /owest common multiple of 
a and b, abbreviated as LCM of a, b. 


Definition. The smallest of the common multiples of two numbers is called their 
Lowest Common Multiple. 


Surely, the LCM of any two given numbers exists and is unique. 


EXERCISES 


1. Put down the sets of multiples of the following pairs of numbers and find 
their LCM. 


(i) 8,12 - (ii) 9, 6 (iii) 4, 8 
(iv) 14, 22 (у) 7, 11 (vi) 4, 14 
(vii) 15, 20 (viii) 24 30 (ix) 8, 10 
(x) 21, 24. 


Note. 1. The intersection set of the sets of multiples of any three numbers a, b, с will 
be non-empty inasmuch as it will have at least the member abc. This set, 
` therefore, will have a smallest member which is called the Lowest Common 
Multiple of a, 6, с. Similarly, we may define the LCM of any finite set of 
numbers, as the smallest member of the intersection set of the sets of 

multiples of these numbers. 


2. Using only the definition, find the LCM of the following sets of numbers. 
(i) 2, 4, 10 (ii) 7, 6, 14 (iii) 5, 10, 15. 
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Note. 2. While ab is á common multiple of а and b, every multiple of ab is as wella 
multiple of a and 5, so that 
ab, 2ab, 3ab, .. 
are also all multiples of a and b. These multiples of ab may not exhaust 
the set of common multiples of a and b. The reader may see this point 
clearly made out in the following illustration in which the set of common 
multiples of 15 and 6 is 


(30, 60, 90, ..) wealth 
but the set of multiples of 15 x 6 is 
(90, 180, 270. .). MH 


Obviously the set (ij) is a sub-set of the set (i). Inthe following section, 
we prove that there exists a number, the set of. whose multiples is the set of 
comon multiples of the two numbers. For the two numbers 15 and 6, this 
number comes out to be 


156 
3 , 
where 3 is the HCF of the two numbers. 

*Theorem. If h denotes the HCF of two gvien numbers a and b, then the 
set (x (ab + h): x € N} of the multiples of ab + his exactly the set of common 
multiples of a and b. In symbols, we have 

{x (ab + h): x E N} = {xa: x E ПВ: x E №. 

Proof. h is the HCF of a and 6. й 

There exist numbers a’ and b’ such that 

a = йа’ and = hb’. 
Surely HCF of a + hand b + h will be Л + h, i.e., HCF of а’ and b' is 1. 
Let и be some common muitiple of a and b. Then there exist two numbers c, d 
such that 
и = ca and u = db. 
Also we have 
a — ha' and b — hb'. 
Thus we obtain 
= cha' = h (ca) and и = dhb' = h (db’). 
We obtain 
h (ca^) = h (а) = са = db'. 
Again 
са’ = db' = b' | (са). 


*The proof of this theorem and that of the Unique Factorisation Theorem may be omitted 
on first reading. However, the reader must acquaint himself with the contents of both 
these important theorems. 
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Now b’ is a factor of ca’ and b’, a’ are relatively prime. By Gauss’s theorem, it 
follows that 


Dire. 
There exists, therefore, a natural number m such that 
c =b'm 

=> са = (b'm) a’ = m (b'a') 

>и = cha = hm (b'a') 
= mh b'a’ 

1 = т (ab - h). 
It follows that the common multiple u of a, b is a multiple of 
(ab) +h 


and as such every common multiple of a and b is multiple of (ab) = h. 
Now we show that every multiple of ab + h is a multiple of a as well as b. 
Consider any multiple 


x (ab - f) 
of i ab + h. 
. We have х (ab = h) = xab + h 
= ха (b = h) 
= x (b h)a, 
Also x (ab = h) =x (a + h) b. 
It follows that every multiple of 

ab = h 


is a multiple of a and of b. 
Hence the theorem. 
Theorem. The product of two numbers is equal to the product of their highest 
common factor and their lowest common multiple. 
Proof. Let a,b be two given numbers and let h, 1 denote their highest 
common factor and lowest common multiple respectively. 
We have to show that 
hl — ab. 
We have seen that the set of common multiples of a, b is the set 
{x (ab — h): x € N} 
so that the lowest common multiple of a, bis ab ~ h and we have 
ab +h = 1 
> ab = hl. 
Hence the result. 
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Note. This theorem gives us a method for finding the lowest common multiple of two 
given numbers. 


Let a, b be two given numbers. Then their lowest common multiple is 
(ab) +h; 
Л being the highest common factor of a, b. 


It also follows that every multiple of the lowest [common multiple of two numbers 
is a multiple of each of the two numbers. 


EXER CUSE 
Find the LCM of the following pairs of natural numbers. 
(i) 420, 135 (ii) 252, 360 (iii) 16, 20; 


18. UNIQUE PRIME FACTORISATION 


We have already seen that every number other than 1 has a prime factor. 
We shall. now sharpen this result and prove that every number is expressible as a 
product of primes. Thus for example, we have 

2102 3: 9615 
where each of the factors on the right hand side is a prime number. As another 
example we have 

308 = 2x 2x 7x 11. 

Not only is every number expressible as a product of primes, it is as well true 
that irrespective of how we express a given number as a product of primes, the prime 
factors will be exactly the same apart from the order of factors. Thus for example, 
we could as well write 

210: Jo Bux 2 ОЛО ОЕ 
but the fact, as we shall prove, is that howsoever we may express 210 as a product 
of primes, we shall always obtain the same primes viz., 2, 3, 5, 7. 

Of course if any prime in any one decomposition occurs more than once, it 
will occur the same number of times in every decomposition. Thus, in every decom- 
position of 308 as a product of primes, the prime factor 2 will occur twice. 

The reader is advised to verify the truth of the statement in respect of few 
numbers, say, 


(i) 3146 (ii) 204 (iii) 1085 (iv) 101 (v) 442. 
We now state and prove what is called the unique prime factorisation theorem. 


Theorem, Every natural number, different from 1, is expressible as a product of 
primes and the expression is, apart from the order of factors, unique. 


Proof. Let x be any given number. If x is prime, we have nothing else to 
prove. Now suppose that xis not prime. Therefore, it admits of a prime factor, 
say pı, so that we have a result of the form 

X pix, Xx; x. 
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If xı is prime, then we have proved the theorem. If, however, xi is not prime, we 
have, then, a result of the form 
Хү == ргХэ 
where р» is prime and x» > xi. 
Proceeding in this manner, we obtain a sequence of primes 


Pi, Рз,...... E CD 
and a sequence of numbers 

Xi Ххо,...... АА (2) 
such that 

о о ТАРБ 


Because the sequence (2) is successively decreasing, this process must stop 
after a finite number of steps. So we must arrive ata member of the sequence (2) 
which is prime. Let us suppose that x, ., is a prime number. We have, then 
х = p po ....Da—i Xn—1+ 
Writing Pn for x,—1, we have 
х = pı р... Pn Pn ... (3) 
(3) expresses x as а product of primes. These primes, of course, may not be all 
different. 
Uniqueness of (3). Let, if possible, 
X = Qh qe...... q" S" (4) 
be an alternative expression of x as a product of primes. 
We suppose that л < т. We have from (3) and (4) 


рірг...... Pn = Ф 4....... йн: 14:65) 
Now (5) shows that the prime pı is a factor of the product, 
41 q»...... Ят > 


and so pı must be equal to some one of these primes. Without any loss of generality, 
we suppose that p; = 41. Such a supposition is possible because it only amounts to 
chainging the order of the factors and suitably renaming them, 

Because pı = qı with the help of the cancellation law of multiplication, we 
nave, from (5) ; 

D» pa---Dn — Q2 Qs... 4һ · 253103) 

As before we have that p» must be equal to some one of the primes 02, qs...... 

d», Without 1055 of generality, we suppose that p» = дг and so we have from (6) 


Pos P4. Pn = 43 Че...... Чт. 554100) 
Proceeding similarly, we have, 
Ps = 93, ра == 46... Pn = 4». ss (8) 
and Qn +1 1n 4 2000000 Im = 1 ve (9) 
if т > п. 


But no prime is a factor of 1. 


-p07 


——— 


-—À = 


{ 
1 
| 
| 
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We have that m > n leads to a contradiction. 


D т=п, 
and so the two decompositions of x 
Pi рз Рз--- --- Pn 
and 
41 d2 fgs- Qn 
are identical. 
EXERCISE 
Express the following as products of prime factors. 
(i) 675 (ü) 528 (iii) 990 
(iv) 1024 (v) 660 (vi) 26000 
(vii) 4050 (viii) 11220 (ix) 99792 


(x) 874944. 


19. DETERMINATION OF HCF AND LCM OF TWO NUMBERS THROUGH 
EXPRESSION OF THE GIVEN NUMBERS AS PRODUCTS OF PRIMES 


Before describing the general technique, we take two specific illustrations. 
(i) Consider the pair 
12600, 660. 
We express each of these numbers as a product of primes. We have 
12600 —2* x 3* x.5* x 7 
660: LEK OAK IN 
The prime numbers involved in these two expressions are 
2/3/2711. 
We consider these prime numbers one by one. Of these prime numbers 


7,llare such that either is a factor of only one of the given numbers so that none 
of these is a factor of their HCF. ў 
22 is the highest power of 2 which is a factor of both the given numbers, 
31 is the highest power of 3 which is a factor of both the given numbers. 
51 is the highest power of 5 which is a factor of both the given numbers. 
It follows that 
2x3x5 
isa common factor of the two given numbers. We say that this is the HCF of 
the given numbers. 


In fact if this was not the HCF, the actual HCF would, when expressed 
as a product of primes, involve a prime factor different from 2, 3, 5 and such a 
prime factor must appear in the prime factorisation of each of the given numbers. 
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This, however, is not the case. Thus, we see that the HCF of the given numbers is 
2 x 3x 5 = 60. 
We now attend to the LCM of the given numbers. 
Consider again the expressions of the given numbers as products of primes. 
We state that the prime numbers involved are 
223.2, ds Ts 
We see that the number with prime factorisation 
‘ к S SC Tadd 
is а multiple of both the given numbers /,е., it is a common multiple. 
Also itis clear that no smaller power of any of these prime numbers will, 
when multiplied, be a common multiple. 
Working Rule 
Let a, b be given numbers. We suppose that each of these is expressed as 
a product of prime factors. 
Consider those prime numbers which occur in each of the two prime 
factorisations. 
Then the product of the smaller powers of the common prime numbers is tlie 
HCF. The product of the prime numbers in either or both of these expressions taken 
with greater powers is the required LCM. | 
- Illustration. Consider two numbers with the following prime factorisation : 
d 2830 5 xls 132 
к ХХ 13 x17: 
We have : 
НСЕ--25х5Хх11х13 
СМИ 25133 17: 


D EXERCISES 


1. Find the HCF of the following sets of numbers by expressing the num- 
bers as products of primes. 


(i) 594, 5544, 2574 (ii) 546, 4095, 4641 
(iii) 429, 528, 1904 (iv) 1230, 14145, 7257 
. v) 144, 112, 135, 418 (vi). 225, 453, 1557, 720 
(vii) 7, 17, 29, 31, 47 (vii) 105, 441, 231, 672, 819 
(ix) 82, 410, 684, 738, 1026 (x) 183, 488, 793, 915, 1220. 


2. Find the LCM of the following sets of numbers by expressing the numbers 
-as products of primes. 
(7) 28, 44, 132 (ii) 420, 135, 300 
(iii) 786, 800, 5168 (iv) 105, 252, 360, 700 
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(v) 14, 35, 42, 63, 126 (vi) 7, 13, 29, 53, 2 

(vii) 32, 48, 176, 36, 24 (viii) 15, 14, 16, 20, 10 

(ix) 4, 44, 444, 4444 (х) 72, 117, 236, 351. i 
SUMMARY 


The relation ‘Is a factor of” in the set of natural numbers. 
a is a factor of b<> a | b <> b isa multiple of a. 
а | bandb | aea=b 
a| bandb | сэа|с 
а | banda | c>a | (b + c) 
а | banda | ca | (bc). 
Criteria of divisibility by 
2, 3, 4, 5, 6, 8, 9, 10, 11. 
HCF and LCM of two and more than two numbers. Algorithm for the 
determination of the HCF of two numbers. 
Product of HCF and LCM of two numbers. 
Prime numbers. Composite numbers. Relatively prime pairs of numbers. 
Gauss's Theorem : 
а | b c and а, b are co-primes > a | с. 
Unique prime factorisation theorem. à 
Computation of the HCF and LCM of sets of numbers through unique 
prime factorisation. 
Every common factor of two numbers isa factor of their highest common 
factor. 
Every common multiple of two numbers is a multiple of their lowest common 
multiple. 


REVIEW EXERCISES 


l. Use Euclid's algorithm to determine which of the following pairs of ~ 
numbers are co-prime. 


(i) 385, 931 (ii) 3753, 3380 

(ii) 564, 7963 (iv) 17463, 27325. 
2. Give five consecutive natural numbers, none of which is a prime. 
3. What is the HCF of two consecutive natural numbers 7 
4. Show that two consecutive odd numbers are co-prime. 


5. Given that a and b are two co-primes, what is the condition that a + b. 
and a — b are also co-primes ? \ 3 
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6. If two natural numbers are squares of natural numbers, show that their 
HCF and LCM are squares of natural numbers. 

7. The HCF of two numbers is 14. What are the two numbers, given that 
the series of quotients obtained in the division algorithm for determining their HCF 
is 3, 8, 2, and 4. 

8, Show that the square of an odd number other than one diminished by 
unity is divisible by 8. 

9. The LCM of four numbers a, b,c andd is the quotient obtained on 
dividing the product abcd by the HCF of the four numbers bcd, acd, abd, abc. 

10. Obtaian two numbers such that their HCF is 20 and LCM is 420. 
11. Obtain two numbers such that their product is 12600 and LCM is 6300. 
12. Obtain two natural numbers a and b such that 

а + b? = 10530 


p. OnE 


ии E en ee 


and their LCM is 297. 
13. Show that the product n(n + 1) (n + 2) is divisible by 6. 
14. Show that the product n(n + 1) (2n + 1) is divisible by 6. 


15. Show that the HCF of two numbers does not change if we multiply either 
of them by a number which is prime relatively to the other. 


16. What is the highest power of the prime 7 which divides the product of 
first five hundred prime numbers. 
17. aand b are natural numbers such that i 
а? — b 
is a prime number. 
Show that 
а — D? == a+ b. 
[Use the property a? — b? = (a + b) (a — 5). 
18. Ifa and b are any two odd primes, show that a? — b? is composite. 
19. What is the remainder obtained on dividing the square of an odd natural 
number by 8 ? 
20. What is the remainder obtained on dividing the square of any number 
by 5? 
21. Show that number is divisible by 12, if it is divisible by 3 and 4. 
22. Show that a number is divisible by 24, if it is divisible by 3 and 8. 
23. What are the numbers smaller than 50 and relatively prime to it. 
24. Ifa and b are relatively prime, show that, so are a? and 2°. 


25. If each of two prime numbers р, q is a factor of a, show that the product 
pq is also a factor of a. 
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26. Determine two numbers, knowing their HCF and their sum or their pro- 
duct, as given in the following tables. 


DEAA 


27. Ис| а, с | В show that 
(a+ b) > c= (a + с) + (b+ с). 
28. Ifc |а, с | Б show that 


c | (ab). 
29. A number is said to be perfect, if it is equal to the sum of its factors 
other than itself. For example, 6 is a perfect number inasmuch as 
6= (1 +2 + 3). 
There is one other perfect number less than 30. Find that number. 


30. А pair of prime numbers is said to be twin primes if they differ by 2. As 
for example 3, 5 are twin primes. 


Give all twin primes less than 100. 


20. INTRODUCTION 


Їл chapter 1, we have 


Fractions 


seen that whereas it is Possible to multiply any two 


Bivén natural numbers, in that the product of any two natural numbers is a natural 


number, the position is not so 
the inverse of multiplication. 


in terms of natural numbers, always regard the symbol 


a+b 


as meaningful. In fact the condition for the symbol 


to be meaningful in terms of n 
Thus, 


For example, in respect of the 


ab 


atural numbers is that b is a factor of a. 


а ~ bis meaningful <> b | а. 
set of natural numbers, ‘while the symbol 
6+ 3 T 


is meaningful, inasmuch as it is the same as 2, the symbol 


has no meaning. 


5-3 


In this chapter, we propose to invent new numbers, The set of new numbers 


without any restriction, In 


Fractions will include the set of natural numbers as a 


fractions will be divisible by every member of the same so that essentially the notion 


of divisibility in the set of frac 


In the set of fractions, 
multiplication as also the orde: 


tions will turn out to be trivial. 


we shall study the two compositions of addition and 
r relation as in the case of the set. of natural numbers. 


она ча, 
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We shall also show that multiplication admits of unrestricted division as the 
composition, inverse to the same. Of course, subtraction as inverse of addition 
will still continue to remain a problem in that we shall see that the difference of 
any two fractions may not be always meaningful. We, however, remark here that 
a further extension to rational numbers in the next chapter will secure relief on this 
front of subtraction also. 


21. NOTION OF A FRACTION 


Suppose that there is a bread with ten equal slices and that you take 
four of them. Then instead of saying that you have four of the ten slices of the 
bread, one could as well say that you have four-tenths of the bread. There is, 
however, a third way of making the same statement, viz., that you have 

4/10 of the bread, 
to be read as 4 by 10 or 4 over 10 of the bread. 

In general, suppose that we have any entity, say, a rectangular area, which 
we divide into 6 equal parts. Then the part of the total area comprising a of 
these equal parts may be described as 
+ ora/b 
of the area, to be read as a by b or a over b 
of the area. Here а and b are two natural 
numbers, 


For Example, in respect of the rectan- 
gular area in the adjoining diagram, the shaded 
part is 2/5 of the whole area. 

Equality of Parts 1 

We may easily see that what is 4/ 10 of the bread is also 2 / 5 of the bread 
or 8 / 20 of the bread. 

In fact, the portion of the bread that we obtain on dividing it into ten slices 
of equal size and taking four of them is the same as the portion which we 
obtain on dividing the bread into five equal parts and taking two of those or dividing 
the bread into twenty equal parts and taking eight out of the twenty. 

Again, it may be easily seen that each of the following is the same part of 
a rupee, 

(i) 2 / 10 of a rupee (ii) 4 / 20 of a rupee, 
(iii) 1 / 5 of a rupee, 
each denoting 20 paise. ` 

Further, we see that each of the following portions of a rectangular area is 

the same area. 
(i) a / b of the area (ii) 2a | 2b of the area 
(iii) За / 3b of the area, : Л 
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In general, 


$ of an area — 3 of the area, 


where А is any natural number whatsoever, 


In fact, if we divide the area into b equal parts and take а of these b parts, 


the part of the area We shall obtain will be the same as that obtained on taking 
ak of the bk equal parts, А 


For example, in the adjoining diagram, the equal shaded portions represent, 
2/3 of the area, 4 / 6 of the area and 6 / 9 of the area, 

It follows, therefore, that а |b 
of any entity, which is capable of being 
split up into equal parts, such as length, 
area, volume, mass, any heap of grain, 
is the same as ak / bk of the same entity, : 
We can, therefore, multiply a and b by 
the same natural number without dis. | 
turbing the Part of the entity in ques. 


It may also be seen that if d is 
any common factor of a and b, then a/b 
of the entity is the same as Rl of the 


Same entity, As for example, 6 / 9 of 


of the area is the same as 13 of the area 


! = 2/3 of the area, 
In the following, we try to show that 


E of an entity = 2 of the same entity 


if ad = be, 
We have seen that 


га of an entity = g of the entity 


= i of the entity (*.* ad = be, given) 


= 5 of the entity, 
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For example, 4 of the area = $ of the area 


in that |^ 4x9-6x 6. 
Putting Together Two Parts of an Entity 

Suppose we have 3/10 of an entity and also 4/10 of the same entity. 

Putting together these two portions, we see that the new part, which we 
obtain, is 

3+4 
10 

Now suppose that, in general, we have 

a/b of an entity, 
and also 

c/d of the same entity, 
the entity being possibly thought of as some rectangular area. We put these two 
portions together and wish to see a way of describing the new part of the entity which 
we obtain. 


А 7 t 
Le. т of the entity 


As already seen, 


Р T of the entity — Fi d 201 the entity and 
£ of the entit шэг of the entit 
473 М О! Vi 
Thus, we see that the two given portions can be described as - ad and $ M d of 
the entity. Obviously, the two portions put together constitute 
шалыг of the entity. 


Part of a Part of an Entity 
Let us start with a rupee, consisting as it does of 100 paise. 


Consider now 


a of 2 of a rupee. 


3 


Now, = of a rupee is 60 paise and jp of 60 paise is 6 paise which is 


0 of the rupee. We have, therefore, 


095 = ofa rupee = 16 of a rupee = gj of a rupee, 
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In general, we take up 
i 
b 


с 


of T 


of a rectangular area, 

The problem essentially is that of splitting up c/d of a given rectangular area 
into b parts and taking a of the same. 

Now, 


53 of the area = 26 of the area 


and so in order to take c/d of the area, we may take be of the bd equal parts in which 
the given area is Supposed to be divided. 


Again, we divide + of the area into b equal parts so that each part is 
essentially 
с 
br of the area. 
Clearly, a such parts will comprise 
ac 
dd of the area. 
We have, therefore, the following results : 
a с ^ ac 
F of т of a Tectangular area — fas of the same area, 


For example, in the adjoining diagram the 
double shaded area shows 


2 5 
Зу сл 


of the rectangular area and it is clearly the same as 


2265 


3x7 
i e., 10/21 of the area, 
Comparison of Parts of an Entity 
Suppose that we have 
(i) 5 of a rupee and (ii) + of a rupee. 
Which of the two is the bigger Part of the rupee ? 


Now, + of a rupee being the same as is of a rupee, we see that of the two 


Parts (i) and (ii), в of a rupee is the bigger one, 


C аы: 
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In general, let us consider 


0-р of a rectangular area and (i) 7. of the same area. 


We have, 


F of the rectangular area is the same as rat of the area 


and 


2 of the rectangular area is the same as i of the area; 


We see, therefore, that 


+ of the rectangular area is bigger than ын of the same 


if and only if ad > be. 
Meaning of a | b of an Entity when a is Greater Than b 

We have so far considered the meaning ofa /b of an entity when a < 
We shall now see what meaning can be given to the concept when b < a. 

For the fixation of ideas let us consider 12 / 5 of a bread. 


Obviously ten-fifths of a bread means two full breads, so that twelve-fifths of a 
bread is equivalent to two full breads in addition to two-fifths of a bread. Thus, 


instead of 


2 cf a bread, 


we could as well say 


2 of a bread. 


Again, let us consider a / b of an entity, where a > b. 
Letq be the quotient and r the remainder obtained on dividing a by b, so 


that we have 
a=bg+r r<b. 
Here, we are assuming that 5 is not a factor of a. 
Thus, we see that а / b of an entity where 
a=bg+r 
is the same as q full entities in addition to r of the b equal parts. 
As a particular case, we have 
12 of a rupee = 2-5 of a rupee 
= 2 rupees and 60 paise, 
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If, however, a > band b is a factor ofa, then there exists a number а 
such that 


а = bq 
and so a / b of an entity will be the same as q full entities. 
For example, Ч of a bread is the same as four breads. We may as well 


note that a / b of an entity denotes the entity itself if а = b, as for example, 3 / 3 
of a bread denotes the full bread. 


Summary of the Results Obtained 


Consider an entity which is capable of being split up into any number of 


equal parts. We denote this entity by E. For the fixation of ideas we may think 
of Eas some length. 


We have then the following results, 


a с 
I. iom of E = X of E 
if and only if ad — bc. 
П. + of E and 2 of E together comprise 
шоо of E. 
a [4] ac 
Ш. p 9f Е т of Е. 
IV. - of Eis. bigger than T of E if and only if ad > be. 


Remarks, The considerations outlined in this section, referring as they do to 
parts of entities, enable us to give an abstract definition of the set of fractions. We 
are also in a position to define the two compositions of addition and multiplication 
and the relation of order in this new set. The results, we have reached on the basis 


of a concrete experience, will now be utilized in the form of suggestions to motivate 
formal definitions. 


Thus, we shall now proceed to the world of abstraction on the basis of a con- 


crete experience with parts of entities. The position is similar when we undertake to 
consider the numbers, 


instead of the concrete entities, 
1 apple, 2 apples, 3 apples, 4 apples, etc. 
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22. SET OF FRACTIONS 


The set of Symbols 
Ga 
b 
where a, b are any natural numbers is called the set of fractions which we shall donote 
by F. 
Clearly, 
25.10 Chases NL ayes 
ЗО КАБЫШ АЗ 


are all members of the set F. 
Each member of F is called a fraction, Thus we have 
"= EN ben}: 
The natural number a is called the Numerator and the natural number b is called the 
Denominator of the fraction 
a 


b 
We may sometimes write a/b in place of £. 


Equality of Fractions 
a wo 
Let S TP 
be two fractions. 
We say that these two fractions are equa: 


if ad == bc 
and write 
A AC 
Basing: 


Thus, we have 


20 
5 
As illustrations, we see that 


= ' ad = bc. 


aos 


! 8 ford x 9 = 6 x 6. 
3 
= for6x4=8x 3. 
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We see that if | 

$ € Fandk € М, i 
we have 5-= ма = b (ak). 


Also, if / be any common factor of a and b so that a, b are both divisible by 
hand a + h, b + h are natural numbers, we have 
ТО SNC бан Л 
b bh 
In fact, we have | 
(a+hh=a (b — h) h — b. 
It follows that on multiplying the numerator and denominator of a fraction 
by the same natural number or on dividing the numerator and denominator by a 
common factor, we obtain a fraction equal to the given fraction. 


As illustrations, we see that 
12.312353 |.4 


(1554 196953, 0 (57 
ЖУ (Quy) =) "x 


5 = —;х, N. 

xy? (xy?) + (xy) CY = 

Fractions in Lowest T: erms ) 

A fraction is said to be in lowest terms if its numerator and denominator 
have no common factor other than 1 i.e., if they are relatively prime. 


Given any fraction 


a 
Ъ » 

there exists a fraction 
с 
d 

in its lowest terms such that 
€ a 
[gos n 


In fact, if A be the highest common factor of the natural numbers a, b 
we have 


ah 
b-h 

which is a fraction in its lowest terms equal to the given fraction 
a 


b" 
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Simplification of a Fraction 
We say that a fraction c/d is simpler than the fraction a/b 


if RAP Qu 
d b 
and c, d are obtained on dividing a, b by some common factor. 
EXERCISES 
1. Reduce the following fractions to lowest terms : 
A 180 990 72211292 
0) -450 09) 1485 il) 396 
(iv) 198/462 (v) 492/5200 (vi) 7360/12144 
vii) 15 x 48 x 30 (УЙ) 84 x 462 (ix) 252 x 342. 
25 X 12 42 336 x 360 420 x 360 
2, Which of the following are true statements ? 
Жор: 12 Pea bo eae | Во 2 
910715 ев (1) тє = 3 


3. Fill up the blanks with natural numbers to give true statements. 


245 1072 Е ае 
(i) Sy ees (i) 54 dy (iii) 126и 
4. Simplify the following, letters denoting natural numbers. 

(i) 7x/42x ' (ii) аад (iii) 3a%b*/Sa°b? 


(iv) x*y/xy? (y) х5у/х? (vi) 40ab?x/120a5x 
(vii) 12асх?[26ас x (Ий) 38a3b5a*|57atb*c (ix) 84a*m?n[35atmn?*. 
5. Simplify the following, letters denoting natural numbers. 


хм 2mm „‚ 2x3 + 4ху 
© y xy Gi 2m + mn ii) 3xy + 6у? 
‚м 7 14x ах? + а? 216x + 450y 
(Шарт O beth bat 09) 15x ү 900y 
216a + 144b + 360c (УЛ) 2 - сэн ‘ 


(vil) 576а 4 288b + 864c 


6. Obtain all the fractions equal to 
4/11 : 
such that the denominator is greater than 300 and smaller than 350. 
7. Give the fractions equal to 
65/117 


such that the sum of the numerator and denominator is equal to 
98, 140, 168. 


108 ALGEBRA 


8. Show from definition that 
Ma e 1880:22 К ео 
Paes ad d А ву 

@% cim e 

ЕЕ 
Sum of Fractions 
Definition. Let 


TEE 
be two fractions. By definition, we have 


a c ad 4- bc 
RY: а 


and say that the fraction 
ad 4- bc 
bd 
is the sum of the fractions 


do 


Note. In the first instance, we have to make sure that 


then we, as well, have 
a c 47:16: 
Ж ООДУ 7: 
This means that the result of adding the two given fractions is the same as that 
obtained on adding fractions respectively equal to the given fractions. Let us first 
consider a particular case. 


Consider the fractions 


4 3 
65155 
We have 
ЕЕ Зоо 3x6. 38. 
6 5 6x5 30 
Also, we have 
rv Prey 
6 3::575, EST. 


and 
39... 2X 15 3x 9: 1157 


c SOA SN л. AO 
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It may easily be seen that 


Let us now consider the general case. 
By definition, we have 


a c ad + bc 
o od d ы 
а' n a'd' + Бс 
gt pa 
Also 
а = 2 аъ а, 
A = T >c'd=cd' 
We have to show that 
ad+be ад + Бе 
bd М сыр” d 
Now 
ad d _ ad’ + Б'е 
bdo b'd' 
© (ad + bo) b/d' = (са! + b'c’) bd 
ex ab! ад + са bb' = a'b ад + c'd bb’. 
Also 


ab’ = a'b = ab' а = a'b dd’ 
cd' = са = cd’ ЬЬ = c'd bb' 


and these jointly imply that 
ab! dd’ + cd! bb' = a'b dd' + c'd bb’. 


Thus, we see that 


БЭЛ ru M d poule d 
EXERCISES 
1. Compute the following sums. 
DUM 2 
02435 (T 
wy Ly e icr 
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2. Compute the following sums. s 


ют + (Bt $) 9 (++) + 2 
a > + (+++) (9) (++ 3) + 2 
3. Show that 
тэрээ 
[Wenave р + у = 22 – 092 ate] 


Properties of Addition Composition in the Set of Fractions 


We proceed to show that the addition composition in F is both commutative 
and associative. 


Theorem. Addition composition in the set of fractions is commutative, i.e., 

a c c a gie à Г 

So 1I Л Nam cT eB. i 

Proof. к | Y 

We have : 


a _ ad 

Bie bd 

RR e 

d bd’ 
4 үл аа adr be ^ be + ad 
b d bd bd 


c a 
MR M d E. 
It will be seen that to prove that the addition in F is commutative, we have made use 
of the fact that addition in N is commutative. 


Theorem. Addition composition in the set of fractions is associative, i.e., 


(а) рен) Усе 


` Proof. 

8. ad c е. ebd, 

We have 5 Буа aby’ 7 а 
Also we have 


t dbf = bdf = fbd;b,d,f € N. 
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Thus, 
BEN eode es ode ше 
( b. tad ) "icy Mo T 
adf + bef + ebd. 
bdf Раг 
(adf + bef) + ebd 
bdf 
adf + (bef) + ebd 
bdf 
_adf bef + ebd 
= 4 bdf 
WANT cf 4- ed 
ADAPT dh 
a c e 
| + (5+7). 
It will be seen that in the above process, we have employed the Commutative, 
Associative and Distributive properties of multiplication in the set of natural numbers. 


Note. As in the set of natural numbers, the addition їп the set of fractions also satisfies 
the cancellation law. This cancellation law in the set F will be stated and proved 
after we have defined the relation “18 greater than’ in this set. 


Product of Fractions, Let 


а ene: 
P 5, "ES € F. 
Definition. We write 
a CU ful ges 
dod e bd 
and call the fraction 
ас м 
* bd 
as the product of the fractions 
гб. 
574 
We may also write 
T es eae 
b d bd 
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х а а ас 
or simply БОЖЕ ТАБАК 
Note. As in the case of the addition composition їл F, we shall also, in respect of the 
multiplication composition in F, show that 
a’ a с’ с а’ c a fe 
ось МОЛ Boe 


so that the product of fractions is not changed when we replace the same by 
fractions equal to them. 


Now 


and these imply 


and 


trl ac 


Od = ы € (4) (bd) = (ас) (`4) 


<> (a'b) (с'а) = (аЬ) (cd’). 
Thus, we see that 


c 
Wa TU IgE EDT ey 
EXERCISES 4 
1. Compute the following products of fractions. 


ХОС | 
0x4 () ix 2 4 


$ | 
n 11 ESSI 7 
(iii) * x i3 (iv) i3 x * 


= x (4x 2) o» (+ х : 


(vii) 2. х (+ x +) (viii) 


x 
| 
а E ИҢ 


2. Compute the following. 
y 3 1 я 
0 5 x (3 « 1) 00 ( 


шх (F + F) 12 
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3. Compute and simplify the following products of fractions, letters denot- 
ing natural numbers. 


: мо ОРА 
4 O ха 
СУЛ 4 2 x 3 
(iii) ie Х "x (ir) —— х 5 
o) зи x (и) > sey х 52 
(уйу 322° зан х (Fx? э) (viii) ЗЭХ 4b?c x Sac 
5 5 3 
; ЭГ 9х2у 17ху22 15ху2 |, 9x?y 17xyz? 
: Бэ 27ху 7 (= SIUE о) (=, mi) ch 9 
д ab? 
e$ a ae 
4. Show that 
21:17) 1 а 
(rg Sag 70800 255 
Бү 5 1 
(ii) m х TH = АЙ M + € F. 
Properties of the Multiplication Camposition in F. 
Theorem. Multiplication Composition т F is commutative, . 
Let Y 
E 
TUER €F 
We have 
а er Dude. 
Б7 29574 ДҮК Л 
| Ar. с; а 
Аа 
Thus, 
a c c a Bec 
EON CE MO а AE 


Hence the result. 
Theorem. Multiplication composition in the set of fractions is associative, 
Proof. Let 
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We have 


so that 


Hence the result. · 
Multiplicative Property of the Fraction T 
Theorem. We have 


vy ЄЕ 
ЙЛ PET ES LR МО са. 
Beans beer AE b 
Note. Because of the property proved above, the fraction + is referred to as the multi- 
plicative identity. We shall call it the unity. 
Reciprocal of a Fraction. 


Theorem. То each fraction 


there corresponds the fraction 


such that 
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Because of this property, we say that 3: is the multiplicative inverse of the frac- 


tion 5. We shall also refer to 2. as the reciprocal of У: Of course + is as well 


the reciprocal of ыг 


Thus, of the two fractions, each is the reciprocal of the other if the numerator 
of one is the denominator of the other and vice versa. As illustrations, we see that 
11 
271 , 
1 


1 @ ы, 
the reciprocal of ті ot 


` the reciprocal of a is 


Division in F. 
We are now in a position to vindicate the stand we took in respect of the need 
for the study of fractions and show that given any two fractions 


ае 
bod 
there exists a fraction 
е 
Fi 
such that 
DEAD Кр, 
DRE М 
Clearly 
e _ be 
SPA NS ad. 
will do the job inasmuch as we have 
a bc abc. 
b ad bad 
(abc) = ab | € 
(abd) = ab d 
We write 
US AN 
И b 


: НА а 
and say that 2 is obtained on dividing су Бу F: 
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We have 


242 (3 a 5 Cum " b a 
so that, to divide d by pve multiply PE with the reciprocal 2 of "T 


As an illustration, we see that 


3 3 
wh 13 17:41:12 84 21. 
8 


We may sometimes write 


EN 
c fa d 
al SITE 
b 
in place of 
CANE LAIN 
d 575 


It will thus be seen that in respect of the set F of fractions, each member of 
F is divisible by every member thereof. The statement, however, does not remain 
true if we replace F by N. 


EXERCISES 


1. Give the reciprocals of the following fractions, letters denoting natural 
numbers. 


7 12 20 
(i) п (ii) i7 (iii) 57 
ud 7a 02 
(iv) 4 0) 6b (vi) 3a 
PAD PEDE S 
(vii) ЯГ (viii) T (ix) m 
2. Simplify the following, letters denoting natural numbers. 
(i) 20253 . Sabt „ү Imn? | 3mn 
За3р2 * atb? 09) 5тп ^ 8тп* 
„ү 4х?у . 2ху? ‚ "354b. 4° Ta 
qu) Sab * 15053 (iv) FRRO Y 
5a. , 2a deo ray 


QT 7 un yr 2 


era er 


Le m pap m 


| 
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Distributive Law. Multiplication distributes addition in the set of fractions, 
We shall prove that 


Gi ue 
MUSS yet 


Proof. We have 
а e еу а aue 
b ( T 7)- 5 

а (cf + ed) 


bdf 
acf + aed 
bdf 
acf , aed 
bap bd 


ac ae 
а ты 
а с а е 
а 
EXERCISE 


Simplify the following in two ways, letters denoting natural numbers. 
. 2а[ а b ау 1 1 
о (6+ =) px 7) 


бөд 234) | (ferrei) 


23, ORDER RELATION IN THE SET OF FRACTIONS 


a с } 


Let л 


binds 


be two fractions. 
We have already seen that 


a c 
751555 т > 44 = be. 


We now define the relation 


*Is greater than’ 


in the set F of fractions. 
Definition. We say that 


F is greater than ын 


4 
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if j ad > be 
and, in symbols, write 
a c 
oem Ud 
Thus, by definition, 
тэ T e» ad > bc 
Also if -2- is greater than £ we say that f. smaller than Я and write 
b d d b 
CEDE 
d b 
Thus, we have 
я 
d b b d 
The symbols, >, S. 
Tf т, f be two fractions such that 
RN суа GU 
bU ee bus 
we write { 
а с 
ъв? 4 


and read it as follows : 


А с 
га is greater than or equal to m 


Similarly, we have 
a с 
22 « р €» ad < bc. 
As illustrations, we have j 


из > 


=> ыр 


(iii) 3 > 
м It needs (о be shown that 


E i HIR уш nt gh AS 
7 i; ys eee ТШЕ Үй 
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then 

a с Lene" 

qoe que get vd 
We have 

$c p Lb = ab; G= $ oed c. 
Now 


> Sead > be. 


We have to show that 


аа > bc. 
For this we prove that a'd' 52 b'c' and a'd' < Ье. 
Now ad > be, ай = Бс > (ad) (Бс) > (bc) (a'd') 
ad > be, Ус» ад = (ad) (Ус) > (bc) (4). 
Also ab’ = a'b, cd’ = с'а => (ad) (с) = (bc) (a'd’). 
It follows that a'd' > b'c' 
ОЛОХ : a’ с' 
which is equivalent to puru 
EXERCISES 
Replace the sign ? by one of the appropriate signs >, <, =. 
15 
47.2 7 9 9 54 
Mu cat ruf p RRS T pet ent 
(i) 5 ? 3 (ii) гп (iii) 4 ? 5 
V da dd 9 7 14 , 21 
(0) чє? 54 Оч? т (vi) 50? 45 
2. 
3 7 5 7 Э 
Оч? 095896 66 
5 2 АО, 7 2507 
VD UT. (oH us 7:138 
13:27 dau At Sy Mus Ew rey 
O) is? 9 ОТЕ а 
3. 
З, 7 5 
0416 MS A во 
EDS) 3 5 1 2 7 
(iii) вт (iv) 1357 pp ge 
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13 , 19 ПН А 
0 ag? ar Иво 
4. 

ЕО 
0213 н 

Re 5 
NOD го OS tT 

12, 14 i358 14 в 
$t ров тэ. 
5. 

23:15 21112271 5 Үү, 5 
Doy m M e 208 » 7) 27 
122 18 ИО 55.18 \ 18 
(ii) 17 ? 53 : (iv) wt alt 33)? эз 

215717 Muda ud МА. 17 
0 35? dg Я (vi) 35° (33 35 + 43)? 19" 


6. Arrange the following finite sets of fractions in ascending and descending 
orders. (A finite set of fractions is said to be arranged in an ascending order if the 
arrangement is such that every fraction is followed by one greater than it. We have 
a similar definition for arrangement in descending order.) 


1 1 1 1 

Olanda) 
j ELPA Эу 4: 
12115255 58:13 281) 
ANS AMICO EESE 14 

PURI 27у, 


Properties of the Order Relation */s greater than’, 
Trichotomy Law. Given any two fractions 


VEG 
Bud 
there exists one and only one of the three possibilities 
@ = 2 Ш) > 5 (iit) > $. 
Proof. We have 
oe «€» ad = bc 
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Also a, b, c, d being natural numbers, we have one and only one of the three 
possibilities. 
(i) ad = bc (ii) ad > bc (iii) be > ad. 


Hence the result. 
Transitivity of the Relation 
a c : a e 
Theorem. pus q ad 7 > puto vae ral 
Proof. We have 


Now 

a c adf. cbf 

с е chf _ ebd 

EL > F > db^ Fea ® M > eb. 
Again 

adf > cbf and cbf > ebd > adf > ebd 
and 


adf > ebd > af > be > 7 > 97 


Hence the result. 
Compatibility of the Relation ‘Is Greater Than’ with Addition Composition. 


Cancellation Law for Addition. 


a [4 a e с ет 
Theorem, do spem cuu f 
Firstly we prove that 

a c a e c e 

b nd ou ipe ut 


Proof. We have 


Now 


=> adf cbf 

> adf + ebd > cbf + ebd — 
adf +. ebd S cbf + ebd 

bdf bdf 

ай | ed. cbf , ebd 

> bat baf? bag bd 
a e c E 

> Y “р Gil > mu f 
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Conversely, we prove that 
a e c e a с 
m Tct". 
Proof. We are given that 


We have : 
Ферер ту 
ету 

It now follows by the Trichotomy Law that 
Бо 77:77 


Hence the result. . 
a c a e c e 
CO тотал 
Compatibility of the Relation ‘1s Greater Than’ with Multiplication Composition. 
Cancellation Law for Multiplication. 1 


Theorem, 
a с а е се 
а а hy 
Firstly we prove that 
a c a е c е 
Л 78 icd MM 
Proof. 
IL E 
> (ad) (ef) > (bc) (ef) 
= (ad) (ef) > (ce) (bf) 
=> (ae) (df) > (ce) (bf) 
ae ce 
i ae 
EIL: 
We now prove thé converse, i,e., 


a e e 
m MB NEU 
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Proof. We are given that 


a e [4 e 
BAN Iq 
Now 

а c a e c e 

Dog mec dir doctore 

[4 a c e a e 

d Td PR eS 

a e г e 

WOES S E zh 


Cor. 
c [4 a e с Є, 
Bd D Ga, 
The result could also be proved without use of the order relation. In fact, we 


have 
tcs eG a ae 
-i6:D- $623) 
аі OEA 


24. SUBTRACTION | 
Theorem. Given two fractions 


ТИ 915 
ky rir 
D ass 
such that 
a c 
Bord 
there exists one and only one fraction 
e 
f 


such that 
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Proof. Now 
? а c 
787 = Wm => ad > be. 
Again 
ad > be > 3 x € N such that 
ad = be + x 
ad __be+x 1 
TUB c rbd 
ad bc x 
7 bd 7 bd + bd 
a с х 


ЭБ den ba 
so that х/(24) is the fraction required. 
Surely x — ad — bc and so the required fraction is 
ad — bc 
bd 
We now show the uniqueness. 
Let, if possible, 


be two fractions such that 


Then 


— — = —- ое 
d 9 CREE ТӨЛ 
This proves the uniqueness part. 
Definition. We write 


Se eS SLM ORC 
АВ а 
а c ad — bc 
Thus, КОЙШ ЛАУ АЛ 
We sec that 
5 mA аах CUL e. 
Br УЛС УЕЛА ТУ 


| 
Г 
1 
| 
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It would be seen that 


b d 
is meaningful if and only if 
a c 
22. 
a суе 
Theorem. И SR RAS 


are three fractions such that 


a [4 e 
> (2+7) 


а с е а Ё е 
then + -(4+4)-($-4)- 9 
Proof. There exists a fraction g/h such that 
шан ешке EXC ерус Л d 
D (а=) +(- 4) 
а с дате S. 
ird ode icr 


Thus, we get 
a c PENE G, E \ + Fes 
ЗЭ 2011 рус 
а с € 
Note. +> (= + A 
a [4 a е , 
D. > n and UE > oe 
25. DECIMAL FRACTIONS 
Definition. A fraction 
a 
b 


is said to be a decimal fraction, if it is equal to a fraction whose deno- . 
minator is some power of 10, i.e., 
10), 10°, 103 etc. 
For example, 


are decimal fractions. ' 
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Again each of the fractions 
— 3 Үр 
2 , $3 
is a decimal fraction in that we have 


It follows that a fraction is a decimal fraction if, when expressed in its lowest terms, 
the only prime factors appearing in the prime factorisation of the denominator are 2 : 
and (or) 5. " 
For example, the fraction 
2 7 
24 
whose denominator is a power of 2 is a decimal fraction in that we have 


И :96 007 x 58. 
24 504/56, 5€ 10 


Again 
3 
53) 
is a decimal fraction in that we have 
Sia Э1123/7/ 737 X 2s 
53 АХ 2E», 7108 
EXERCISE 
Which of the following fractions are decimal fractions ? 
1 21 уб 
(i) > (ii) 75 (iii) i4 
lr 35 IM 
(9) 15 0) 50 (vi) 20°. 
A Notation for Decimal Fractions (Decimal Notation); Consider a decimal fraction 
27/100. 
We have 


27 2x1+7_ 2x10, 7 
i00 = — 100 100 + 100 
7 
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which we shall write as 


27. 
Again consider 3, we have 
31 3% 25175 7 X 10-5 
4 4x25 100. 100 


eae NDS 


We now consider the converse of the above situation, In terms of what has been 
stated above, we have 


234 = Е 
37:234 3x 10+7+ ig + 107 10 
200 30 4 
= 37+ jr 10 + тб 
200 + 30-+4 _ 47 234 
Т0" qo 


= 37 + 
234: 24 3724. 
= *' 1000 1000 
EXERCISES 
1. Express the following in decimal notation. 
d 
6 25 6) 5 (it) т 
217 
(9 жу б) 55 ор 20. 
2. Express the following in the form a/b. 
(i) 5324 (ii) 2:0123 (Ш) 27:45 
(iv) 2:123 (у) 71357 (vi) 311234. 


Theorem. The sum and product of two decimal fractions is a decimal fraction, 
Proof. Consider two decimal fractions 
e 
67:04: 
We suppose that they are in their lowest terms. We have 
a c ad + cb. 
ТАЛ. Damn НИ 
Since b, d have 2 and 5 only as prime factors, we see that their product can 
have no prime factor other than 2 and 5. 
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Again we have 


ge tes ro dat 
cd bd 
80 that, as in the case of the sum, 
a 
bd 


is a decimal fraction. 
Case of Difference. Consider two decimal fractions 


ESN 1 
b rd 
such that 
a [4 
Bien А, 
In this case the difference 


is a fraction and we have 
a c ad — cb 


lav um quce m 


so that as before, we see that the difference of two decimal fractions, if it exists, 


also a decimal fraction. 
Case of Division, Let 


be two decimal fractions. Then 


(5) = (=) = 2/8 шаа 
LAU NC By MEE Е 
may not be a decimal fraction. 

Consider for example the decimal fractions 


РАМА 
4 10 
ИОВ 10 5 
We have Жо” 4х7 = р 


is 


Surely jg 8 nota decimal fraction in that, while it is in its lowest terms, the deno- 


minator admits of a prime factor 7 different from 2 and 5. 


Note. It is not Proposed to deal with the process of adding and multiplying decimal frac- 
tions given in decimal notation. In fact, it is only an extension of the process of 


adding and multiplying natural numbers given in the usual decimal notation. 
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EXERCISES 


l. Arrange the following in ascending order : 
3:273, 3:365, 2:476, 1:587, 3:373, 2:374. 
2. Replace the sign ? by equal to, greater than or less than to make the 
statement true. 
(i) 2:732 7 2:645 (ii) 1:317 ? 1:326 
(iii) 9:123 ? 8:345 (iv) 7:234 ? 7:142. 


26. ORDER-DENSENESS OF THE SET OF FRACTIONS 


There is a property of the order relation in respect of the set of fractions 
which does not hold for the relation in respect of the set of natural numbers. This 
property is described as the Order-denseness of the set of fractions. 

Before, however, stating this property, we introduce the notion of 
Betweenness. 

Let 


be two fractions such that 


= <34,b,cdEN. 


We say that a fraction 


2 
f 
lies between the given fractions 
a с 
WE 
if 
| 25150 


Illustrations (i) 4 lies between + and 4 and 
(ii) 3°78 lies between 3:77 and 3779. 
We now state and prove a theorem. 
Theorem. Between any two different fractions there lies a fraction. 
Proof. Let a/b, c/d be two given fractions. We shall show that the fraction 
a c Л 
i( bot =) 


lies between the given fractions a/b, c/d. 
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We can assume without any loss of generality that 


Now 


$ 
oA 
$ 


4 

| 

+ 
A =|= 
М.У 

> 


$ 


y 
Sja oly 
^ 


Again 


Thus, we have shown that 


a lfa с с 
BAT AA H 3) БУД 
Cor. Between two different fractions there lies an infinite number of fractions. 


Let e/f be a fraction between the fraction a/b and c/d. There then also exists 
a fraction between a/b and ejf, say g/h. 
We have 


фрее 
Obviously this process can be repeated an infinite number of times. 
Hence the result. 
This property is expressed by saying that the set of fractions is Order-dense. 
Surely this property does not hold for the order relation in the set of natural 
numbers. For example, we have no natural number between the pairs, 
3,4:5,6 
of natural numbers, 


P 


ЭрСЭСХЭСРЭЭТЭ 


ажи m^ Р: 


о ees Se 
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In fact, while we can talk of consecutive n:tural numbers, we cannot talk of 
consecutive fractions. 


EXERCISES 


1. Give any five fractions between 


AW 2 x 17:748 er | 1 
(i) 3 З (ii) S V (iii) ҮЭ 4 
5 8, ША 132741 [4:559 
™ 9’ 0 1417 09) 19° 13 
(vii) *12, "09 1 (viii) 5573, (637. 
2. Show that 
TAKE c 
sio Baan 2) 
Е А0 
lies between 5- Pos 


27. THE SET OF NATURAL NUMBERS AS A SUB-SET OF THE SET OF 
FRACTIONS 1 


Usual Notation, 


We associate with each natural number п the fraction T so that whenever 
we come across the fraction | or any fraction pd equal to the same, we shall, if we 
so desire, replace it by л. 

It has, however, to be seen that as a result we anticipiate no confusion. 

Consider the relations 

k-=m+n,l=mn 
between the members 
m,n,k,l 
of N. It will be seen that the same equalities will persist if К, /, m, n are inter- 
preted as 


Woo m m 
TO Me ТА 
respectively. In fact, we have 
m nee S mitt nC. 
dae E E 
Ни Сэра» Ци ТЭС 
11553 1 my 
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Now suppose that 


m m. 
Again, we have 


m 
> 


1 i «€ т.1 >п. < т> п. 


Thus, we agree to replace 
m 
— bym 
1 

or vice versa, 


Finally, we see that if > be any fraction, 


a a 2 b ASAA 
21521229 
so that each fraction a/b can be thought of as obtained on dividing a by b. 


Thus, we can think of each natural number as a fraction in that we identify 
the natural number z with the fraction z [ 1. From this point of view we see that the 
set N of natural numbers is a sub-set of the set F of fractions so that symbolically 


МСЕ. 


: Of course, N is a proper sub-set of F i.e., there are members of F which are not 
members of N as, for example, 2 / 3, 7 | 9, 


28. SUMMARY 
The set F of fractions is given by 
ғ = [5 :@EN, bE N}. 


In the following, we shall denote a member of F by a single letter so that we 
shall denote a member of F by x, Y, Z, и, у, etc. 


It should, of course, be kept in mind that each of x, y etc., is of the form 
a | b where a, b are natural numbers. 


we have 


Addition Composition in F. 


To each pair x, y of members of F, corresponds a member of F denoted by 
x + y and called the sum. Also the association of the member x -+ y of F, to the 
pair x, y of members of F is called the addition composition in F. 


The addition composition in F has the following properties. 
1. Addition composition in Е is commutative i.e., 
x+y=y+x vxycr. 
2. Addition composition in Е is associative i,e., 
*+(у+2)=(х+у)+2 wxy»zcF 


i 
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3. Addition composita fd F НИЯ the сабаб wires 
xtieytrmexcyiA5:€F зүвд э 
Multiplication Composition in F. Maids M А 
To each pair х, у of members of F correspo nds : member o eM denoted by y 
and called the product. Also the association of the member ху%о Б he pair x,y 
of members of F is called the aes DIRE Но ir F which has the оюма 


di 
4. Multiplication 211 ss ten PON 
Е ЗЕ” wt adr title ээг эж fad] og 


5. Multiplication Pueden in F is associative i.e., 
x (yz) = (xy) 2 м %,У, 2; ЕЕ. avait y» ,аечидэ ү 


6. The member, 1, of Еі is. such that 
x. [=й х=х ¥xEF. 


The number, 1, is called the unity. tail suite eate SW 
7. Toeachx € F corresponds >, Є Е such; that 
ху = 1 = ух. зай 
Each of x and у is. cd 9 the БҮРЖ of the T 
8. Multiplication ‘distributes addition, i.e., ` 
x(y + 2) = ху #2 D er. adt ба 


tion їп Е. There exists in Fa: 2222 ‘Is greater than’ having 


Order Rela 
the following properties. 
9. Trichotomy Law. If x, y be two embers of FS we have one and only 
„ope of the. folowing nn aep йн кй m aM owtod ч 0,1 Spe son S ќу?, 
(@)x>y Ко хули Э эээ 
10. Transitivity Law aW d 
мы SINUM 
11. Compatibility with Addition gu 
» 2Є Е. 211512 


Е 5х, 


12. Compatibility ) with Multiplication. {= 


хо» у MRAP VAI Vat сә) цэ svete’ ЖО" 
y be any two. members. of 15 there exists 2 Е Е such that 


Division in F. If x, 
HT 


We write 


We have 
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Reciprocal of a Fraction. Let x be any fraction. 
We have 
a 
== Р а, b € N. 


+ is the fraction b . 
a 


i0: 


so that we see that the reciprocal of x can be described as 


The reciprocal of 
Now 


1 
132 
Of course, we have 
qid -J]. 
x 
We also show that 
52 1 
— =x, —, 
37 T 
Now 
(S) os (у) - +1 
iy y 
so that 
1 
(*3)r-* 
wa Lu 
у У 


Subtraction in Е. If x, у be two members of F such that x > y, then there 
exists z € F such that ^ 


х= y 4 2. 
We write 
x—ypoz, 
| We have 
Хэу-219ФХ-у-єа, 
Note.* We have seen that when а,5,с,4 EN 
Fos saat 
a 5 _ ad + be 
УЧИ перы e 
8» 06.9 
HESS Te OT | 
> 5 eal. 
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It will now be shown that we have similar results when instead of natural 
numbers a, b etc., we have arbitrary numbers x, y etc., belonging to Е, 
Thus, we shall show that 


I LM 2 Su =x 
х y 
u Y» . шу + vx 
Ч БҮЛИ quie 
и у иу 
Ж Fi ye 
u у 
ТУ fies ym T vx 
и, у, X, y denoting arbitrary members of Е i.e., и, v, X, y are arbitrary fractions. 
I We have 
Ae 
PET 
о 
ху 
их б) 2 (» 2) oy 
>, x y) = y у 
ее), 
ОРЧ Ral rh оа 
e w.l.y у] 
Ted uy = Ух. 
П. We have 


x 
= («t)+ e»(» 3) 
(= DEDE ») 
1 T 
y 


ys ately 


=). Ци-х. 1. 9. 
= uy + xv 
implying, by the definition of division, 
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fstulsa За Безе ns Ln le od won 1l 1! 
ЇЕлти)6С Ii. We have йн А ut 


IS 
<< 
1 
— 
R 
š |= 
sape 
Ces 
= 
Spes 
Мин” 


Also we have 


ps 
я 
= 
— AFN 
из - 
<|= 
b cd 


1 1 1 1 Tw 
aao post aie tyr ть sx (ia: 57555 v x cu 
zx.1 DE blo 
x x 
implying 
ши edo 
x » xy 
Thus, we have 
W LI A = uv. qu = ЗА 
х y xy 
IV. We have 
ҮЛ, 
х y 
u y 
ex(t) > (xy) T 
1 
<> (xy) (u. x) > 22 y =) 
< (ух) (E w) > бә) (4 р 


[4 


*9Jy.luox.lv 
<> yu > xv 
> uy > vx. 
29. ALGEBRAIC EXPRESSIONS 


An expression consisting ‘of ntimbers and letters as variables with some 
number domains combined with each other by means of addition, subtraction, 
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multiplication and division operations is called an algebraic expression, Here we shall 
consider expressions involving variables with the set F of fractions as the domain. ° 


We may repeat that symbol 


x 
where пЕМ andx € F 
denote the product of x with itself taken n times. 
Thus, 
xy —xx.x.x,x€FEneN. 
————————— l 
e І n-times 
We give below a few algebraic expressions. 
К 3 7 Мїдлий 4 
(0 224+ = x b т 
E [E 
i OEY 
Gi) x + у oved aW 
| 
(32-22 


(iii) 5х® Ty | 
It may be remarked that, often, it is possible, with the help of the rules of 
addition and multiplication, to express an algebraic expression in a simpler form. 
Examples | 
1. Write as an indicated sum. 
(x? + 11x + 24) (x + 4) where ха! Bod 
In doing ssoy we shall in the following make use of the CAD laws in F. 
We have NEC 
х + (11x + 24) (x +4) 
= (x? + lix + 24) x + (х F 11x 24) 4 
= (xt llx.x+24.x) +244 Ux. 4+ 24.4) 
t (Е m oer 11x? 4- 24x) + (4x? + 44x + 96) 
L xs (11 + 4) x + (24 + 44) x + 96 
Un fp 15 x + 68x +96. 
2. Show that, 


: 3 


dp 
VIAE DEP Nea ea d) Иан че 
р ie eee 
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We have 


хм 
(x + y) ху 
T Fy) ay 
= + yay _ ху(х--у) 
QUAM a err E 


P 1 
(x+ 5) + Ё + x) where x, y € F. 


| Show that 
REI Зи 5х 6 
| ЕЕ TOUT ижер 


We have 


e 9-53. PAO VAR - 1573 


таг 


rs (+ 3) G8 -- 1) 4x 4.3 
xt 
Le [x Gt 1) 369 D] + 4x43 
х -1 
J - (Ot n GR ED) En + 3 


DEO ig 
х | 
_ 5. Simplify 


(=+ т)(& + a) where x € F. 
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We have 


PAYS АБУ МЕ 
(s) +3) (i + )(2 452 ) 
2x + 1 3x + 20 
2 BEEF 


_ (2x +1) (4x + 20) 
8x8 


= (2x +1) 3x + (2x + 1) 20 
8x2 


— (6x + 3x) + (40x + 20) 
8x? 


14 6x* + (3 + 40) x + 20 
8x* 


— би + 43x + 20 
8x? 


EXERCISES 


1, x,y,z......being members of Е, write the following as indicated sums. 
(+++) (2289202) 
(iii) COlx -L:372) (5х + 15) (5) ( 245 (5 z+ +) 
о (== + 3y Jr + 2: ) (i) (3X ж + 2) 
(уй) E xyz + '5xy?*z + T xyz? ) 
(viii) (эх + + y X ха + 1°5у% ) 
(ix) ху (f: y+ =) 


(х) му (x Ер + ag в) . 
2. Show that the following statements are true, whatever fractions x, у, Е 
may be. 


2 y 20043 2212-1582» 
©з Бу 790807 spt +» WET) 
му ax 2 e+ yt 2 


0) yy BE aya! Adoxa х+у+? 
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1 1 1 1 зун ovf 
E ERR Жу (ху wtp (x? +y?) 
e» EE We) Ee тез 
m 4% LEO pei NE x ын 
(vi) 621° (3x Bx +717 717 
х 1. Е Зо; 4599 358 | | X4 5) 12 
(i) cuota + c) x 4 ad -- bc 


oe 223 Xr маг. и ов (x + d) 


2x 351 5% + 3x +4 
(viii) ee ph Super (hoe + D 


н ax L5 Ел 
wF х d wa (81-0084 2) 


13x + 22 
Е qa te ан Geax +5. 


3. Simplify the е х p i t members of F. 
DE ME “у qud! 


E А 
(хә Y m +13) (5 Es 2) 10) (=) E al a 
(9 (i +А\у+ (1 Um ур аа ш) 


72 + 14 
о Capri) 
\ 


« 


ii) 8х 16 Зу ) i 
чү box feats (iv 
T eet fa V Pei: RAO MET 
a Rear ©) уй X 78-75 дш 
( 52:11:19 X « р 1 (side) 
1 ә 
3 ; & Ху2 + ху 
xi ar UN TE rmn Rt 
( ) 24. 2х x ( “Д TRES p (к\) 
м КА 
at (rs x) T 09 
Аж нуе) ээн ste — Үй tadi wod? К 
5 ae 77 p неу а y 4 ув 
1532 ‹ i чер n р 
(Cr X0 Mess utet UMP: І = E^ 
33 i 5j: Bat WS b 
t 4 (av) деч ле, x SI Di wy, 3 | 
4x4 5x gy 7 Lr AK o Y OA E NA eu 1 
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2 :25 3 12 р init baunsi ай 
Зет + р Dog piane 
x 3——1i1 1l sexe 
3 ДЕ 612 9x* + 14y? 
15х ve dra ae 

КАИРУ Show that 3x + 4 > 5x. 12 €. < 1 хе ЖКУ; Ў 
Поу аў ҳа эй 5 y omo аа 1 M 


(xvi) 


1 21, 
6. Show that x: < м > — 7 zo" ‚ме. 
хә ‚за Mari s hay’ 


sib fh ми F. 
vei Ч ол m3 = 2 cu shi 3 (x mpi AW soie? 


8. Show that жаз уте : 


1 
Also show that 55515 — 2857 = gx 50827 ne 


84 sw wol 


7. Show that 


30. OPEN STATEMENTS 
Examples Ж 
1. Find the truth set of Indi tee A lo x xadmont on stots sad? талд 08 
3х-4-55 E-17 1 x € Е. 

s«osghilion: *Ourattempt is to See’ that the term: containing X'occurs/on ойе.®їЧе 


of the equality and the term involving a number on we other. biov 


We have 3x ipse aii Зо 195 Abr эм hait 4 
or equivalently Я 33x52 5. 
Cancelling 5 from both sides, we obtain ‚вуй зуд. oio? 
г Зх = 21! 


Multiplying both sides by L, we obtain’ 
H f x i 
SV (3x) EM 2 


or equivalently sraitoart 541: Inds sos aw лайт ni 
2 
& = ее 
M9 ^ч 
The procedure may be exhibited as follows : йалт}! asqo aviy adt Ciis 
Зх 5-7 


e зх + 5=2 +15 ух PAY MOVER к Yo] 9м102: 


8 м  3x=—2 | il 
+в : 1-5 19) - $ (0 
И (Зуу? ! X 
27 3 (95) = 3 
M a 5 Ae 2. үзө ЖК GR) 
; 3 
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The required truth set is 


: | 
3 
consisting of only one member. 


Note. It will be seen that we have tried to obtain a chain of statements each equivalent to 
the other such that the truth set of the last member of the chain of equivalent 
statements can be put down at sight. 


2. Find the truth set of 
5х+4=3х-+2;хЄЕ. 
Solution. We iba a chain of equivalent Statements. We have 
5х + 4 = 3х + 2 
Ф 3x + (2х + 4) = 3x + 2 
«2x 4 — 2. 
Now we have 
4-2 
> 2х +4>2 хє Е, 
so that there exists no member x of Е such that 


2x 4 — 2. 


Thus, the truth set of the given open statement, in respect of the set of fractions, is 
void. 


3. Find the truth set of the inequality 


3x4 -2«5,x€F. 
Solution. We have 


3x--2«5 
Ф 3х+2<3 + 2 
е 3x «3 


e х 1. 
In particular, we see that the fractions 


d 1 4 
Р АЕ 
satisfy the given open statement, 
l. Solve for x, given that x € F. 


nl-n 2.) 
(i) x + 7 (ste. 
(1) 2x = 3 0) 4-х 19 


РЕФ РУ 


(ix) 6 + 7x =9 
(xi) 17x — 2 = 1 
(xiii) 5x + 2 = 5 + 3x 
(ху) 7x — 2 = 2 3х. 
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6 
W)x— г = 


n|% 


(viii) 2x + 3 = 4 
(х) 2x+7=3x4+2 
(xii) 7 — 5x = 3 
(xiv) 12 — 3x = x + 3 


2. Given x € F, find the truth sets of the following equations. 


(i) 13x + 4 = 5x + 12 
Gii) 25 — х= 4 + Их 


(у) 4x+3=1 
(vii) 19 — 5x 22x + 5 
(ix) 3x + 4 = 4 — 7x 


(xi) 4x + 6 = 2x + 25. 


(0) 5— 1lx =x+5 
(0) 4— 3x =x+11 
(vi) 10x + 3 = 23 
(viii) 23 — 2x = 3x + 25 
(x) 25 + 7x = 2x + 15 


3. Given x € F, find the truth sets of the following open statements. 


Qx-3-2 
(1) 3--х-6 


0) (6 5) +2 =7 


(ril) (x —- 3) — 2220 —7 


ха ы 
(9) 25 = (2х) = 4 
0) 16 = х= 4 


бй) 2— Gx + 4) = x + i | 


4. Find the truth sets of the following open statements, given x € F. 


(i) 3x —2«4 
(й) 2x -32 5 

3 1 9 
Shc uum o ТУ 
(vii) 2x +3 <6 


NUM p 1 3 
(ix) 19715 F 
(i) 7 4 3x > 5х + 4 
(xiii) x + 11 < 3x + 10 
(0) 3-х 5. 


(0) 2 — 5х > + 
(0) 2x -3— 4 


(vi) 13x + I < Ч 


15 

5 2 1 
Ш) > x + 7 * 16 
(x) 4х +223 + 2x 


(xi) 7 — 3x > 5х 4 4 
(xiv) 4x + 15 < 3x + 5 
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PROBLEMS | 4 
1. Find the number, such that two-thirds of its square equals 7 ‘times the 
number. | 


i ! * (nw) 


Solution. 
Let the number be x. | 


Then two-thirds of its square ‘= E кА; 1 
Also seven times the number is 7x! 1! 


das p : 
нор КЛИ ГД, 2! We 2122 dn odd bait 4 
$ Ч Se E | 
gi (2 хө) зт 
pe 0! 2 
1 vf (vg | 
21 
57 t 5-0 (977 р 


The required number, therefore, is ын 

2. Ram can finish a piece of work in 6 days and Krishan can complete the 
same wotk^in 12 days.) In how! many days will they бе able tò finish:the work, if both 
do the job together ? : | ; 1 

Solution. Let x be the number of days in which both Ram and Krishan 
together can finish the works) · 2с g) ; 


Now in one day Ram is able to finish’ p of the work. 

Pig Ramn i wie i | у куы, 

Again, in one day Krishan = able to finish i of the work. In x days Krishan 
is able to finish ру X Sat tbe Nodes 

As, by the ‘assumption, they both together fimish the: work in x days, we 


have г! 5 


U6- | 
е ‚ 2®+ х= 12 
e Ў 5 = 12 
=! ' ERD (a д, | 


They, tegether, are able to finish the work in 4 days. 


aw AE Ime 


ees 


1 14 abl 
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3." A man invests’ a‘ ОНО Rs, 4,000! partly. at 6}% cand в remaining at 
63%. If his total income is Rs. 255°675, find his.two, investments, . svad anon vnem 
juod Let the Кан investment be x 3582 кен, the i income from this 


ft qni " H Ч nada T 

iment = T B Ч 
investmen 100 х pon rupees. ^ usa Aion 
.«n5 (2595 ээг > 15101 

Also, the second investment vil be Rs. (4000. =- » 
224000! пола 1D] 

Income a the Second investment — x 6 Us rupees, EI it ds ‘given 
5100, 517913 по 6214702 sd т 


that the total i income is Rs. 255: 675. 


Mr 1, 4.4090 — s 
oe de iva + MSS арыг Ый фа = 055675 й КЕ. 
ЕЧ ? E) : ,100 А (бо 1 M bis ei10d £ al 
taion 12110 98} < ханд изм = T 10580 Пу tA моод 
Forai wok 1 PR 101 
255. "140000 A 
>, 400 гоор: i" TT 52 240) Х, T 575). 
24:25:26 od ¢ ba 25.104000. -4106ха» 102270 9:1Г 11 
o xd 104000 — "26x: + 265 102570 we! 51 ti Hiw 
З ТЭП ) b SI 5 а NES ПОРТ St 
! orth 5} i ? i 5b 9 НЙ ei dot ed) 
His first investment i is Rs. 1730 and the second investment is < отл slgnia 
2i Bh (4000 —.1730), 4,6» Randal И К) 
| be od See рф да но” (забњи 05 fades 
1105 шунт 


1. What, number. divided by a Aymber 10 less, d itself gives the > result 6? 

2. One*numbéer is 10dess:tham three timesa smaller, number. . Dividing, the 
larger number by 8 sat the same result as An the smaller by 3... What are : tbe 
numbers 2:5 Of 2192 T tet ог S bns Ч М ти 097.2Я-эхи 12121 

3. Two-thirds the sum of a certain ора апа 21 equals 30, | Sagie 
number. S 

Files Oye "ЭЯ я A үз nF = С: М, \ 

4. Опе п is 5 502, 7 thar’ бйсе о, ! The’ ratio of the numbers is 
15:7. Find the numbers. 2 dus dne 

5. The tail of an aer plane RES 5 & ofi its total i ang the cockpit 
98:27 nek TIT. 
measures T of its total length, What к vs С total m is dis rest of the 

ОРОЛЦО “por 2802 Y t ЕРТ 

6. The total income of a family, per3month.is, Rs. 500... One: ort 49 ад 
given as rent, one-tenth is spent ea,clothing apg three eighths on food. How тусі 
left for other purposes. 
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7. Ram sleeps for 3" eats for э and studies for yu of the day. How 
many hours have not been accounted for ? 


$. Krishan planned a three-day trip in a car, intending to cover L of the 


total distance each day. Because of some trouble in the engine of the car, he could 
cover only Y of the total distance on the second day. "What fraction of the journey 
must be covered on the the last day to arrive in time. 


9, Two astronauts, Pat and Mike, were orbiting the earth in separate space 
capsules. They were orbiting in the same direction and in the same plane. Pat orbits 
in 3 hours and Mike in 7j hours. At 12 noon, Delhi time, Mike sees Pat directly 
below. At what time will Pat and Mike be one above the other again ? 


10. One painter works 3 times as fast as another. How long will it take 


the slower one to paint a house which takes them 6 days together ? 


11. Three pipes can fill a tank in 3, 4 and 5 hours separately. How long 
will it take them to fill the tank together ? 


12. A mason can build a wall in 12 days. But with another assistant given, 
the job is finished in $ days. How long will it take the assistant to build the wall 
single handed ? 


13. Ten litres of alcohol, used in the laboratory is 80% pure (i.e., 80% 
alcohol, 20% water). How many litres of water must be added so that the resulting 
mixture contains 30% alcohol ? 


14. Mohan invests Rs. 10,000. On a part, he incurs a loss of 4% and on 
the remaining, he gains 5%. Find his two investments, if on the whole he neither 
gains nor loses. 


15. Distribute Rs. 790 amongst X, Y and Z so that Y gets 20% more than X 
and 25% more than Z. 


REVIEW EXERCISES 


]. Given the sets 


{ЗД КТ 23 ene 

ey I | 
11 1 ZE Or © 

Ba [чз вю 


find the greatest and least members of the sets, 
A,B,A U Band A N B. 


2. Given 
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= {x:1<x<2andxe€ F}, 
= {х:1<х<2айхєЕ}, 
Pubs 1<х<2ахЕЕ}, 
={:1<х< 2 апахЕЕ}, 
obtain the iu. and least members, if they exist, of the sets 


3. Show that 
4. Prove that 


5. Show that 


6. Prove that 
7. Given that 
Prove that, 


Ox 


1 
O deri уш 


L, M, N, P 
LUM,LUN,MUN. 


хору ax > у 


ж фу? > ху 


x+1 
las Ate РЕ 


х > у» xX + Зму > Зму + уз 


хэу,х,уЄЁ. 


+5 


: 1 1 
(iii) Ту% > T3 


xX, y € Е. 


x,y EF. 


x, JEF. 


*,y€F. 


8. Write as indicated sum, x, y, z, a, b, c being members of F. 


(i) (ах? + by?) (ay? + bz?) 


(iii) (за + 4 b Ys 4-2) 4 32 ) 
(iv) (rs + 2:3у X * 23: ) 


(v) xe ( 2 


2 1 
Ив y» ЧЫ ТО ) 
9. Simplify the following, x, y, z, a, b, c Ss members of F. 


x ot = 
(ii) 1 


(ii) (ax + by + ez) Œœ +y + 2) 
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1 b птн ^ 
За + 4b + "yi 403 x bds-F 25 РА 
(iv) £73 Хад S c» тэрэ М 
a+ 4 ab + + ac ADN ТА TG rah 27%) ае V 
Дар 7.28 1з.) q 
ах + by qj m Hocaeira vorti dt. andaa 1153 brrn 32312073 ont merdo 
Diaa х УА бй 8x + 3y 
bv Ut MAM UA 
1 i fast wode 
Я 3 t.*x-p— mU Y <x — 2+ — 
„ ГЭЛ 2 (ix) + х dust 3 
ЭЛС» yr ня | ER 04235, | Яг 
РА » F adi od? 
5 | pax 
г 2229 ^ эь dne 
TTE TT dul) 
est de ЕЭ T | 2+ 4х intravo A 


10. Given x € F, find the truth sets of the following peli statements. 
О е ЕФ 4 
фз ео ^ 7 236-325, 


AE 1 11221 Нам 2 15 | L1 
(4) 1+ х) +5 = FE (iv) ES + = * 25“ +з 
Г | | 
0) (4-3) +3=27 ге агт рист аа 
è A : (111) 
RESA Tipus] 53 A SU 
(vi) Bit ig fr aged эб һу (vii) wb boon c 3niW 
(£t л) 44 15) (5) (1:3 ү {ч as в). 0) 
UA X 3 27 ; 1 
(ri) = + 6 75 ( (ix) бол Suis 2-1 60) 
: 11 / © ^ ) 
(х) 07+ х) +32 7° |: WES #51} (n) 


11. A chemist has a solution of 50% „рите acid and ànyther,,of, 80% pure 
acid. How many grammes of each will make 600 grammes of a solution with 7276 


purity of thé ае? o7 27 7 moz ч м заново) sit тій |. 
12. A solution contains 40 grammes of sugar and ›200 grarhmes of water. 
How much sugar must be added to; make а 50% sugar solution? “= |} 


13. In 12 minutes an air-conditioner lowers the temperature by 10 degrees. 
However, if another air-conditioner is switched on, the two together take 4 minutes 
to lower the temperature by 10 degrees. How -long Will the second along take to 
produce the same change ? 1 Жы Ул, US. "d 


f, 
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14. А job can be done by 8 men in 3 hours, or by 15 boys in 5 hours. How 
long will it take 3 men and 25 boys together ? 


15. A man can swim 4 kilometres an hour in still water. In going 4 kilo- 
metres upstream, he takes the same as he takes in swimming 12 kilometres down- 
stream. What is the speed of the water in the stream ? 


16. А man invested some money at 5% and Rs. 800 less at 34%. In all, he 
received Rs. 210 from the two investments. Find his two investments. 


17. A man invests а certain sum at 4%, per annum and ancther sum which is 
Rs. 500 more than the first at 5% per annum. The interest on the second exceeds that 
on the first by Rs. 33 a year. Find his investments. 


18. A man leaves 60% of his property to his wife and the rest to his son. 
The wife invests at 5'5% per annum and the son at 4:5% per annum. Find the 
yearly income of the wife, if that of the son is Rs. 5,400. 


19. Even after allowing 10% discount on the marked price of an article, a 
shopkeeper gains 10%. Find the cost price of the article if its marked price is 
Rs. 77. . 


20. А man purchases two horses for а total of Rs. 1,0C0. He sells one at а 
profit of 30% and the second at a loss of 20%. In the whole transaction he gains 
Rs. 100. Find his cost of the two horses. 


4. 


Rational Numbers 


ЦОНХ, 


14 has been seen that the set F of fractions is closed not only for the addition 


| b рн compositions but also for the division composition as inverse of 
the жип composition. This means that 


Х++УЄЕ 

| ЕБЕТ (х хуєғ 
N anya X= yp EF. 

The trouble, however, still remains vis - a - vis the inverse of the addition composition 

in that x, y being members of F, the symbol 


Жоу 
ds шерын in respect of the set of fractions if and only if 
ХЭ» y. 
For example, while the expression 
auus 
8 525 
is meaningful, the expression ) 
oe SA 
5 8^ 
is not, in respect of the set of fractions inasmuch as 
Bio ol 
& 5. 


It is now proposed (0: invent new numbers and to have a richer set of 
numbers, to be known as the set of rational numbers to remove the restriction 


on Subtraction as well. This new set which is a super-set of the set of fractions is such 


RATIONAL NUMBERS 151 


that subtraction in respect of the same is meaningful for any pair of members of the 
same. Thus the purpose of this chapter is 


(1) to set up the set of rational numbers, 


(2) to define the addition and multiplication compositions, and the ‘Is greater 
than’ relation in the set of rational numbers, 


(3) to develop the properties of the two compositions and the relation referred 
to in (2) above, and 


(4) to consider the compositions of subtraction and division. 


It will be found useful for this purpose to introduce the notion of what may 
be called 


Signed Numbers. 
32. THE NOTION OF SIGNED NUMBERS 


In our everyday life, we have occasion to talk of pairs of entities such that of 
the two members of a pair one can be thought of as some sort of an opposite of the 
other. Thus, for example, we talk of 


(i) Income and expenditure 
(ii) Profit and loss 
(iii) Rise and fall 
(iv) Movement towards east and movement towards west. ’ 
Let us consider some one having a profit of Rs. 200 or a loss of Rs. 200. 
If we agree to denote the profit of Rs. 200 as profit of 
+ 200 rupces 
then the loss of Rs. 200 may be described as a profit of 
— 200 rupees. Ч 
Again, if we denote the velocity of a train moving towards the east at the rate 
of 40 kilometres an hour as a velocity of 
+ 40 kilometres per hour, 
we shall denote the velocity of a train moving towards west at 40 kilometres an hour 
as a velocity of 
— 40 kilometres per hour. 


It may b? remarked that nothing prevents us from changing the nomenclature 
and denoting the loss of Rs. 200 as a loss of -+ 200 rupees, and the Profit of Rs. 200 
as a loss of —200 rupees. 
It is important to note in this context that we are essentially concerned with 
three symbols viz., 
200, + 200, — 200 
corresponding respectively to Ар 


^l 
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(i) the amount of 200 rupees, 
(ii) the profit of + 200 rupees, 
(iii) the profit of — 200 rupees. 
We shall refer to 
+ 200, — 200 
as two signed numbers and describe them as positive and negative numbers respec- 
tively. 
The number 200 will be referred to as the absolute value of each of the two 
signed numbers А 
+ 200, — 200. 
It may Бе remembered that the signs +, — prefixed to 200 аге to be thought 
of as integral parts of the signed numbers and that these symbols are here being used 
to serve a purpose different from the one for which they were used earlier. We had 


earlier used these signs for denoting the addition and the subtraction operations and 
in this context they were placed between two numbers as 


7--5,7-5 


and not just prefixed to individual numbers as we have now done in respect o 
+ 200 and — 200. 


Now, in the next section, we define the set of rational numbers. 


33. THE SET OF RATIONAL NUMBERS 


To each 
a 
pae 
we associate the two signed numbers 
a a 
+ b ХЭРЭЭ b 


and refer to the same as Rational Numbers. 
Besides these, we also introduce the symbol 


LI 0 » 
to be called the number zero. 
We shall refer to 
a 
+ bj 
as a positive rational number and 
a 
53287 


as a negative rational number, 


| 
: 
Ї 
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The number, 0, will be considered as neither positive nor negative. Thus, a 
rational number may be positive, negative or zero. 


Moreover, we shall identify each of 


+0,-0 
with 
0. 
Thus, the following are some of the rational numbers : 
3 11 23 11 2 
+3, Par we о Чао ЕТ № 
Of these 
11 23 
Буте 12° am 12 
are positive rational numbers and 
© а 3 1 00467) 


gor en E 
are negative rational numbers. 


The set of rational numbers will be denoted by the symbol 


Q 
which is the first letter of the word ‘Quotient’. This letter, Q, is suggested by the fact 
that each rational number, other than zero, arises as a quotient of two natural numbers, 
prefixed with the sign © + ’ or the sign * — °. 
It may perhaps be thought that the set of rational numbers should be denoted 
by R. It needs, therefore, to be remarked that the letter R has been reserved for the 
set of real numbers which is a further development of the set of rational numbers. 


Thus, we have 

О0-1-х,-х,0:ХЄЕЁЬ. 
There is an important sub-set of Q called the set of Integers which we shall denote 
by I. We have 

Т= {+ х, —х,0:хЕМ}. 
We may also describe I as follows : 

(§={0,+1,-1,4+2,-2,4+3, —3,.} 
Surely, every integer is a rational number so that we have 

LEQ 


but every rational number is not an integer, For example, + 2 nears are 


rational numbers but not integers, 
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Absolute Value of a Rational Number 
In respect of each of the two rational numbers 
2 + 200, — 200, 
we shall refer to the number 200 as its numerical value or absolute value. 
Moreover, we write 
Г p -| 4-200] = | — 200 | = 200 
enclosing + 200 , — 200 between two vertical bars. 
In general if x is any member of F, 
we write i 
ERAN xy | oe [mee x 
E. Ў, апа say that the absolute value of each of the rational numbers + x and — x is x. 


Also we shall write | 0 | = 0, to that the absolute value of 0 is 0 itself. 
. For example, we have 


04 PME, ge ТИ 7 
он: и, 5 
A RTT. 
(215 :241551-5:|4221-15 iussis 
EXERCISE 


Put down a few rational numbers and the absolute value of each of them. 
Note. Often we shall refer to 


u 


аз а rational number so that apparently neither of signs + nor — is prefixed to it. 
It should be understood in this case that u does not belong to F and that it stands 
for the compound symbol such as 


3 8 9 
VAG SINT Te Sa Ж; 


The absolute value of u is of course denoted by | 4|. 


Thus 
u= + 4эї4-4. 
ии =® 
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34. ADDITION OF RATIONAL NUMBERS 


Before giving the formal definition of the sum of two rational numbers, we 
examine the situation in respect of, say, profit and loss. This will provide suitable 
suggestions for giving the general definition of the sum of two rational numbers. 

For example, we consider the following : 

(i) (+ 200) + ( + 300) (i) ( — 200) + ( — 300) 

(ii?) (+ 200) + ( — 300) (iv) ( — 200) + ( + 300). 
In the case of (i), both the rational numbers are positive and in Ше case of (ii) they 
are both negative. 

In the cases of (iii) and (iv), of the two numbers, one is positive and the other 
negative. While in the case of (iii), the absolute value 300 of the negative number 
— 300 is greater than the dbsolute value 200 of ће positive number--200, in the case 
of (iv) the absolute value 300 of the positive number -- 300 is greater than the 
absolute value 200 of the negative number — 200. 

Now, interpreting the positive number + x as denoting'a profit of x rupees 
and the negative number, — x , as denoting a loss of x rupees, we have the following 
conclusions : 


( + 200) + ( + 300) = + 500 RN (2) 
( — 200) + ( — 300) = — 500 ... (ii) 
( + 200) + ( — 300) = — 100 ii) 
( — 200) + (+ 300) = + 100 vite as (№: 


Let us now try to examine the ideas underlying the above equalities. 
In the case of (2), the numbers being both positive, the sum is also positive 
and the absolute value of the sum is the sum of the absolute values. 
We have } 
| + 200 | = 200, | + 300 | = 300 
200 + 300 = 500 
so that the sum of the absolute values of the two positive numbers is 500. 


This gives 
( + 200) + (+ 300) = + 500. 


In the case of (ii), the numbers being both negative, the sum is also. negative 
and the absolute value of the sum is the sum of their absolute values. 


Thus, we have 
( — 200) -+ ( — 300) = — 500. 


“In the case of (ii), while one of the two numbers is positive and the other } 


` negative, the absolute value of the negative number is greater than the absolute value of 
the positive number. In this case the sum is a negative number whose absolnte Mus 
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is obtained on subtracting the absolute value of the positive number from that of the 
negative number so that we have 


(+ 200) + ( — 300) = — (| — 300 | — | + 200') 
— (300 — 200) = — 100. 

Finally in the case of (iv), while one number is positive and the other nega- 
tive, the absolute value of the positive number is greater than that of the negative number. 
In this case the sum is a positive number whose absolute value is obtained on sub- 
tracting the absolute value of the negative number from that of the positive number 
so that we have 


11 


( — 200) + ( + 300) = + (300 — 200) = + 100. 
Before proceeding to give the general definition of the sum of two rational 
numbers, the reader will find it useful to compute the sums of a few rational numbers 
in terms of the suggestions outlined above. 


We give below a few sums which the reader should do. 


(i) ( + 600) + ( — 700) (ii) ( + 700) + ( — 600) 
(iii) ( — 700) + ( + 600) (iv) ( — 600) + ( + 700) 
(v) (+ 800) + ( + 600) (vi) ( — 800) + ( — 600) 
(vii) ( + 600) + ( + 800) (viii) ( — 600) + ( — 800) 
(ix) (+ 3) + (— 4) ©) (— 3) + (+ 4) 

(xi) (— 4) + (+ 3) , Qi) C+ 4) + (— 3) 
и (1) + (+1) ^ emC в) (- 8) 


в9(44)5(54) O 2*2) 
(xvii) [( 4-6) --C— 7] + (— 4) (wil) (2-6 -- C— 2 + C— 4. 


win [(- $)- (+ SEET) 


(xx) ( — $)* [(+ 7) +(+2)} 


We now give the formal and general definition of the sum of two rational numbers. 
While defining the sum of two rational numbers, several cases have to be taken care 
of. We consider these one by one. 


Sum of Two Rational Numbers 


Definition. Jn the following x, y € F. 
(i) Both numbers are positive, 
(+ + (+) = + (x+y). 
(ii) Both numbers are negative. 
(х) + (—») == (х +.y). 
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(iii) One number is positive, and the other negative and the absolute value of the 
positive number is greater than that of the negative number. 
(+%)+(—Ў=+(х—)›х>›. 
(iv) One number is positive and the other negative and the absolute value of the 
negative number is greater than that of the positive number. 


(+%)+(—-y¥)=-0-—xX,y>x. 


(v) One number is positive and the other negative and the two numbers have the 
same absolute value, 


(РС x)= 0. 

(vi) When one or both of the numbers is 0, 
(+xy4+0=4x 
(-3)-0--х 

0+0 = 0. 
Note. It is very important to note that 
(i) the sum of two positive rational numbers is positive, and 


(ii) the sum of two negative rational numbers is negative, 


EXERCISES 
1. Compute и + v and v + и given that 


(i) u=(— 12,» — (+ 17) (ii) u = (— 35, v = ( + 12) 

У, : 4 3 
(ue (-22) 2 (433) wu=(- g)»-(- +) 
0) u = (— 445), v = ( — 7:35) (vi) и = ( + 14:35), v = ( — 12:29) 
(vii) u = ( — 0°51), v = (+ 3-41) (viii) и = (— 5, v = (+ 5) 

(ix) u= 0, v = ( — 1-4) (х) и= — 5,у=0 
ара 2,0-2 (9) um + 2,90 
Gill) и = 0, v = ZÈ u=- Зе. 


2. Compute (u + v) + w and u + (v + w), given that 
Q)u-(—9,v— (+ 8), ж = ( — 5) 


a«-(- 20068) (2) 


(iii) u = (+ 8°25), у = ( — 4:35), w= ( — 12°75) 


шэг 
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3.. Compute (и + у) + (w a t) and [(u + v) + и] + t given that 
(i) и=(— 2), у= (+5), w = (— 35), г =(— 8) 
(ii) и = (+ 2725), v = ( — 4:25), w = ( — 3:35), = (+ 7:15) 


i) uw ( 12 3). >= (+ 3)-( i 2) = ( + i) 
4. Show that 
Уа juti 10| 6171 vue о. 
Also illustrate this result by considering a few specific pairs of rational num- 
bers uv. — $. К 
Specially give the pairs of numbers и, v such that 
ину] < [и + lv]. 
Properties of Addition Composition in Q. 
l. Addition is commutative i.e., 
utvev+uyuved. 
. The result is an immediate consequence of the definition of the sum of two 
rational numbers. 
П. Addition is associative i.e., 
| utv+w=uU+)+w¥urwEeQ. 
Before proceeding with the proof, we consider a specific case. 
Let cu = = — 3, — 17, 
We have — | 
{ Whe (+5) +0 3) (523) – +2. 
Шуи = (+ 2) + (— 172 = — (17 2) = — 15. 
Again, | 
Уи = (— 3) (17) = 3 +17) = — 20 
ини) = (+ 5) + ( — 20) = — (20 — 5) = — 15. 
It follows that 
(u 4-9) +waut (v4 w) in the given case. 
In respect of the proof of the associativity of the addition composition in О, 
we have to consider a number of cases. Of these we shall take up only a few. 
- (i) u, v, ware all positive, 
Let. : u= 4x = фун рг; хуг Є Е. 
We һауе 
(шю) -Ew-(CoE3-TG-»1-4 (2 
=[+@+y1+(+9= +164) +21, 
WE Qo +) = (х) [С у) + (+ 2)] 
=(+9)4+1+04 9 =+[х+ 0 +]. 
Now, addition in F is known to be associative and X,y,z € F so that 
O+y)+2=x+04+2, 
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It follows that 
(u +») + w= uw (v4 w) 
(ii) и, v, w are all negative, 
Let uzÉlÉ—Xyc--yw--z;xyzerY. 
We have 
@+y+w=((—-y)+(-NI+(-9 
-[-6*»*((- 217 — [6 +) +4, 
ud »)-(- 34K C 2l 
-(-3-[-04 3l 
= ket OF 
= (6+) Fa SG ye: 


(iii) и positive, у positive, w negative and 


: 14191181. 
Let и = +x ›==-- у, w= — 12 
so that 

x4ycz 
Now 

X--Fye«zeycz-x. 

Also 

х+фу<2 5905420, 

We have 


ифуи= (++ (+51 + (- 2) 
Eos E909] ай 2) 
sepes QM. 
ud (у +) (КУ + (— 2) 
=(+х)+[— E) 
moa ЕЕ О 
= [2 (х У) 
= (и + у) + vw. 
The other cases could be similar!y disposed of, 
Existence of Additive Identity. We have 
и+0=и= 0 +иұиє Q. 
Because of this property, the number, 0, is also referred to as the Additive 
Identity or the neutral element for addition. 
Opposite of a Rational Number. 


Consider the rational number + 3. To this rational number corresponds 
the rational number, — 3, such that their sum is the additive identity zero. In fact, 


160 ALGEBRA 


to each rational number corresponds a rational number such that their sum 150, 


11 11 11 11 
Thus to ( — i7) corresponds ( + 7) and to ( + r) corresponds ( 17). 


In general, to the positive rational number ( + x) corresponds the negative 
rational number ( — x) and to the negative rational number ( — x) corresponds 
the positive rational number ( +- x) such that the sum of the two is the additive 
identity zero : 

(+9 + (х) = 0. 
Of course to the rational number 0, corresponds the rational number 0 itself 
such that 
: 0+0=0, 
Thus, to each rational number u, corresponds a rational number v such that 
и{+у=0=у-+ и. 
As an illustration 


if u= +7, 
we have = — 7 ; апі 
if и=-3, 
3.1 
we have y pu. 


Each of и, v is called the additive inverse, the Opposite or the Negative of the other 
and we write 


и = — vand у = — и, 

Thus, the opposites of the rational numbers 

- 7 8 12 18 

get le ie Yo 19:57:50 +0 
are : 

7 8 12 18 

+5:-Ш-5, Ж 17? + 2560 

respectively. 


We must distinguish between (i) the negative of a number and (ii) а nagative 
number. The negative of a number may not be a negative number and in fact the 
negative of a number is positive or negative according as the number is negative or 
positive. 


We shall, in general, use the word opposite of a rational number instead of 
the negative of a number. 


We remark that the opposite of the opposite of a rational number is the number 
itself. Thus, we have 


—(—u-wuwuc Q. 


| 
| 
3 
y 


a aa NOTES 
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We now state and prove a result concerning the opposite of the sum of two 
rational numbers. 


Theorem. The opposite of the sum of two rational numbers is the sum of their 
opposites i.e., 


—@+”%)=(-—v+(-v)¥uvEQ. 
Before giving the general proof, we consider a specific case. 


Let и=—7,у›у=-5 
so that 
atve(—N+ (+5 = – (7—5) = – 2, 
We have 
-и=-(-7=+7 
—v=—(4+5)=—5 
(-+(-9=(+7+(-5 
-40-5 
=+2=-—(-2) 
= — (u +»). 

Proof (d »--I—25)4(— v] 
= 0+0 + 0-20) +000] 
=v + {u + ((— u) +(—y} 
=v + {ur (— a) + (— 9} 
-»40-(—-)2»4(—5-0. 

Finally 


“РУК (фу <0 
| шъ) (0+ (0) 


EXERCISES 


1. Give the opposites of the following rational numbers : 


G) +3 (ii) u 
(i) — 225 ; 09 (43) 4- (— 5) 
o(-i)«(- 1) e) c3 (- 2). 


2. Put down any five positive and any five negative rational numbers and 
give their opposites. 


3. Add — 3 to the negative of — 3 and + 4 to the negative of -| 4. 


4. Verify the result of the above theorem by taking any five pairs u, v of 
rational numbers. 
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Note 1. Itis important to note that the absolute values of a rational number and its 
opposite are equal i.e., “= и иЄ О. 
Tn particular 1-31-41--(-3)|. 


2. It willbeseen that in the above discussion we have used the minus sign, —, 
in two different senses. Placed before any fraction, it denotes a negative 
rational number and placed before a rational number, it denotes the opposite 


of the same. 
Considering the fractions 
3 5 
a 78 > т 
we see that : 
3 5 
Ru A ҮТ. 


are negative rational numbers. Again, considering the rational number 


ee ee ee 


we see that 

—(=3),—(=*),— (55): (+2,-(+5 
denote the rational numbers 

E 


There is also a third use of the minus sign, —, to indicate subtraction in which 
wu | case it is sandwitched between two numbers and not prefixed to a number. We 
must, therefore, avoid confusion between these ///ее uses of the minus sign. 


; Subtraction 
Consider any two rational numbers u, у. Then the expression 
| 204752) 
denotes the rational number w, if it exists, such that 
u=y+w. 


` We then write 
= ц ри 540122 
We shall show that w exists corresponding (о each pair of rational numbers 
и, V. t 
Firstly, we shall consider some specific cases. 
Lv Tet Ui seal 3, iy em cT, 
so that we consider А | 

| | (+ 3) — (7). 
3 . We seek a number w such that 
Mog: | ^00 wt N= +3. 
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A little thought will suggest that 
w=( -+ 10) 
will do the job. 
Again, consider 
C= 7) = (+ 5) 
We seek a number w such that 
w+(+ 5) = — 7, 
We may see that 
и = — 12. 
We now state and prove а theorem. 
Theorem. 
лэл ще: 
Proof. We have 
н--(-9)-9-:41-9-49|-а40-1 
zut yS u y 
Rule. To subtract v from u add to u the opposite of v, 
In symbols 
u—»—uct(—»,uve Q. 
Examples Ў 
(i) (+ 12)—(+3)=(4+1234+(—-3=-49 
i) (= — (— 10) 2(— 8) + (4 10 = +2 
(й) (— 5-42) — (— 617) = ( — $42) + (+ 6-17) = + 0-75 


[+ T 41-+9-.8 

olathe 1904-22 

91-41-141-1-440-421--э8: 
EXERCISES 

1. Compute и — v given that 


(ar s aye 79 (ti) u = — 21, v = 0.. 


(ii) u = 0, yond Фи +025 v= 4005 у. 


5 10 . 
(Spes um Pic aac 


N 


X 
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2. Compute 
u + (v — w), (u — у) + w, (и – у) – и 
given that 
u=+7 v2—3 w=—5 


(й) и = 3 hese nara И ке са? 
(ii) u = — 1:25, v= — 2:35, w= + 1:05. 
3. Compute | и — v | 


given that 
()и--3,у--5 (0) u= — 7, ve 
5 Se on au A 2. 
(iii) u = — 1, кт (№) и = + 26114 байдийн 


Note. Having considered the opposite of the sum of two rational numbers already, we 
now consider the opposite of the difference of two numbers. 


Theorem, —(u-—vy=v—u ¥uveQ. 
Proof. We have 
(u—») + v — u) = [и + (— »] + [v - ( —u)] 


и+{0= 0) + [У (— 33i) 
u+ (УИ (- и} 
u+{0+(—w}=u+(—u)=0 


1111 


so that we have 


Уи. — (и — у), 

EXERCISE 
Verify the result proved above, taking 
()u=(+7, v=(—3) (G) u=- 5,» --3 
(iii) и= + 1, r=- 2 (iv) u = — 3:25, v = + 115. 


35. MULTIPLICATION OF RATIONAL NUMBERS 


Before proceeding to give the general definition of the product of two rational 
numbers, we take up a special case and lay down some considerations which will 
motivate and suggest the general definition. 

-We consider the products : 

(i) (+ 3) x (+ 2) 
(ii) (+ 3) x (72) 
(iii) (— 3) x (— 2) 
() с 3) x (+ 2). 
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Consider a car moving with some velocity u. Thus, for instance, the car may 
be moving towards the east at the rate of 30 kilometres per hour. 


(+2) хи 


denotes the velocity whose magnitude is twice, i.e., + | 2 | times that of the velocity 
и and whose direction is the same as that of u. 


Again 


t 


(—2) xu 


denotes the velocity whose magnitude is twice, i.e., | — 2 | times that of u but whose 
direction is opposite of that of u. 


We now consider the velocities 
(0) (+ 3) x (+2) хи 
G) (+3) x (7-2 xu 
(iii) (—3)x(—2)xu 
(0) (—3) x (4-2) хи 


The position vis-a-vis each of these four cases is shown in the corresponding 


| figures. 
U 

: — 

5 STS ied ERAT EP 

(5S2) xU: 
——— 
(+ 3)x(+2)xU=(+6xU 
ii za 
(i) U 

; : А 


(——2yx U. 


——————————— 
(+3)x(-2xU=(-6 xU | $ 


166 ALGEBRA 
(ii) 


шог 
U 
саптай 
(-2)х U 
——— 
— ---ыг 
ОЭС 2) x" U = (+6) x Ù 


(iv) к 


(+2)x U 


=———- 
(— 3).x (+2) x U=(—6)x U 
It will thus be seen that whereas the multiplication of the velocity with a 
positive number keeps the direction of the velocity intact that with a negative number 


reverses the direction of the velocity. In particular, therefore, successive multi- 
plication with two negative numbers keeps the direction of the velocity intact. 


Thus, it will appear that we have the following equalities. 
(+3)x(4+2=+6x 2=(+6) 
(+ 3) x (— 2) а – (3 x 2) =(- 6) 
(-—3)x(-2=+(3x2=(4+6 
(—зух(+2=-(@ х2) =(— 6) 


We are now led to give the following definition of the product of two numbers. 
We have, of course, to consider different cases. 


I. и, v are both positive. 
иху-4(14|х1»1) 
П. и, vare both negative, 
иху-4(|14| х |у) 
Ш. uis positive, v is negative. \ 
иху= — (их ||) 
ТУ. u is negative, v is positive, 
uxv»ve-—(Ju|x]|v|^ 


ын. 


а, ка 
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V. One number is 0. The product is zero, whatever the second number 
may be. 

We may write и. v or иу in place of u x v. 
The rules could as well be stated as follows : 
In the following x, y € F. 

QT 3xGGF»-7--Gx» 

(0 (-5)Хх(-7)-40х») 

(iii) (+ x) x (— y) = —(xx») 

(9) (= x) X(+9)= (кх): 


Note. It will be seen that the product of two numbers both positive or negative is 
positive. Also the product of two numbers, one positive and the other negative, 
is negative. 


EXERCISES 
1. Compute the following : 


@ C25 (— 10: @ (- iX) 
(iii) (+ 102) x ( - 7) (Qv) (+76) ( — 0.8) 
0) (— 020) (+ 5) w) (- i) + T) 


2. Compute (и x v) хм, их (v X и) given that 
(їл == 3 v=+5 w=+8 


()u=- у» у = 4, wate 
(iii) u=—07, v=—24, w=0 

(№) u = — 315, = — 0:2, и= +6 
(у) и= + 3, у= — 4 и=- 15. 


3. Compute the additive inverses, i.e., the opposites of the following 
products, 


(i) (— 7) (— 3) (ii) (2) (+ 9) 


ю(-5(-5) (+ 4) 


4. Compute (и — у) (w — t) given that 

: 1 =, I sides elt 29 
(u= + 5 9 № = 5° t 0 
(ii) и= = 6, yv=+2, w= +2, [2:555 
(iii) u  — 4, ye-—5 4-1, =—2 
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5. Fill in the blanks to make the following statements true. 


) +5 х = 30 G) +3 x =—6 
(iii) — 3 x =+9 (0) —8 х =4 
фах =+1 0) + x zs 


Properties of Multiplication Composition in Q. 
1.. Multiplication composition т О is commutative, i.e., 
uxv—vxuvuv»ecQ. 
The truth of this statement is an immediate consequence of the commutativity 
of multiplication in F which guaranties that 
их у = их [и], [и], 191 ЕЕ, 
II. Multiplication composition in Q is associative, i.e., 
(их) хи=их (ухи) уиуу Є 9. 
Firstly we consider a specific case. 
Let 
u=—3, v=+6 и=- 5, 
We have 
uxv=(—3)x(+6) -(-3х6)--18 
@x yx w=(— 18) x (—5) = + (18x 5) = + 90 
»Xw-2(*6x(—5 =—(6x 5) = — 33 


ux хи) = (— 3) x (— 30) = + (3 x 30) = + 90 
80 that it follows that 


(wx y) x w—u x (v x w) 
for the given rational numbers и, У, №. 
Now consider the general case. Let и, Y, w be any three rational numbers. 
It may be easily seen that 
((хух»=+[(|[и|х || )х 1911 
“ихфухиу=-+[|и}х(|у| x |») 
if of и, v, w, all the numbers аге positive or if two are negative and one positive. 


Also because of the associativity of multiplication composition in F to which 
Iu], |v], |w] all belong, we have 


Clelx lvl) рии х Сурх 181» 
It follows that we have 
(ux) хи=их (ухи) 


in this case, 
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The truth of this result may be seen to be true if u, v, w are all negative or if 
two are positive and one is negative. In this case, we shall have 


(ux»)xw2-(Iu|x]|v|Ixiw]) 
=u xX (у X w). 
Multiplicative Identity 
Multiplicative property of the rational number + 1. 


Theorem. 

их (+1 =имиеЕ 0. 
Proof. 
Case I. u is positive, so that we have 


u=+|ul. ' 
By the definition of product, 
их(-1)-4(14| х -41и6|-и, 
Case II. u is negative so that we have 
и--1и|. 
By the definition of product, 
ux(+D=-(lalx) 
= и |=, 
Case III. и is zero, so that we have 
ux(+1=0x(4+1)=0=u. 
Multiplicative Inverses or Reciprocals of Non-zero Rational Numbers 
Theorem. To each non-zero rational number u there corresponds the non- 
zero rational number v such that 


ad 
i иху=-+ 1. 
| Proof. 
Case I. uis positive so that we have 
и-|и|. 
і Surely | u| Є Е. We consider the rational number у defined as follows 
1 
ч v= + Tul . 
We have u, v being both positive 
- / uxve t (Inlx пт) = +1. 
` Case П, и is negative so that we have 
и--14| о, 14| ЄЕ. 
We take 
Хо, 1 
[u] 


15 ME 
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We have u, v being both negative 
uxv—+(Jul x тат) +1 
Definition. The non-zero rational number v corresponding to the non-zero rational 
number и such that u х v = + 1 is called the reciprocal of u. 
In fact each of u, v is the reciprocal of the other. 


Essentially each of и, v is the multiplicative inverse of the other. 
Note. It is very important to notice that the rational number zero does not admit of any 


reciprocal. 
It is because 
П их0=0 v u cQ. 
Let us examine the situation vis-a-vis the existence of the reciprocal of zero. 
Let, if possible, 0 admit of the reciprocal u so that we have 
их0= 1. 
Also we have 
| их 0 = 0. 
Thus 
их0-1 
“АЖ at э0-1. 


We see that on the basis of the assumption of 0 admitting of the reciprocal, we 
arrived at a false statement 0 = 1. It follows that ‘0’ cannot be regarded as 
admiting of a reciprocal. 


Positively speaking, we may note that the theorem has demonstrated the existence 
of the reciprocal of every non-zero rational number. 


We now demonstrate the converse of the above result and show that 
uy = 0 > u = 0 and/or у = 0, 
Let u, v be two rational numbers such that 
uv = 0. 
Let us suppose that и z 0. 
Now u, being non-zero rational, admits of the reciprocal, say w. 
We have 
uy = 0 
> № (№) =w x 0 
> (wu) у = 0 
> (+1) у = 0 
> у = 0. 
Thus the assumption of, и, being non-zero leads to the conclusion that у == 0. 


We may similarly show that assumption of у being non-zero will lead to the 
conclusion that и = 0, 
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Thus we have proved the result as stated. 
In fact we have 
uy = 0 = u = 0 and/or у = 0. 


EXERCISE 
Give the reciprocals of each of the TER non-zero rational "gp 
(0-3. (ii) — 3. (iii) + T 
(iv) + 232 (у) — 3:25 (vi) — 0:35 
(ii) — 5. (viii) + + (ix) — 7:05 
(x) (-- 3) + (— 5) (xi) (+ 3) +С 2) 
(4) (+ 4) — (+5) ei (— 3) x (+ $) 
| 1 1 1 1 
e» (+ 3)x (7 4) 9 (- 5) x(- >. 
Division 
Let u, v be two rational numbers. We suppose that visa non-zero rational 
number. 
We now seek to give a meaning to the expression. 
u > У. 
Now и — у denotes the number w, if it exists, such that 
u = vw. 
Thus, we have 


u >y = № u= W. 
Before considering the general case, we consider some PAN: cases : 
(i) (+ 9 +(— 2) = — 3 for (— 2) DO AS) cs 


MUT у AIME 


16 TINO 3 7 3 7 7 
ш) (— =) = (os +) +; м (- i)* (++)--з. 
Now, in general, we have x , y € F 

(-3)-(-37-40(-2) 

(-13)-(0-Уэ40-/) 

(+) + (0) = = (6+0) 

(= х) + (+0) =- (к №). 

Also, we notice that 
uy 
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‘is positive if the numbers u, у are both positive or both negative and u + v is negative 
‚ if one of the numbers и, v is positive and the other negative. 
Reciprocal of a Non-zero Rational Number as a Quotient 
Let v be any non-zero rational number. We show that the reciprocal of у is 
the rational number 
: (+1) +. 
We have 
(Дуу Ewy w= l 


so that w is the reciprocal of v. ў 
_ It follows that the reciprocal of the non-zero rational number у is the rational 


number 
RA (+1) +>. 
‚ Asa result of this expression for the reciprocal of a non-zero rational number, 
we have " 
| u>veux(+1sy 
so that 


| uty 
is the product of u with the reciprocal of v. 
Instead of u — v, we also often use the alternative symbols 


or иу, 


Note 1. It should be noticed that 
4 uy 
has a meaning only for non-zero rational number v. Thus, we remark that divi- 
sion by 0 is a meaningless operation. 
Note2. It will be found useful to havea separate name for the set of non-zero rational 
{ numbers and as such we shall denote this set by 
Qo. 


Thus, the set Qo differs from the set Q only in respect of the number zero so that 
Zero is the only number which belongs to О but not to Оо. Of course, we have 


' QC Q. 
Reeiprocal of the Product of Two Non-zero Rational Numbers 
Theorem. Reciprocal of the Product of two non-zero rational numbers is the 
product of their reciprocals, / 
Proof. Let и,» be two non-zero rational numbers and let y,¢ be their 
reciprocals respectively, 
We have 
ИУ = +] 
wim + |, 
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Thus we have 
(иу) (9) -(-1(-1)--441. 
Because of the commutativity and associativity of the multiplication composi- 
tion, in Q, we have 
+ 1 = (uy)(wt) = (4 0) 
showing that 
vt is the reciprocal of uw 
i.e., 
+ 1 = (uw) = vt 
=(+1l+u(+1+w 
using the alternative expression, we have 


As illustrations, we see that 


еу H(t 


дА 1 
Я 3 
Sd dcs РОА и з Ду = (-+)(- $ 
(— 4 (— 5) 1992507, 4 5 
Distributive Law 
Theorem, 
uv + w) = uw + uw ¥ uv, w € О. 
Let us first consider a specific case. 
Taking 1 
u=—3, v=—5, w=+2, 
we have | 
y+w=(—5 +(+2)=-3 
О Е 
we(-3(—-5 =+15 
ив = (—3)(+2) =-6 
wtuw=(+15)+(-)=+9. 
It follows that Ч : 
цу + w) = uv + uw 
when и, у, w have the values as given above. 
To prove the general case, we have to consider several cases. 
We considet only one of them when и їз positive and v, w are both 
negative. 


м 
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Let 
u= +x, ye—y, w=—z, 
We have 
Уи = -О+2 
uv + w=(+x[—( +2] 
= - ОЗ 2] = — (ху + xz) 
uy = — (xy) | 
я uw = — (xz), р 
Also uv + uw = — (ху + х2) 
= u(v + w). { 
The other cases may be similarly disposed of. 1 
1 


36. THE RELATION "IS GREATER THAN’ IN THE SET OF RATIONAL 
NUMBERS. 
Definition. Zf u, v € Q, we say that 
u is greater than y 
if 
u — y is positive, 
We write symbolically 
uy 
to denote that wis greater than у. 
Thus, we have 
и > v <> и — yis positive. 


Also we have у ! 
у is less than u © u is greater than v or symbolically 
V ueuy. 
Illustrations 
(i) PED a me PUSCPSR ETE C42 
(ii) Уст: 
оо 212 


It is important to notice that 
+X¥>+yoxsy 
iw ке уы с y. 

It is very important to remember that a negative rational number is greater 
than another negative rational number if and only if its absolute value. is smaller than 
the other. Thus, for example, 

— 13> — 17 because | 


3 
74 > 2 because |- 3 j<] |. 
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In general 
та 2-9» -ХхЇє|-»|,ху6ЄЖ. 
Also every positive rational number is greater than every negative rational number 
Le, 
nee eared 
х, y being any fractions whatsoever. 
As illustrations, we see that 


9 7 
УЕ 
SN OL) 

9 8 

9 7 
CEPS ERE 

7 9 
РЕЯ 


Also we may notice that every positive number is greater than 0 and the number 0 is 
greater than every negative number, i.e., we have 

у — 
whatever the fractions x, y may be. 


In fact, we have 
(+x —0=+% 
0—(—»- 
As illustration, we have — 
7 2 


“үрс От гач 


EXERCISES 
1, Arrange the following in ascending order. 
(0 = p. + 025, + 3,0 — 17, 9,8 
F SNA) Gp НЯ 
(i) — 3 + 5» + 4’ i 6 
Эр 3 1 ЙЕ Е 
(iii) + 4" + 3" 0, — 3, + 10, — 0°25 
Н 1 3 1 EA 
NIC SLE AMAT ARTE LU, T CM мб 


8 2 1 
ides: Ue adea 
or (vi) + 2,0, — 21, — 7, + 12, + 21, — 6, 12. 
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r . 2. Which of the following statements are true ? 
(О СУЗ qud (ii) + 10> + -02 
а - 
te ice Properties of the Relation ‘Is greater than’, 
Trichotomy Law. 


507, Theorem, Given any 
the following three Possibilities 


two rational numbers u, У there exists one and only one of 


@u>y (1) vu (їй) u = y, 
; Proof. Vis-a-vis а tational number, we have опе and only one of the follow. 
ing three possibilities of its being _ ў 
(i) positive (ii) negative (17) zero, 
v Thus. in respect of u — 


40 u— vis positive, (ii) u — vis negative. 
_ We consider these cases on : 


е by one. 
(i) u — vis positive Su>y 


(ii) If u — v is negative, we have 


(iii) и — v is zero, 


| = (ü= =v ш л 
is positive. Also 


9 Y — wis positive y > и 
(iii) u v = 0 


€ uy, 
Transitivity, 
sa Theorem. u> vandr > уљу у, 
Proof. р 
Wc y-—yis positive 
{ v> w>yv— wis positive. 
Also 
u — v, v — w being positive, 
Не (— wy 
Р-Н (р 
| =“u+0+(— w) 
i : 44 (уш y 
is Positive, implying that ; 
Ж; 2 и> и. 
" Compatibility with the Addition Composition, 
13 Theorem, М> уњи Жу Жуу у, 
$ ДУ Proof. ^ 


“> Y => и — vis positive, 
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Also 
@ 9) — (v) = (d) E [— (у + эў] 
= (и +») + CL э + Cw 
ию) 0) + (0 
Ни (0) 60—90 
= и +0 + 0(— 0) = и у, 


! 


Thus, we see that 
1 (ии) — (v + w) 
is positive, implying 
ut+tw>p “Ws 
Compatibility with the Multiplication Composition. 
Theorem, 
u>vyw>O0>uw> w. 
* Proof. 
u > y > и — vis positive. 
Also u — v, w being both positive, we have 
(u—v)w-—uw-—vw 
is positive, implying that 
uw>yw. 
Cor. u>vyw<0>uwe<rw. 


37. USUAL NOTATION FOR POSITIVE RATIONAL NUMBERS. 
Let 


a 


b 
be any fraction so that a, b € М. 


The two rational numbers corresponding to this fraction are 


a a 
ИАА SES 


We now decide to drop the sign, +, before positive rational numbers so that 
we agree to regard = { 
<,aENDEN 


itself as a positive rational number. 


From this point each fraction will be hereafter thought of as a positive rational 
number. 
Thus, for example 


S gt 
8; 352235 


178 ALGEBRA 
will be thought of as identified with the positive rational numbers 
+3, +2, o 235. 


In terms of this understanding, for example, 
3-445-7 
is the same as 
(+3) —(+4+(+5-(+7. 
It should be seen that this agreement does not lead to any confusion. For example, 
the statements 


1 1 5 

URINE CN 

1 1 1 

M dm rel 
are true if we interpret 

EE SUNT d 

2I Faye 56i 06 


as fractions or as the corresponding positive rational numbers 
1 1 5 1 
as zt 3+ У иву 
This is because of the manner in which we defined the sum and product of two posi- 
tive rational numbers which we reproduce below : 
C x) CH) = Gr») 
(Hx) x+y) = +x у). 
Again, in respect of the relation ‘Is greater than’, we know that 
+x>+yex>y. 


38. INTEGRAL POWERS OF RATIONAL NUMBERS. 
The meaning of the symbol 
MSXE Q nel. 
The consideration will be split up into three parts. 
(i) The index n is a positive integer. 
(ii) The index n is zero. 
(iii) The index n is a negative integer. 
Саве I. Let the index be a positive integer. By definition 


Roos AX ии хх, хХЕО 
— ———— 


n-times 
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Thus, we have 
х = 
== хх > 
Х% к= xXx СХ 
XS x X XO XXX 
and so on. 


x” is read as n-th power of x. Also we often read x? as x-squared and ж as 
x-cubed. 


The following results are immediate consequences of our definition. 


() x” xX XM = xn tm 

(ii) If Хо 
== -mifn>m 
X -1 
S нЕт и, 


Here т, п are positive integers. 
Case П. Let the index be zero. We seek a meaning for the symbol x°. 


If we require the result 


Din 
хэ э 
to remain true for п = m, we must have 
I О. 
Thus, we define 
xu] 


x being any non-zero rational number. 

We have given no meaning to the symbol x? when x is the rational number 
Zero. 

Case Ш. Let the index be a negative integer. If we require the result 


2 f 
26 хээт to remain true for m > n we see that — = №" = х"; т being a 


1 
positive integer > X^ = m> Х 52:0: 
Thus we define 
хт" = 


i 5х5 0. 
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It should be. seen that when the index, — m, is a negative integer, the 
symbol 


xm 
has been given a meaning only for non-zero values of x. For example, the symbol 
x^? 
has been given no meaning when x is zero. 
Illustrations. 


i 107 
(мя 
ie 1 1 1 
NAc Ире ор y oler mr 
EXERCISE 


Which of the following statements is true and justify your answer. 
0) (967?) = x wx EQ, 
(i) (х3) 23 v xeQ 
(шу x99 =v exe. 
(9) OHO) —x*vxeg 
1 1 1 
Ом: = УЛУХхЄО 


(i) (хуу? (ху) = 5 vXJ€Q, 


АХ 1 
(vii) 271.372 = 23r 


(rii) 3х" = 3 ухе д. 


39. REPRESENTATION OF RATIONAL NUMBERS BY POINTS 
ALONG A LINE. 


Consider a line which we Suppose as drawn parallel to the printed lines of 
the page. 
We name any point, 0, on the line to be called the Origin. 


The point 0 divides the line into two parts so that the points, other than 0, 
Це either to the right or to the left of 0. 
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The part of the line to the right of the point 0 will be termed the positive side 
and that to the left of 0 the negative side. 


АДУ А RL Ui улан 


We take any unit of length and let U; be the point on the positive side of 0 
such that OU; is of unit length. 
We step out to the right of the 0 distances each equal to the unit length 0U; 
and suppose that the points thus obtained are denoted by 
IU US Ue 
We say that these points correspond to the positive integers 
ОЗА 
respectively. 
The point, 0, is said to correspond to the integer zero. 
We similarly step out to the left of 0 distances each equal in length to 001 and 
obtain points 
yi, Vo, Уз, В 
We say that these points correspond to the negative integers 
vM D WED She ds | 
Thus, for example, if a point P corresponds to the positive integer 15, it 
means that the point P is to the right of 0 and the distance OP is 15 units of length. 
Also if a point О corresponds to the negative integer, — 15, this means that the point 
Q is to the left of 0, and the distance 00 is 15 units of length. 
Now consider any positive rational number 
a 
EN > 
a, b being natural numbers. " 
We suppose that 001 is divided into b equal parts and we step out to the right 
of 0, a times, each step being equal in length to the b-th part of the unit lenth 07. 
The point, thus obtained, is said to be corresponding to the positive rational 
number 
+ 34 БЕ №. 
Stepping out a times to the left of 0, we obtain the point corresponding to the 
negative rational number 
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Thus we have learnt to associate to each rational number a point of the line 
such that the measure of the distance of this point from the origin is equal to the 
absolute value of the rational number representing the point. 


Thus, for example, the measures of the distance from the origin of the 
‚ point representing the numbers 


7 
E enr 


are 3, 4 respectively. 


xc quce the Ue c 


и -J V 0 U, U: U, 


Having been able to associate with each rational number a point on the line, 
the following question now naturally arises. 


Shall we in this manner exhaust every point of the line, ie., will in this 
process every point of the line be associated to some rational number ? 


The answer to this question is the 
emphatic No. as was first established by 
Pythagoras some 2,500 years ago. He 
showed that if P be the point on the line 
such that OP is equal in length to the 
diagonal of the square of side equal to 
unit length OU;, then no rational number 


will correspond to the point Р, 9 77 : 


We proceed to show this. 


Tf possible, let + be the rational number corresponding to the point P. 


Then we have 
вре (5) > a = 2b, 


We consider the natural numbers a, b expressed as products of primes. Each 
prime factor of a occurs twice in the prime factorization of a?. Also each prime 
factor of b occurs twice in the prime factorization of Ва, 


This shows that while the prime number 2 either does not occur or oceurs an 
even number of times on the left, it occurs an odd number of times, on the right. 
Thus, we arrive at a false statement. 


It follows that the point P is such that no tational number corresponds to 


the same, i 


a eee 
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Measurements of Lengths Along a Line 


While the set of natural numbers caters to the need for counting objects in 
any collection, the set of rational numbers contributes to the need for measuring 
entities like length, time, ete. It is, however, important to remark that the set of 
rational numbers does not prove adequate for measuring all lengths. 


We need to extend the system of rationa] numbers to what is known as the 
system of Real Numbers to be able to measure all lengths. The system of rational 
numbers, as will be seen, is a sub-set of the set of real numbers, 


The set of real numbers will be developed and studied in Algebra II. 


40. SUMMARY. 
О = {х,-х,0:хЄ В 


к= {7 са en, ben | 


I-í(n,—n,0:n€ N} 
NCFCQ 
NCIC Q. 
Q is the set of rational numbers, Fthe set of fractions ahd I the set of 


integers. 
F is a proper sub-set of Q and is the same as the set of positive members 


of Q. 


N is a proper sub-set of I and is the same as the set of positive members of I. 
О, is the set of all non-zero rational numbers. 


Addition Composition in Q 
To each pair x, y of rational numbers, there corresponds a rational number 


denoted by x + y called their sum. This manner of associating to each pair x, 37 of 
is called the Addition Composition 1n 


rational numbers the rational number x + y1 
Q which has the following four properties : 
1. Addition composition is commutative, i e., 
ху=у-хмх, EQ 
2. Addition composition is associative, i.e., 
и+У+2=х+0+2, 4х, 2Е ©. 
3. Addition composition possesses the neutral element, 0, so that 
x+0=x¥xEQ. 
4. To each rational number x corresponds a rational numb 
— x , and called the opposite or the negative of x such that 
х+(—х)=0,хЄ О. 


er denoted. by 


b. 
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Multiplication Composition in Q 


To each pair x, y of rational numbers there corresponds a rational number 
denoted by xy and called their product. This manner of associating to each pair x , y 
of rational numbers the rational number xy is called the Multiplication Composition 
in Q having the following four properties : 


5. Multiplication composition is commutative, i.e., 
ху =ухмх,уЕ 0. 
6. Multiplicaiion composition is associative, i.e., 
(ху) z = x (уз) мх,у,2Е Q. 
7. Multiplication composition possesses the neutral element 1 so that 
хх1=ххухЄ о. 
8. To each non-zero rational number x, there corresponds a rational number 


denoted by L and called the reciprocal of x such that 


xx = -1, хЕ Оо 
Addition and multiplication jointly have property, viz., 
9. Multiplication distributes addition, i.e., 
x(y+z)=xy4+xz Ух,у,2Е О. 
Field of Rational Numbers 
The set Q of rational numbers provided with the two compositions, addition 
and multiplication satisfying the above nine properties, is called the 
FIELD OF RATIONAL NUMBERS. 


Besides the field of rational numbers, there are two other very important 
fields of numbers, viz., 


(i) the field of real numbers, and 
(ii) the field of complex numbers. 
The study of these two fields will be taken up in Algebra II. 
It is important to notice that the sets | 
№, Е, I 
of natural numbers, fractions and integers even though they possess the two composi- 
tions of addition and multiplication are not fields ina smuch as none of these satisfies 


all the nine field properties. It should be of interest vo see as to which of these nine 
properties are not possessed by these three sets М, Е, 1.. 


It may not be difficult to see that 
(i) М does not satisfy the properties 3,4 , 8, 
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(ii) F does not satisfy the properties 3, 4. 
(iii) I does not satisfy the property 8. 
Subtraction and Division 
The subtraction and division compositions in Q are defined as follows : 
x—-yext(—-» Wx, VEQ 


x+y=xx (3) ¥x,yEQ,yF 0. 


Note. The reader may try to understand the failure of one or both of subtraction and 
division in N, F , I. 

The Order Relation *Is greater than' in Q 

Besides the two compositions of addition and multiplication in Q, we also 
have a relation ‘Is greater than’ denoted by the symbol > . The relation satisfies the 
following properties : 

10. The relation satisfies the Trichotomy Law, i.e., given any two rationals 
x, y we have one and only one of the following three possibilities. 

()х»у (ii) yx (й) x = y. 

11. The relation is transitive, i.e., 

x>yandy>z>x>z, x,y,2€Q. 

Addition composition and the relation ‘Is greater than’ jointly satisfy the following 
property. 

12. x>yextz>ytz, x,y,z€Q. 
Multiplication composition and the relation ‘Is greater than’ jointly satisfy the follow- 
ing property. 

13. x>yandz>0@x7>)2,%,9,7E€Q,2>0. 
Ordered Field of Rational Numbers 

The field of rational numbers is called an Ordered Field because of the set of 
rational numbers also possessing the four properties vis-a-vis the order relation ‘Is 
greater than’, besides the nine field properties. 

It will be seen later on that the set of real numbers is also an ordered 
field. 

While each of the two ordered fields of rational and. real numbers possess the 
thirteen properties referred to above, there are properties which distinguish the ordered 
field of rational numbers from that of the ordered field of real numbers. 


The set of complex numbers is not an ordered field. 
Positive and Negative Rational Numbers ‘ 


Definition. x > 0 xis positive. 
x < 0+ x is negative. 


bis 
ats. _ 
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Absolute value of a rational number x is denoted by | х |. Thus 
[x if x is positive 
[x= 4 — x if x is negative 
0 if x is zero. 
41. SOME SPECIAL PRODUCTS. 
In the following we give three special products which prove to be of impor- 
tance in the study of second degree equations. 


Tt will be seen that, as in other cases, we make use of the various basic proper- 
ties of addition and multiplication compositions in the set Q of rational numbers in 
the following. 


We show that ¥ x, y € Q. 


(i) (x + yy = x8 + 2ху + у 
(ii) (x — y} = х — Ixy + у? 
(iii) (x + у) (к — у) = x? — p? 
Proof. 
(i) We have 


(+) (+0) = Hya H Ty» 
=х(х +y) +y У) 
= (xx + xy) + (yx + yy) 
= (x? + xy) + (xy + у1) 
= х + [ху + (ху + >] 
= № + [y + xy) + y] 
=x + [1° (ху) + 1 (ху) + у] 
= x? + [а + 1) xy + y] 
= x8 [xy] 
== х + 2ху + yr. 
The reader is advised to give a justification for each step in terms of the basic proper- 
ties of Q. While we have tried in the above to put down every step and to employ 
only one basic property at each step, the reader should with some practice, be able to 
skip over some steps and do a good part of the process mentally. 
(ii) We have ¥ x, y О, 
(x — у)? = (х — у) (х y) 
= (x — y)x—(*—y) у 
zx ух) — (хуг уз) 
sa фи 
= х? — Ixy + уз. 
Another method 
[x + У) e x 2x(— у) (ур 
= xX? — 2ху + у?, 
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(iii) We have 
| +y y) = (х Hy) yy 
= (х + yx) — (ху + y) 
= ж ух xy — 
= x? — у?. 


EXERCISES 
1. Prove the following, the letters denoting arbitrary rational numbers. 


| 
| () (x + 3y = xt + бху + 9»? 
, (ii) (7х — Sy)? = 49x? — 70ху + 25y? 


RE 7 2 5 21 49 
(iii) 6Gs- >} —--E-— SU qe 


(iv) (5х — 1:3ур = 22532 — 13ху + 1°69у° 
(y) (a + b +o) = dir + с + 246 + Ibe + 26а 

(vi) (a +b — cf = а + b? + c? + 2ab — 2ac — 2bc 

(vii) (a — b — cg = а + b? + c? — 2ab — 2ac + 2bc 

(viii) (2х — 3y) (2x + 3y) = 4x* — 9y? 

(ix) (ab — ab?) (ab + ab?) = а? (а — b?) 

(х) ®-—y+3@+y—3) = %— у + бу—29 

(xi) (а — 3b + 4с) (a + 3b + 4c) = а — 9P + 16c? + 8ac 
(xii) 2x + y = z) 2x +y +2) = 4% + y® — 22 + 4xy 

(xiii) (За + 76 — ic) (За — 7b — ic) = 9a? — 49b? + ic? — Зас. 


2. For non-zero rational numbers x and y, show that 
[+ |+ +2 

(it) [я 2227) 

| e» [#+ [#5] 

r ө [11021-99975 
| [рее +18231 
e[-b-H-D- 6H 
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3. Simplify the following. Also specify the values of x, y, z, a, b, c for which 
the expressions are not meaningful. 


(i) ( — 7425) (3cba?) (ii) ( — 7x3zy) | - + хуз | 
1 1 1 1 
э! чолу — + — 
n E y x UP y 
(iii) Г (iv) i NIS 
x yr эл 
2х + Зу (b + cy 2bx 
(v) DUIS fi d (vi) ол oF 
3y x 
16x 16х2у2 2522 ‚ Oxy o» Q + 2x)? у 2xy 
09) “Saas 82087 S EEG ^ ya ye 
ба OEN Or MET оа er 
АА | epo 
i. + 10 . „ 6% 41 15 Е (x — yy 
ХЭС ш а er с 
a3 — ab? НА — 2ab + b? 
(xii) ab (a — bj (xiii) TIE 
PUN d 2 1 1 
Ge cuo ict MEAT e. 
1 a+b 2a + 3 


(xvii) го" 
х-1 1 — 3x2 (xix) ОЗУ. x + 2y 


(rri) y Ч Cra gerne X-2y х 3y 
x == 24 ЯЗ. 
Om) e435 + а 
Examples 
1. Solve 
5x — 3 (x — 2) = 3x —2 (x = 1), хє О. 
We have 


sx — 3 (x — 2) = 3x — 2 (x — 1) 
5х — 3x + 6 = 3x — 2x +2 


е 
e 2Х-6-х-2 

> 2х +6 —6=х+2-—6 
> 2x —x—4 

e 2х—х=х—4—х 
e x=— 4, 
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The required truth set, thus, is 


Vie act 
2. Solve 
7x —1 1 1-Х 1 
аслро о ose 
We have 

7х —1 uU z- 15 | 19 

4 2 2 24:63 

7x— 1 1—x 19 

Ai LM з 


7х—1 1— х 19 
e 12[. 2 -x+ 2 =12х > 


e 30x — 1) — 12x + 30 — 2) = 76 
<> 21x —3—12x+3— 3x = 16 
> Q1—12—3)x— 3-3 2/76 
> 
<> 


6x = 76 | 
16, 038. 


бе 8 


It follows that 36 is the solution of the given equation. 


3. Find the truth set of 


1 2) > Petite x€Q. 


We have 
15x + 4 
3 


e s [tt халаа ЗЭЭ +x | 


fox p 34 2x) >See Be 


25310420» A 


> 
2 12х +14+3+4 6х > 18х + 4 
е 18x + 4> 18x + 4 
> 18x > 18x 
> и 
But x > xis false, as there exists no rational number Х which is greater than 


itself. 
The truth set is thus empty, i.e., the truth set is $. 
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4. Find the truth set of 


4x —9 6-3 10x + 3 
Se рны s m er x GO. 
We have 
4x —9 | 6x —3 10x + 3 
5 то ae Yc 2 20 


> 
> 14 (4x — 9) + 10 (6x — 3) — 35 (10x + 3) > 0 
> 56x — 126 + 60x — 30 — 350x — 105 > 0 
(116 — 350) x — (126 + 30 + 105) > 0 
= — 234x — 261 — 0 

«€ — 234x — 261 + 261 > 261 

«€ — 234х > 261 


e [ - zu] (— 2349 <(- 534) 261) 
261 
234 
The truth set, therefore, is 
; 261 : 
вх ue ol 
EXERCISES 


1. Find the truth sets of the following, given that x Е Q. 
(0) 4х + 5 =3x— 9 
(ii) 27x + 41 = 29x — 34 


> yal 


20 3 х 

ИУ еа 
АРИ ЭИ 3 
@) 23x + = UL T ут 


х + 10 15 = 5x - 3(х-52) 
D RET PE 


- 1 $ — 8) 
2 сан + 5x 3 — 8х 


5 An 4 
X44 lx. di: 
(vii) ТЕ 59r (3x — 5) 
TUR 2 7 4x 
VOID Ap LA 


RATIONAL NUMBERS 191 


(x) By 87 з 


(9 2 0-9 ж (+01 


a 9X d 3.5 9x — 4 
(xi) 5 = 4+2 -— = 


(xi) 1:5 (x — 5) — 2 (4x — 3) + 9 —0 
158 Е ats ЕС 
mp0 


(xiii) ЗЭВ 6 
Me eee em E 25 
(xiv) is 3) 2:0 Se 23 6 
4x—1 2х +3 3—9 
(9) SEL— - a = “Чрс 


2. Find the truth sets of the following, given that x € Q. 
(i) 8x + 25 > 7х + 13 
(ii) 13x + 16 < 7х + 4 


З, 4 5 2 
а wt 


(ен a 1°25 — "7x 
X 7x 3x 7х. 2 15 


| OF wes 
o 25-23 - 93 524 
у cad (x — 6) 5x 220 
өш) £33 35-25 со 
urs n Е 
х—2 5 2% —1 1 


(х) | Wc NN MS DD 


3. Solve the following, assuming that x is a rational number other than 


those which render the statements meaningless. 


Mr О DE 
Ou xU @ x57 х—5 
4 

1 12 m g- = тея 
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4 3 


xg arcae t. 


0) 


Examples 
1. List the following sets. 
© {х: |х|=1,хє 0} 
(i) {х: |2х—1|=5,хє Qh. 
Solution. (i) There are two rational numbers 1 and — 1 whose absolute 


value is 1 and there is no other rational number whose absolute value is 1. It follows, 
therefore, that 


(Х:1Х141,ХЄ0)-0,-1 
(ii) There are two rational numbers 5 and — 5 whose absolute value is 5 


and there is no other rational number whose absolute value is 5. It follows, there- 
fore, that | 2x—1] =5, 


if and only if 
2x —1=5o0r2x—1 = — 5. 
Now 
2х —1=5%х=3 
and 2х—1=—5»х=—2 
{x:|2x— 1 | = 5,x E€ Q} = {3, — 2}. 
2. List the following sets, 
(i) (:12-5| =4,хЕ Q} 
(ii) {x: [22-1 | =1,x € 0}. 
Solution. (i) As in (ii) of example above, we have 
Íx? — 5 | = 4 if and only if 


O—S=4orxt— 5 = — 4 
Now P—S=4ex=9 
+ +) = 3/or'x = --3 
and DO ay Sim de а ШШ 
< х=1Тогх = — 1. 


Thus, we have 

{xs ] x2 — 5] Е Ор 3.3, 1, — 1}. 
The reader May verify that all the members of the set 

{3, — 3,1, — 1} 

Satisfy 1 № — 5 [жа 

(ii) Again | x: — 1 | = 1, if and only if 

*—1=1 ov =] ee =), 

Now Х-01-161-2 


RATIONAL NUMBERS 193 


and the sorution set of x? = 2 in Q is empty. 
Again x—1-—1ex-—0 
and the solution set of x? = 0 in Q is {0}. 
Thus, we have {x : |x? — 1] 2 b. X € Q} = (0). 
3. Describe the following sets 
(i) fx xu к е О} 
(її) {х:|2х+3|<2,хЄ 0) 
(iii) (x :| 2x + 3| >2,x EQ. 
Solution. (i) We have, 


if xis + ive or zero, |x| =~ 
and if xis — ive, |x |= —* 
Suppose now that x is + ive or zero. Then 
| x | < 1 is equivalent tox < T: (а) 


| Again, when x is — ive, then 
|x| <1lis equivalent to — X < 1 
which is again equivalent to х>—1. (5) 


Combining (a) and (5), we have 
|x| <1е»Ф—1<хХ<1. 


(i) Just as in the case of (i) we have 
| 2x + 3| z24&—2-«2x 4-3 «2. 


Now 
- -2«4343e-3 < (с) 
| апа 
2хр322өх4 үс . (d) 
Combining (c) and (d), we have 
lor +31 42e— > <x<- т. 


Thus, 


азе 


(iii) If (2x + 3) is non-negative, then 
|2x--3| 2 2x 3 
and so in this case 
| 25 --3| 22e 2x +322 


X ЖЛ: 
эх» 2 
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Again if 2x + 3 is negative, then 
| 2x+ 3] = — (2x + 3) 


so that 
[2х 3| 528 — x 3)» 2 
=Ф2х<-—5 
Фх<->. 
Thus, 


ee Eu s 1684 
usse - 3 reol 


EXERCISES 
l. List the following sets. 


O (x:Ix| 22x € о} @ [5:117 3, «e о} 


(iii) {х:|х—3|=5,хє Q} (9) (х:1х-07)| =4xE Q} 
@{х:|7х—4]| =1,хє о} 

3 

area} 

О) (х:1х-47|-3,хє) (viii) ix:[5x—23| = 17, хє 0} 
(ix) {х: 15:55: es xe 0) {хХ:|[2х+5| =—3,хє о}. 
2. List the following sets, 

Ч){х:|%—3| =13,хє о} Ш){х:|%—7|=7,хє оу 
(ii) {x : | x2 — 8| =8,x € 0) (9) (x: 1% — 4| =2,x EQ}. 
3. Describe the following sets, 

@ (i [x] <5, хє) (0) {x : | 3x - 4| <5,xEQ} 
(0) (x: | 7x —8| < 17, x e Q} (iv) (x: [+] >2,% € О} 
У: 3 Е О} 09 2:1Х-9|»4,хєо) 


Өй) 6:13 3| 9 12x & о) өш) |х:1554-4:1« ve о} 
(5) {х:|5х+4|<0,хє о} (х) {5+:]2х—5|>0.хє 0}. 
REVIEW EXERCISES 


1. Given AB { 2 ын — 7, 14, — 3°75, 0, — 2 24] 


00 [=:12 #451 


and 


o КИЛЫ, 13 2 Е $ 2 
Ёоо: Bund este үр 216} 
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find the greatest and the least members of the sets 
A,B, AUB, ANB. 
2. Put down the greatest and the least members, if any, of the following 
sets. 
А={х:— 5 <х< - 3,хЕ 0} 
= {х:—-5<х< - 3,хЕ 0} 
С = {х:— $5<х< - 3,хЕ 0} 
={x:-—5<x< - 3,хЕ ©} 
Е={х:—1<х<0,хЕ О} 
={x:—1<x<0,xE€ Q 
={х:—1<х<0,хєЄ Q 
Не({х:—1<х<0,хЄ О}. 
3. Show that х-утэ-1-5у»-0т- SAMY HIS: 
4. Show that x>yə> +> ам +їе»ує Q. 
5. Prove that х > у= > уу +ivex,y EQ. 
6. Prove that х > у» х#< у у —1ухех,уЄ 0. 
7. Showihat x7—1>0¥x>1landy¥x<—1,xEQ., 
8. Showthat х-1-109-1-х-1,х60. 
9. Given that x, y, a, b € Q and the expressions are meaningful, simplify. 


: 2 2- 2 
0) 4—x T (ii) Ed 3 L 
A Mr 
ze .3a — 2b 4 — а? 8 
(09 —b atb 09 daten ds 


e zi» ЛЕ eee eas ye 
y—x "xx — ху 


10. Given x € Q, solve the following equations. 


1 3 5 ._ OX NEG ЖЗ 
(кеду um Mp 09 їз +9= 49 2 
(iii 23x _ 13 та А5 (iv xt КО М UN 10x — 7 
)m 97.49 257 УТ 4 > 
ө ~$4 -7-G.2 


(vi) T (3х + 8) = T (6x + 15) 


0. Er pt 
ш) ET gre я 8 


=0 
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3 р 2 5 
ао а Эх) 
P ЖЕ ха х—с 
7122) 2) м ж ON жс} о 
еее 
СӨБ ud ny 


Note. In (viii) — (xii), it is assumed that the algebraic expressions are meaningful. 
11. Given x € Q, find the truth sets of the following. 


(i) 17x — 15 > 19x — 15 тя 
qu) 9* T 5 - 24750 (p 14. eg +1 
(0) |2x 9| —4 Q) [3x44] 27 
Qi) |x? — 13] = 12 (iii) |x? — 18| = 18 
(X) |x—3|—4 (x) ja —4|—3 
бї) |5х — $| «4 ош) |зх— 2] > 3 
(xiii) | $| <7 (xiv) lex 3 >> 
(xv) (x — 2) (x — 3) > 0 (xvi) (x — 2) (x — 3) <0 
(xvii) (x — 2) (x — 3) =0 (xviii) x (x — 1) > 0 
(xix) x (x — 1) «0 (xx) x (x — 1) = 0. 


12. Deduce the following results directly from the thirteen ordered field pro- 
perties of the set Q of rational numbers and the definition of positive and negative 
rational numbers as given in the summary. 

(i) The sum of two positive rational numbers is positive. 

(Hint. x>0andy>0>%x+y>04+0=0). 

(ii) The sum of two negative rational numbers is negative. 
(iii) x > y & x — y is positive. 

[Hint x >y & x+ (—y) >y + (—у)]. 

(i) x < y & x — y is negative. 

(у) A rational number, x, is positive or negative according as its opposite, 
— x,is negative or positive, 

(Hint, x20&x&(—x)204(—x)40»0—x——x] 

(0) 0. x 20 x €Q. 


[Hint. x (0 + 0) — x0 + x0 
=> x0 = x0 + x0 


=æ ^0+[—(х0)]=[х0 + х0] + [ — (x0)]. 


RATIONAL 
(vii) xy = 0 & x = 0 or y = O or both x, y are 0. : 
5 х(—у)= T } 
(viii) | _ 3(-»- vxyeQ 
[Hint. Usethe A AE : доог: 
(ix) The product of two positive and of two negative numbers is 
(x) The product of two numbers, one positive and 
negative. Ce 


e» 1X12 Avro 


єй — ixi <>< la lex EO 
Qui) |x| is the greater of the two numbers ? 
(xiv) Лы. dd TET E 9:0 
[Hint. We have Же 
—|xI&x«|x]and — |» < 
>—(|x|+lyl)<*t7s 
(xv) ap al [у vx»€ 
(xvi) Ix—-a|«bea—b Xx 
Qui шж N 


enm sy - 1. FRYE Qe 


Rit 
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Linear Equations 
Single and Systems 


42. INTRODUCTION 


We have developed the System of rational numbers as an ordered field in 
Chapter 4. It is now Proposed to study a single linear equation and systems of 
linear equations, in the context of the system of rational numbers. It may be 


natural numbers and fractions in dealing with linear equations. While the general 
study is restricted to systems involving two variables, the case of the equations in 


The problem of consistency of linear equations is also discussed at length and 
through it the reader is acquainted with what is commonly known as Elimination, 

Tn the context of Open statements, equations or equalities, a variable is often 
referred to as an unknown. 


43. LINEAR EQUATIONS OVER THE FIELD OF RATIONAL NUMBERS IN 
ONE VARIABLE. 


An equation in one unknown x is said to be linear over the field of rational 
numbers if it is equivalent to an equation of the form 


ax Б = 0 
where a and b are rational numbers, 4550. The number а is called the coefficient 
of x and b is called the constant term of the equation (1). Thus, for example, 


5 
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is a linear equation in which the coefficient of x is the number 3 and the constant 
term is 3- The equation (1) is called the standard form of a linear equation 


in x. 
Examples. 1. Show that 


is a linear equation. 
We have 


13 11 
=0 
z EST 
Thus, the given equation, a шог to the equation, 
В 1 ed п. srs 


is a linear equation. 
2. Consider the equation 
3 4 
ET гч, 
x-—2 17 3 
Surely, for — to be meaningful the domain of the variable x must 


exclude the number 2, so that the domain of x consists of the set of rational numbers 


excluding the number 2: 


We have 
3 4242: 
гүнж DUM dis 
3 +e — 2 not being 0) 
e@- 21 37 3р0 (x — 2 not being 
4 
e 3+4 60-2) =0 
4 8 
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4 1 
> З х + 3 =0, 
Thus, the given equation is linear. 
We repeat that an equation obtained from a given equation, 
(i) by adding the same rational number to both sides, 


(ii) by multiplying both sides by the same non-zero rational number, is 
equivalent to the given equation. 


We note that main steps in the two examples above are Tespectively, 
(i) adding 2 3 х+ z] to both sides 
(ii) multiplying both sides by (x — 2), 


Note, It may be noted that subtracting the same tational number from the two sides 
essentially means adding its opposite to the two sides and dividing both sides of 
an equation by the same non-zero rational number is the same as multiplying the 
two sides by its reciprocal. Thus, instead of talking of four basic principles of 
obtaining equivalent equations, as was done on page 35 of chapter 1 ; We are now 
in a position to ta!k in terms of addition and multiplication only. 


EXERCISES 


Which is assumed to be not zero. 


1. Reduce the following equations to the standard linear form. 
() 3x = 2 (4 — 2 x 
(iii) ax = b (iv) 5x +4 = 2 
1 7 : 2 5 1 
Mat ех = — 


(vii) ax + b = c, (а # 0) (viii) ах + b = сх; (а 5 c) 
(ix) ax + b = cx + d, (aX с). 
2. Show that the following equations are linear. 


x et UN л XxX — | x—2 


(й) 15x + +3 = -75 


x—3 
20 


РАТЕ Lx 
ы 8-1, F| + =" ]=-0 


о) 2=* Si xP 39. 


T ЕР 


=! 


(vi) 09x — «63 = Е 75 + "01x. 


54+ х 
БЕА 


09) 255 Ate 


г V1. А PECORE И ЧӨЛҮ гт Л” ade OER 


“ry? күү 


| 
: 
| 
4 
l 
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08) @+ 1) 6-2) = (6-3) 4-5) 
(іх) (х — 3) (х – 4) = (х – 1) (к – 5) 
(x) (2х + 1) (8x — 3) = (4x — 2). 
3. Show that the following equations are not linear. 
O 6-3) 0х + 5 = Ох + 1) Gx — 1) 
(ii) x: — 4 = 2x (x + 5). 
4. Which of the following equations are linear and which are not ? Specify 
in each case the domain of the variable x. 


(54 $50 0) +z 
(i) -H + 3-2 (0) 5— x =0 
от 23 = т бш) SF + Е. 


Note. An equation which is equivalent to 
ах? + bx +c=0 
where a 0 and a, b,c Є Qiscalleda quadratic equation. A de 
such an equation will be taken up in the next chapter. 


tailed study of 


5. Which ofthe equations in Ex. 4 are quadratic equations ? 


Solution of a Linear Equation in One Variable 
Given a linear equation in one variable, it can always be put in the equi- 
valent standard form 
ax +b = 0, a,bEQ a0. 
Thus, in order to be able to solve any given linear equation, we should know 


the solution of this standard linear equation. We seek in the following a solution of 
this linear equation, where a and b are some given rational numbers, а Æ 0 and the 


domain of the variable is the set Q. 
The process consists in obtaining a chain of equival 
the truth set of the last ofthese is obvious. In fact, we have 
ax+b=0 
e (ax +6) +(—5 =0+(— 0) 
(Adding — b to both sides) 
ә ах = — b. 
Also because а 52 0, it admits of the reciprocal 1/a. 


ent equations such that 
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Again, we have 
ах = — b 


e L0) = 10-0 
( Multiplying both sides by т) 
TRAD IRL 
We obtain, therefore, 


ax+b=00%x%=— 


sic: 


Now the solution set of the equation 


b 
x=— — 
a 


: RU b ; 
is the set consisting of the member, — 7 80 that we see that the solution set of the 


given equation 
ax+b=0 


Pn 
a 
and as such the truth set of the given equation is one elementic. Thus, a linear equa- 
tion in one variable has a unique solution in the set Q of rational numbers. 


is 


Note. It is very important to note that we could not have the step of adding (— b) to 
both sides unless we were dealing with rational numbers (or at least integers) ё 
and that we could not have the step of multiplying both sides by 1 / а unless we 
were dealing with rational numbers (or at least fractions), In order, however, to be 
able to perform both these steps, it is essential that the domain of the variable is 
is the set Q of rational numbers. 


EXERCISES 


Solve the equations of Ex. 1 on page 200. 
Solve the equations of Ex. 2 on page 200. 
Find the solution set of Ex. 3 on page 201. 


Find the truth set of those Equtions of Ex. 4 оп page 201 which are Г 
linear. | 


a А 


Consistency of Two Linear Equation їп One Variable 
Consider two linear equations 
ax+b=0 abcQ,az0 
сх + d= 0 с, ЧЕ О, сұ 0, 


"У ae 
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the domain of the variable x being the set О. We say that the equations are 
consistent if there exists a value of x which satisfies both the equations. In other 
words, the two equations are consistent if the intersection of the solution sets of the 
two equations is non-empty. 


Now, the truth set of the first equation is 


(-5) 


and that of the second equation is 


4) 


The intersection of these two sets will be non-empty, if and only if 


b т 

? ЕЕ 
But = Вазе 
а с 


« be = ad. 
Thus, the two linear equations are consistent, if and only if 
bc = ad. (1) 
We see that the two equations arc consistent if and only if they are equivalent. x 
The process of finding the condition of consistency of the two given equations 
is called Elimination and (1) is called the Eliminant ofthe two equations inasmuch as 
(1) does not contain the variable x. 


EXERCISES 


1. Find the condition of consistency of the following pairs of equations, the 
domain of the variable x being the set Q. 
(0 x—a=0,x—-b=0 (ii) x + a 0, x - 5 = 0 


(ii) x —1— 0,х -- m = 0 (9) x + 1=0,x —m=0 

0) х= а = 0, bx = с (vi) х= а= 0, bx c c — 0 
(vii) x + a = 0, bx = c (iii) x + a = 0, bx +e —0 
(ix) px + 9 = 0, Ix = т (x) px — 4 = 0,1 - m — 0 


(xi) px —q = 0, Ix - т = 0 (xü) ax + b = c, dx = е. 
2. Which of the following pairs of equations are consistent and which are 
not ? 
4 
(i) x — 3 = 0, 7x =21 (ii) 3x + 2=0,2%¥ = — = 


3 
2 j 5 1 
(iii) 3x + 5 = 0, 8х + 21=0 (9) 54:84, Жу 
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3. Assuming a, b as different non-zero rational numbers, find which of the 
following pairs of equations are consistent. 


()2r—3a- 0, х= 4% (li) ax + 25 = 0,3x + 2 =0 


2 
(iii) ax + b = 0, x = 2 (iv) ax + b = 0, atx = ab 


als 


6) ax +b = 0,4 x+ =0 (vi) ax +b = 0, ax +B =0. 


4. Which of the following pairs of equations are consistent and which are 


not ? 
о, +40 
= mb 9—x 3—x 4—x Y 
Ned 9b - аана 
in ЕЗ3 х+8_ 3x4 _ Wee 5+7, 4-9 _ 
SUE ee a шы Io -! 
7 28148455: st iot] 


44. LINEAR EQUATION IN TWO VARIABLES. 


An equation in two variables x , y is said to be linear if it is equivalent to an 
equation of the form 


ax -by--c-—0 (1) 


where a, b , c are rational numbers ; a and b being not both zero. a and 5 are called 
the co-efficients of x and y respectively and c is called the constant term of the equa- 


tion (1). Also (1) is said to be the standard form of a linear equation in two variables 
x and y. 


3 "Эл 


As an illustration, let us consider the equation, 


5—3) + 6-4) = Ly 345. 


We have the following chain of equivalent equations, 


2 —4y +2= 35+ Ly 45 


ei 


e2x-4 +2 — (34 - 7+5) -0 


9 
pe аг лан ЫН 


ext y4320 


Bii cA 4с 
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The last of these being of the form (1), we see that the given equation is linear. 
For another illustration, let us eonsider the equation 
7x —5 
3— Цу 
Certainly, the variable y cannot take the value 3/11 inasmuch as this will render 
(3 — 11у) zero. Having imposed this restriction on the domain for у, we have the 
following chain of equivalent equations, 
7x —5 = 4(3 — 11у) 
«€» 7x — 5 = 12 — 44y 
€ 7х + 44у — 17 = 0 
ex 44y + (— 17) =0 
the last of which is of the form (1). The given equation is, therefore, linear. 


= 4, 


EXERCISES 

1. Reduce to the standard linear form the following equations. 
(0) Зу 4-4 = 2х (iv) 2x +2 = 3y +5 
0)х-у-3-2х43у-5 (vi) 3x — 2y + 5 = 7х 5 
30—513 4у 3 

CI Sara ао д 

ven & + 2у 3y— 4 7+ Шу 3, 
nem, ыды ть 


ich are not? Also 


2. Which of the following equations are linear and whi 5 
variables х and y in 


state the restrictions you have to impose on the domains of the 


each case. 
03 4 4 =0 ш) 273 47=0 
(ii) © +4 + 5 =0 69 = + pg 
9234-30-90 ө) BOF + эу 


Solution of a Linear Equation in Two Variables 
Consider the linear equation 
2x — 3y + 4 = 0 
where the domain of each of the two variables x, y is the set 
This equation is equivalent to 


Q of rational numbers. 


2x 3A = 37 
2x + 4 
3 3: 


Kee oi 
CER Todas 
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By giving to x any valueas a member of Q, we obtain a corresponding value of 


y also іп Q, as for example, if x takes the value 0, the value of y is ES Then we 


(9-3) 


is a solution of the given equation. Similarly, we may see that 


a.3.(2, (70$). c2. 


are some other ordered pairs of rational numbers which are solutions of the 
equation. 
It is not at all difficult to verify that the ordered pair 
0,1) 
is not a solution of the given equation. 


say that the ordered pair 


Caution. The reader must carefully note that whereas (1 , 2) is a solution of 
the equation, (2,1) is not. Although the two numbers involved in both these 
ordered pairs are the same, yet the two are different. Thus, we have a distinction 
between a pair and an ordered pair of numbers. In an ordered pair, the order of 
occurrence of the two numbers is very important, i e., the first or the left member and 
the second or the right member is specified in an ordered pair. Such a specification 
is not there when we describe just a pair of numbers. 


We have already listed five ordered pairs of rational numbers which are solu- 
.tions of the given equation. At this stage a very natural question arises. 

“Сап we write down all such ordered pairs which are solutions of the given 
equation 7’ The answer is an emphatic ‘No’ inasmuch as any value could be given 
to x and then we can find the corresponding value of y. Thus, the truth set of the 
given equation, consisting of ordered pairs of rational numbers, is infinite. 

Before discussing the solution of the standard linear equation in two variables, 
we study in the following the notion of Ordered Pairs in greater detail, 


The Set Q x Q or Q? 
Definition. The set Q X Q or Q? is defined as the set of all ordered pairs (a , b) where 


a,b € Q. The number a is called the first member or the left member 


and b is called the second member or the right member of the ordered pair 
(a , b). 


For example, 


0.5.0, n, (7. — Z) (s. 175) 


are some members of the set Q x Q. 
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In the set builder notation, Q x Q can be symbolically described in the 
following manner. 
Охо = (а, БВ: «Е О,ВЕ 0). 
Definition. Two ordered pairs are said to be equal, the same or identical if and only if 
their first members are equal and the second members are equal. 
Thus, for example, the ordered pairs 
(3,5),(7— 4,243) 
are equal but 
(3,5), (5,3) 
are not equal. We see that the two ordered pairs are different even when the 
numbers constituting the pairs are the same. The order of occurrence of the members 


of the ordered pair is very important. 
In general we have, 
(a, b) = (c, d) & a = c and b = d. 


EXERCISES 


]. Put down 10 different ordered pairs of rational numbers. 
2. State whether the two ordered pairs are the same or not. 


фа, о, (Т+т.25-15) 00.9.6, 


2 

(1) (7,2), (5,2) (9) (11, 13), (13 — 2, 11 + 2) 

(у) 03.10.22 (vi) 04,19)(7 2) 
(vii) (24 , 36) , (6 , 9) (viii) ( — 4,8),(4, = 8) 

(ix) (a, — b), (— a, b) (5) (a, b) „= a5 0) 

(xi) (a,b), (a 4- b, a +b) (xii) (а, b) , (a 4- c, + 0). 

[In (ix) to (xii) it is assumed that a,b,c are different non-zero rational 

numbers.] 
Example 


Put down the set of ordered pairs for which 
22x - y — 11 
сл 
is not meaningful. 


Solution. For the given expression to be meaningful, we must have 


4—7y 40. Thus, the given expression will not be meaningful if 4 — 77 = 9 
Les 
4 
i = : 
if y 7 
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The set of ordered pairs for which the given expression is not meaningful is 


(s) o) 


This set is essentially a sub-set of Q x Q. The ordered pairs for which the given 
expression is meaningful will be members of the set 


2 [65:560 4). 
EXERCISES 


1. Put down the sets of ordered pairs for which the following expressions 
are not meaningful. 


эс —4 5 х 
(i) (ii) 2745 
3 . 4—2 
(iii) y (iv) —— 
2x + ЗУ +7. 
О тз Aeon qus rr 


2. Put down the sets of ordered pairs for which the expressions of Ex. 1 
are meaningful, 


3. Put down at least five solutions of each of the following linear equations. 


0x4»41 -0 (ix+y4+5 =0 
(ii) x —y + 3 =0 (i) —x+y-—4 =0 
(у) 2х + 3y — 5 =0 (i) 3х + 4у +7 = 0 
(уй) 3x — Ty + 4 = 0 (viii) — 4х + 5у—-9 =0 


ST 3 
(ix) Bro © Y+3=0 (x) ‘75x — 125p +35 — 0, 
4. Find at least two solutions of each of the linear equations of Exercise 1 
on page 205, 


5. Find at least three solutions of those of the equations Exercise 2 on page 
205, which are linear, 


Solution of the Standard Linear Equation in Two Variables 
The standard linear equation in two variables is 
ax + by + с = 0, 


where the domain of each of the variables X, y is Q and a, b, c are given rational 
numbers such that a and 5 are not both Zero, 


Let а 0. 
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We have then, 
ах + by+c=0 
ax + by + c — (by + с) = — (by + с) 
э ax = — (by + c). 


Also, because a Æ 0, 1 / a exists, so that 
ax = — (by + c) 
1 1 
e va» = {-wt+o 


by с 
a 


е х = — 


By giving to y any value as a member of Q we can obtain a value of x. Thus, for 
example, if a is the value of x corresponding to the value k of y, then 


PEM Olay a 
a 


The orderded pair (A, К) is therefore a solution of this given equation. By giving to 
y different values, we get different values of x unless b = 0. The truth set of the 
given equation is 
b 
(юке kt! Lhe 0}. 
This truth set is certainly а sub-set of Q x Q. 
The reader may, similarly, see that if b 52 0, 
ax + by+c=0 


| ах Ес 
| e у= – =. 
| b 


By giving to x any value, we can obtain a corresponding value of y. The ordered 


г pair (м, у) such that 
аи с 
| Кер сач; 
is a solution of the given equation. The truth set of the equation is, therefore, 
au + c 
{(u, v) : v = — + , uv E О}. 
Note If попе ofa and b is zero, any one of the two methods сап be used because in 
such a case 
| ax+by+c=0 
e SLM EO) 
a 
e Mom x RI (ii) 


b 


Any ordered pair (х, у) obtained from (i) will satisfy (ЇЇ) and vice versa. 
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45. SYSTEMS OF LINEAR EQUATIONS IN TWO VARIABLES 


Consider two linear equations in x and y 
ax + by +c¢=0 00) 
ах + БВу+ с = 0 0) 
where а, b,c; a', b', с! are all rational numbers and the domain of each of the 
variables x and y is the setQ. The two open statements (1) and (2) can be com- 
pounded in two different ways to give rise to the following two different compoud 
statements. 
ax+by+c=0 or ах-Уу-с-0 E (3) 
ax+by+c=0 and a'x 4 by +c’ =0 ...(4) 
Thus, the statement (3) is true whenever (1) is true or (2) is true and the statement 
(4) is true whenever (1) and (2) are borh true. The truth set of (3) will consist of the 
union of the truth sets of (1) and (2) and the truth set of (4) will consist of the 
common solutions of (1) and (2), i.e., the truth set (4) is the intersection of the 
truth sets of (1) and (2). We shall agree to write the compound statement (4) in the 
following manner. 
ax + by + c=0 
ae + Бу с' = 0. 42-(5) 
In the present section, we shall study the solution of the compund state- 
ment (4). We say that we solve the equations (1) and (2) simultaneously because any 
solution of (4) will be a solution of (1) and (2) simultaneously. The study of the 
solution of (4) is sometimes also referred to asa study of the solution of the 
simultaneous equations. But before doing so in general, we shall, in the following, 
discuss some examples. 


Example. 1. Find the truth set of 
2x — 3y +4=0 and 3x + у— 5 = 0. 
Solution. We have already seen in the previous section that the ordered 


(о 8) (2) (2 $) (3) 1o 


are some of the solutions of the first of these equations. The second equation is 
equivalent to 


pairs 


y=5 — 3x. 
By giving to x, different values, 

0,1,2,—1,—2, ...... 
we get the corresponding values of y as 

БО y 0) Tl set nist 
so that some of the solutions of the second equation are 


O, 5) (1,2), (2, — 1), (— 1,8), (= 2, 11). 
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We have an ordered pair (1 , 2) which is common to the truth sets of the two 
equations and so (1, 2) is a solution of the two simultaneous equations, But it is 
quite possible that we had not tried the value 1 for x. Also, even if we have found 
a solution of the two equations, where is the guarantee that this is the only solution 


of the two equations, In the following, we give a more satisfactory method of solving 
the same problem. 


Alternative Solution 
We have 
2x — 3y +4=0 and 3x +y—5 =0 
<= 2x —3y 4 — 0 and 3(3x + y — 5) = 0. 
(We have multiplied both sides of the Second equation by 3.) 
<> 2x —3y -- 4 — 0 and 2x — 3y + 4 3 (83x - y — 5) = 0. 
(We have added to the second equation the first.) 


<> 2x —3y L4 — 0. and 11ix —11 = 0 
< 2x —3y -E 4 — 0. and 1 
< 2.1 — З+4=0 and xal 
(We have used x = 1 in the first equation.) 
> 6 — 3y=0 and Ж= 1 
е у= 2 and XD 
Now, the truth set of 
y=2 and x=], 
is О 
Thus, the truth set of the given compound statement 1s 
((1,2)). 


In the present case, therefore, we get a unique solution of the two simultaneous 
equations, > 


Мое. All that we have done is that first we reduce the given compound statement to an 
equivalent form in such a way that one of the two equations involves only one 
variable, Then, through necessary steps we arrive at an equivalent form 


x= hand y=k, 
whose truth set is, as is obvious, 
((A, k)}. 
2. Solve the equations 


3х + 4y+5=0 
2х + 3у —7 = 0. 


212 ALGEBRA 


Solution. We have 
3х +4y+5=0 
2x + 3y—7=0 
3(3x + 4y + 5) = 0 
ею 
(We have multiplied the two equations by 3 and 4 respectively.) 


pee 3(3х + 4y + 5) =0 
4(2х + 3y — 7) — 3(3х + 4y + 5) = 0. 
(We have subtracted the first from the second equation.) 
ЭН i +4y+5=0 


(8 — 9) x + (12 — 12) y —28 — 15 = 0 
we Atm 


—x—43=0 
3x + 4y4+5=0 
= | x=—43 
3(— 43) + 4y+5=0 
= { Х = — 43. 
(We have used the second equation for changing the first.) 
4y — 12450 
22 Ї х= — 43 
у = 31 
i { x = — 43. 
The required truth set, therefore, is 
PESA IIN 


Note. From the two examples discussed above, 
involving two linear equations in two vari 


will always have a unique solution. This observation is not correct, In fact, in the 
following, we have an example of each case 


(0) where there is no solution, 


it may seem that a compound statemen} 
ables joined with the connective ‘and’ 


(ii) where there are infinite number of solutions. 
3. Find the truth set of 
: 7х —2y4+5=0 and 21x — 6y +10 = 0, 
Solution, We have 
7x —2y +50 and 21x — 6y + 10 — 0 
e 37x —2y + 5) — 9 and 21x — бу+ 102 0 
> 3(7x—2y + 5) – 0 
and 21x — 6y + 10 — 3(7х — 2y + $)20 
e 7x —2y -- 5 = 0 and 10-15-0 


NT ТИЛЕР 
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But 10— 15 =0 is false, 
Therefore, 7x — 2y + 5 = 0 and 10 — 15 = 0 is also false. 
We have that the open statement 
7x — 2y + 5 = O and 21x — 6y + 10 = 0 
is false. The required truth set is therefore void, 
4. Find the truth set of 


6x — 8y + 5 = 0 and 9x — у + Pano, 
Solution. We have 


бх — 8+ 5 =0 and 9x — 12y + P= 0 


< 3(6x — 8y + 5) — 0 and 2( 9 — 12y + )=0 
€ 3(6x — 8y + 5) — 0 
and 2( 9x — 127 + >) — 3 (6х — 8y + 5) = 0 


| > бх — 8у + 5 = 0 and 0 = 0. 
| But 0 = 0 istrue. Therefore, 


6x — 8y+5=0 and 9x — 10у + 2 =0. 
Ф 6x—8y+5=0 


е 8y = 6х + 5 
8 
r The truth set, therefore, is 
(0, k) ke S 3 кє 0) 


In view of the four examples that we have discussed above, we see that the 
truth set of the compound statement 
ах + by + с 2 0 and ах + Бу --c'—0 
is 
either one elementic or void or infinite. Accordingly, we say that the simultaneous 
i linear equations have (i) a unique solution, (ii) no solution and (iii) infinite number of 
| solutions, respectively. Sometimes we also make the following statements in the three 
different cases. 
(i) ‘The linear equations are consistent.’ 
(ii) ‘The linear equations are inconsistent.’ 
(iii) ‘The linear equations are dependent.’ 
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EXERCISES 


1, Solve the following systems of equations. 


Dp m Ol 5922 
Е оо", 
0) { хэ AGE d 00 | 25 228 1o 
{ Айы ES (viii) { rer SC 


17x — Пу = 13 
e» 1 5x — My 1. 


2. Find the truth sets of the following systems of equations. 


() 2x — 5y+ 6-0 аш 3х+4=0 
(1) —3x + 4y— 2=0 and 3—2y=0 
(1) 7х + 3y—11=0 and 3х + 77 — 5 = 0 
(iv) 2x + 3y— 1520 and 3x —2y - 420 
(v) 2х + 4y— 7-0 and 6x + 8 —9=0 
(vi) 2x — 3y+ 4-0 and 8x — 12у + 16 = 0 
(vii) 6x — 21у + 12 = 0 and 10x — 35у + 20 = 0 
(viii) 3x — W+ 3-0 and 5х — 69 ++5=0 
(ix) 4x + 5у— 5-0 and 7x + 8y —8 =0 
(x) 8x — 14у + 10=0 and 12x — 21у 4-14 — 0 
(xi) 10x — 5y4-15— 0 ап 4x —2y + 6 = 0 


3. Assuming the domain of the variables х and y to be Qo the set of non- 
zero rational numbers, find the truth sets of the following systems of equations. 


1 1 ~~ 3 2 E 
x y x y Я 
S US 15 33 E 1 
(ii) EV s Sab (9) == + бу = 3 
A e. феи MSN аж 
x y 2 PIA CT 
3 3 mi S 
OU EC Romi pp sm = 3 
5 2 Il 3 
ЭРЭЭ СОРТЫН 
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(ii) е sy = 7 (й) 2х + <= 10 
3 5 
cp rs ou Tec en 
Go vos м 2317 
г-сүсэ12 M + у= 0 
14 10 21 
"wo ait aoa a5 
4. Find the truth sets of the following systems of equations. 
у Ж y+ 32 x 3 2 
(= 8 6 (9 55 + =4 
à3x—2y |y _. IER pe 
гов = 3 SOIRS 
(it) х+у= d. (0+0) у) 2142-3241 -4 
10x + y = (10y + x) + 18 +5 =$5 
x—y Riedy Ме Е n xy 5х _ 
0) оа а SI es 
3 
3 @-yt2@4y=18 2:44-2-55--2 
4 6 2 
(uit) ^+ > 4-2 ош 2295 ас 4 
x+y x—y. 2x 3p 2 2x = Зу ey 
EE EN m =з. 3 
7 5 5 3 


Two Linear Equations in Two Variables. General Considerations, 
In this section, we shall obtain conditions for the two equations 
ax+by+c=0 
ax+b'y+c’=0 
to be consistent, inconsistent or dependent. These conditions will be formulated as 
statements involving the co-efficients 
di реа, Dot 
We reduce the system to an equivalent form in which one of the equa- 


tions involves only one variable. This 18 then used to put the system in such an 
equivalent form that the solution becomes obvious. 


In fact, we have 
ах + by с = 0 aud a'x + b'y +c’ =0 
е а’ (ax + by + с) = 0 and a (ах + Бу + с) = 0. | 
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(We have multiplied both sides of the two equations by a’ and a respectively.) 


е а (ах + by + с) = 0 
апі a (ах + Бу + с) — а (ax + by + c) = 0. 
(We have subtracted from the second, the first.) 
e ax + by+c=0 
and (ab' — a'b) y + (ac' — a'c) = 0. 
Now, let us suppose that ab! & a'b. 
Then ab — ab 5 0 
and so 1/(ab’ — a'b) 


exists. The given system is then equivalent to 
ax + by+c=0 


which again is equivalent to 
ax+by+ec=0 


and а 
e epi remo 

a 25-02 
Фе a (ab' — a'b) x + b (са —ac") + с (ab'—a'b) = 0 

and y == 
e a (ab' — a'b) x + a (b'c — be’) = 0 

and y — Tg : 


The given system, therefore, has a unique solution 
(27 — cb’ ca’ = 22) 
ab — a'b’ ab — ab 
provided ab’ — a'b £0, 
If, however, ab' — a'b = 0, 
we have from (1) that the given system is equivalent to 
ax + by --c-0 


and ас’ — a'c = 0. 
Further suppose that ас’ — ас Æ 0. 
Then the statement ac' — а'с = 0 


sas (i) 


ee ТЭРТЭЭ ЭР айыб: мыла DIT MT ЭЛ HIE Ree Aah ane eee et 
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will be false, so that the compound statement 
ах + Бу +с= 0 
and ac’ — ас = 0 
will be false. The truth set of the given system will be vaid. 
On the other hand if 
ab — a'b = 0 
and ac' — a'c — 0, 
we shall have 
ах + by --c — 0 
and ac’ —a'c=0 
@ax+by+c=0 
because ac’ — а'с = 0 is true. 
Thus, the given system is equivalent to the single equation 
ax + by+c=0, 
so that the truth set of the given system will be infinite. 
The system of equations, therefore, is 


(i) consistent (ii) inconsistent (iii) dependent 
according as 
(i) ab’ 4 a'b (ii) ab! = a'b, ас 5 a'c- 


(iii) ab’ = a'b, ac’ = a'c. 1 
Working Rule. In case ab' 52 a'b, i.e., when a unique solution of the system 
exists, we have the following rule to put down the solution, 
First we write the detached co-efficients 
abc 
a' b' c'. 
We suppress the columns of co-efficients of x, y and the constant terms to obtain 
respectively 


Doerr G pee a b 
\ л ки Y \ л 
70: хос ZN 
b v a c at abs 


be’ — be’ = b с 


\ л 
ZN 
POT: 
са’ — ас’ = а с 
Ку 
ZN 
d 70. 
ab —a'b=a b 
\ л 
Их 
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The solution of the system can be exhibited in the following manner. 


АЕ us ce) 
Sm БУУ 
Их EN 
pcer dte 
1 b E uou b 
ЗУЛ NZ 
Их Их 
цаад а ф 


This rule for writing the unique solution is referred to аз the cross multiplication rule. 
Using this rule we solve an example below. 
Example, Solve the system 
3x — 5+4=0 
12y + 4x 3 =0 
Solution, We rewrite the system in the form 
3x ++(—5)y+4=0 
us 12y + (— 3) = 0. 
Detaching the co-efficients we have 


3 —5 4 
4 12 —3. 
The required solution, then is 

—5 4 3727:4 
NA х 
Их EN 
12 —3 4—3 

к КОШЫ. 

N7 N 
Их их 
4 12 4 12 


12 (GREP TBE, 44300) 
чы 3x12—4(—5) 3x 12-4(—5) 
ын (36:77 632 3 
36-20 36+ 20 
or (545) 
56 56 


EXERCISES | 
1. Assuming а, В, 4 to be different non-zero rational numbers, solve the 
following systems of equations. 


(i) ах + by +c = 0 
ax — by+d=0 
ax + Ус = 0 
oS hier Zo 
o) ах + by+c=0 
dx + by+e=0 


(ii) | 
091 
o) { 


ах + by + с = 0 
— ах + Бу + с = 0 

ах + Бу + c = 0 
— bx + ау +4 = 0 

ах + Бу + с = 0 
7 ах + у +е= 0 | 


2 


ү 
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2. Find the truth sets of the following systems of equations by the cross 
multiplication rule, 


раат (ii) 2x+3y—5=0 
2x —3y-- 7=0 — 2х + 39 – 7 = 0 
сЗу AT es - Spay 3) dde: 0 
ii) ПЕЕ 1-0 091 Зх дулу а, 

2Х-3/-17-0 г 3x+4y+ 8=0 
0) Блог 21 5x y se dien 


УКЕ ыру, (iti) | 7х —lly+5 = 0 
7х —3y+5 = 0 3y — 5х — 3 = 0. 


Consistency of Three Linear Equations in Two Variables 


Consider the three equations 


ax + ay +c=0 ЫП) 
ax+by+c’=0 2) 
ах + by +c" = 0. 5429) 


The system of three equations is consistent. if there exists an ordered 
pair (h, k) of rational numbers which is a solution of all the three equations. A 
discussion of the condition of consistency in the general case being beyond 
the scope of the present work, we assume that two of the three equations admit 
of a unique solution. We suppose that the first two equations have a unique 
solution and then find the condition that the system is consistent. Thus, we 


work under the assumption 
ab’ = a'b. 
In such a case a unique solution of (1) and (2) is 
bc' — b'e са — ас 
ab = d'b’ ab — а} 
It will also be a solution of (3) provided 
„be — b'c „ са’ — ac' йа 
ас — аф : mab © 20 
or equivalently, 
a" (bc' — b'c) + b" (са — ас) + c" (ab' — a'b) = 0. (4) 
Thus, (4) is the condition of consistency ofthe given system under the assumption 
аһ ~ a'b. It may, however, be remarked here that the condition will turn out to be 
the same if we assume the pairs (ii), (ii) or (ii), (i) to bave a unique solution. 
The condition (4) is also referred to as the Eliminant of the given, system 
of equations and the process of finding the condition of consistency 1$ called 
Elimination. 
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EXERCISE 


Which of the following systems of equations are consistent and which are 
not ? 


(i) < 2х +3y— 8-0 5х + 8y— 1320 
[5x + 8y—11=0 12% + i3y4 5-0 
5х + 3y— 13 = 0 4x — ly — 120 
(iii) ато ЖЕ 5y — 26 = 0 
7х + 4y + 18 = 0 x+ y — 7=0. 


46. LINEAR EQUATION IN THREE VARIABLES. 
An equation in three variables x, y, z is svid to be linear, if it is equivalent to 
an equation of the form 
ax+by+ez+d=0 (1) 
where a, b, c, d are rational numbers, a, 6, c being not all zero. 
For example the equations 
@x+y+z=5 (ii) (Ix — 3) + (y — 4) = z + 5) 
are linear, inasmuch as they are equivalent to 
(1) 1.х-41.у-1.2-1(-5)-0 
(0) 7х -- 1. » - (— 42+ (— 12) 20 
respectively, which are of the form (1) above, 


x+ y— 320 2x — 3у- 120 
wd 


Solution of a Linear Equation in Three Variables 
Consider the linear equation 
2Х-5/-7:-3-0 
where the domain of each of the three variables х, у, zis the set Q of rationai 
numbers, The equation is equivalent to 


2x + 5у — 3 = 72 
«2х + Sy — 3 7Ч 
7 
By giving to x and y any values as members of Q, we obtain a corresponding value of 


Z, 


z also in Q as for example if x and y take the values 0, 0, the value of z is — 4 . 


We say then, the ordered triplet [ 0,0, — 3] is a solution of the given equation, 
Similarly, we may see that 


(91), (107) (114). (214) 


are some other ordered triplets of rational numbers which are solutions of the 
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equation. Ofcourse not every ordered triplet is a solution of the equation. For 
example, as may be easily verified, the ordered triplet 


-1 
(955) 

is not a solution of the given equation. We have put down five ordered triplets of 
rational numbers which are solutions of the given equations. Because any values 
could be given to x and y and then we can find out the corresponding value of z, we 
see that the truth set of the given equation, consisting of ordered triplets of rational 
numbers, is infinite. 

The set Q х Ох О ог 0% 


Definition. The set О x Q x Q or Q? is defined as the set of all ordered triplets (a, b, 
с), where a, b, с € Q. The numbers a, b, c aie called the first, the second ' 
and the third members respectively of the ordered triplet (a, b, c). 
For example, 
(,1,0,0,0 (1, 5 + 3). CI 01, 001 
are some members of the set Q x Q x Q. 
In the set builder notation, Q x Q x Q can be symbolically described in the 
following manner : 
QxQx Q = {(a,b,c):a E Q, b E Q, c E 9). 


Definition. Two ordered triplets are said to be equal, the same or identical if and only 
if their first; second and third members are respectively equal. 


Thus, we have 
(a, b, c) = (d,e, f) = a = d, b = e and c = f. 
EXERCISES 


1. Which of the following equations are linear and which are not ? State the 
restrictions you have to impose on the variables x, y and z in each case. 


(i) 3x — 2y + 4: — 11 = (x — 5) + (2 — 3) + (142 + 7) 
Е 2:3: 2x 321 y. 
VAR чет + 20 


а 10 

qi) 9^ * 5-0 үр BH 335 — 3. 3 20 
ФЕНЫ НО 0) DIET. nO 
(vii) UM 20 (viii) 3-3 + 524+ EAT 
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2. State whether or not the two ordered triplets are the same. 


6) (1, 2, 3), (3 / 3,6 / 3,9/ 3) (ii) (1,2, 3), (2, 3, 1) 
(iii) (1,2, 3), (1 + 1,2 + 1,3 + 1) (9) (1, 2, 3), (1, 4, 3) 
(у) (а, b, с), (— a, — b, — с) (vi) (a, b, c), (аз, b2, c?) 
(vii) (a, b, c), (a + dob + d,c + а) (viii) (a, b, c). (a, — b, c) 
(ix) (a, b, c), (ad, bd, cd) (x) (а, b, с), (а d, b | d, c (4), 


[In (v) to (x) it is assumed that a, b, c, d are different non-zero rational numbers.] 


3. Describe the sets of ordered triplets for which the following expressions 
are not meaningful. 


Я — 4 3 4 - 5 
() 3х ши ш) Ertz 
(1422-2223 ра 2 б) 234 

а А К 1 3x 4-5 
Ur ag! (oro rt or M EY ЭКА" 


4. Find at least three solutions of each of the following equations, 

GQ x+y4+2z2+1=0 (ii) 3x — 2у + 42 —11=0 

(iii) (2x — 5) + (y + 3) + (7 — 32) = 0 

(iv) 2x — 4y + 3z = x — y 4 52 + 7, 

5. Find at least two solutions of each of the linear equations of Ex. 1 above. 


47. TWO LINEAR EQUATIONS IN THREE VARIABLES. 
We consider two linear equations 
ax + by са +d=0 55303) 
ах + Бу + с2 +4 0 00) 
where a, b, c, d : a’, b', с’, d' are all rational numbers and the domain of each of 
the variables x, y, z is the set Q. In the present section we study the compound 
statement 
ax + by + cz + d = 0 and ах + b'y + cz -d'a0 
which we agree to write in the form 
ax + by + с +d=0 
ах + b’y+c'z+d'=0, 
With the help of examples we shall see that sueh a system can have an infinite num- 
ber of solutions or no solution depending upon the vaiues of a, b, c, 
Examples, 1, Find the truth set of 


DEAL ча ы, wo 
3x + 4y —7z4 3-9 


etc, 


BIET: ЗЕ ГАРТ РЕТРО Wm" } 
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Solution. The given system is equivalent to 
х—2у+ 52+ 11=—=0 
Ley ae 3 — 3(x — 2y + 52 + П) = 0 
его 52-11: = 0 
10у —222— 30 = 0 


ах 5z--11 = 0 
5у — 12 – 15 = 0 


х= 259 +52 +11 = 0 


> 
112 + 15 
Js PE ES 
Now, by giving to z any arbitrary value c as a member of Q, we find the value of 
llc + 15 
yasb= GS NU 


From the first of the two equations then we find the value a of x as 
a — 2b — 5c — 11, 
The solution set is, therefore, infinite. In fact it is 


(25е) 0 6 a= m see] 


5 


2. Find the truth set of 
3x —6y + 9+4 =0 
4x — 8y + 12245 = 0. 
Solution. The given system is equivalent to 
4(3x — 6y + 92 + 4) = 0 
3(4x — 8у + 122 + 5) =0 
4(3х — 6y + 92 + 4) = 0 
> ]3(4х — 8y + 122 + 5) — 4(3х — бу + 92 + 4) = 0 
e [40x — 6 + 9z + 4) = 0 
15— 16=0. 
But 15 — 16 = 0 is false, so that the compound statement 
A(3x — бу + 9z + 4) = 0 and 15 — 16 =0 
is false. Therefore, the truth set of the given system is empty. We say that the 
equations are inconsistent. 


EXERCISES 
1. Find at least two solutions of the following systems of equations. 
К xty+ 2+5 =0 (ii 2х — 5y—32— П = 0 
О12х-у-43:-17 =0 |з рву z+ 490 


(5x— 2y + 32 —5 = 0 Сах — y +32 =0 

ооа роо а =0 
( 15x — 6y + 02.2:55- 2:0 in {set IET 
У 120х — 8y + 122 + # = 0 vi) 14х + 2y —9z + 820 
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2. Show that the truth set of each ‘of the following systems of equations 
is void. 
@ У- 2+3 =0 0 Ut 52— 8 = 0 

3х + 3y — 32-7 0 6x — 9y + 152+ 5 — 0 


48, THREE LINEAR EQUATIONS IN THREE VARIABLES. 
Consider three linear equations in x, y and z 


ax + by Fez +d =0 2401) 
ах + Бу --cz-Ed'—0 02) 
ах + b^y + c"z +d" 0 «=i (3) 


where a, b, c, d ; a’, В’, c’, d' ; a", D^, с", d" are all rational numbers and the domain 


of each of the variables x, y, z is the set Q. We shall study the solution of the com- 
pound statement 


ах + by + cz + d = 0 and a'/x + by --cz-Edao 
: and a^x + b"y + c'z +d" = 0. 
We agree to write this compound statement in the form: 
ax + by + cz +d =0 
ах by + ez+d =o 
tes Ty ez + а" =0, 
The general case becomes pretty involved and so we do not study the solution 


of the general case. However, through examples, we shall see that the System of the 


equations can have, depending upon the values of a, b, c, d, etc., a unique solution, 
an infinite number of solutions or no solution, 


Examples, 1. Find the truth set of 
ХНУ 2+ 3-0 
[sisi 6=0 
x+ 3y+ 62+ 10 — 0. 
Solution. The given system is equivalent to 


iat Paar E, um 0 
bis 6—(*- y+ 2+3)=0 
* + Зу + 62 + 10 — (x + 2y + 32 4 6) = 0 
Х+У+ 2+3=0 
ed У-2:-3-0 
У-+ 32+4=0 
ХНУ 2+3 =0 
| Y+2z4+3=0 
7+ 32+ 4— (y+ 224 3) = 
*+¥+ 2+3=0 
-1 7+ 22+3=0 


2+1=0 


$ 


түттү! 


про 
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х+у+2 +3 = 0 
esyt%A—lI+3=0 


24115: 0 
х+у+2 43 = 0 
zi У+1=3 
z+1=0 
х4-(-1-(-143-0 
e y+1=0 
z+1=0 
х-1-0 
ZU 
z+1=0 


The truth set of the given system of equations is 
{(— 1, — 1, — П}. 
2. Find the truth set of 
| x+ y+ 2- 10=0 
2x + 3y + 42 — 33 =0 
3x + 5y + 72 — 56 = 0. 


Solution. The given system equations is equivalent to 
x+ y+ z—10=0 
БОЕ = 
3x + Sy + 72 — 56 — 3x + y 2—10) =0 
xty+ z—10=0 
2 у + 22 — 13 = 0 
2y + 42 — 26 = 0 
xty+ =- 10 = 0 
zi y+2z—13=0 
2y + 42 — 26 — 2(y + 2z — 13) = 0 
xty+ z—10=0 
-d y+2z—13=0 
0=0 
x—-y+ z—10=0 
-f y+2z-—13=0 


as 0 = 0 is true. 

Now, by giving to z any value as a member of Q, we can finda value of y 
from the second of the above two equations. These values when substituted in the 
first equation give a value of x. For example, if z is giving the value 0, y will be 13 
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and x will be — 3, so tha 
truth set will be 


((a, b, c) 


t ( — 3, 13, 0) will bea solution of the given System. Th 


С = 3,6 = 13 — 20, a, b,c € О}. 


3. Find the truth set of 
12-81 241-0 


х — 8+ 32+7=0 
2х — y+ 2+1=0, 


Solution. The system is equivalent to 


12-83 2-1-0 


2 
Ч 
5t 
а 


Because — 2 = 0 is false, 


а.о 
2х — ЕЕ 26 — 29 + 241) m0 
О 
— 6+ 22+6=0 
Jj — а T= 0 
х—2у-+ z+1=0 
3y-— 2—320 
Зу z—1z20 
Хх-2у-1-1-0 
3 —2—320 
3y-—:—3-—(3y—2-— 0 
L= 2-Е Ты 0 
3)-2-3-0 
—2 0. 
We see that the required truth Set is void, 


Note, We see that the system of equations may have 


(i) unique so 


lution 


(i) infinite number of solutions 
(iii) no solution. 
Correspondingly, We say that the system is 


0) consistent, Gi) dependent 


l. Find the truth 


(iii) inconsistent. 
EXERCISES 


Set of the following Systems of equations. 


4x — 5y + 62 — 320 х + у = 35 
(i) 9 8x — 7р 4 3: + 3-0 04511237 


7x — 8y + 92 + 620 
2x — 57+ 62441 =0 
(iii) 


3x — 6y + 42 + 37 = 0 


2 + х = 42 


32 + 2х == 42 


3x + 2y = 34 
5x — 3у + 22 + 22 =0 (iv) < 3y + 22 = 44 


(3 
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2x —3y+ z+ 1=0 2x + 3y + 62+1=0 
ods otata o DS 2+4=0 
x+ 2+1 = 0 х + 7у + 192 4+1=0 

2х + 3y+ 42+ 4-0 х+у— 2+ 7=0 

(vii) Is 2у — 52 + 10 = 0 onda is 72 4- 520 
5х + 14у + 212+ 6-0 22y — 502 + 25 = 0 


2. Assuming the domains of the variables x, y, z to be the set Qo of non-zero 
rational numbers find the truth sets of the following systems of equations, 


(i) E +у+т+ 6=0 (ii) ЕМНЕ. 
алаг 8-0 ут 
++ 10-0 СЕЕ 

(iii) T +2 4s=0 Е. 
+68 гэг 
сык а 


49. PROBLEMS. 

In this section, we shall see how our knowledge of the solution of systems 
of linear equations can be made use for solving problems of Arithmetic. We exhibit 
this by taking an example each from 

(i) numbers (ii) time and work (iii) profit and loss (iv) time and distance 

(v) stocks and shares, 

Examples. 1. The sum of the digits of a number consisting of two digits is 
14. If the digits are reversed, the number diminishes by 18. Find the number, 

Solution. Let the unit’s digit be x and the ten’s digit be y. 


Then x+y = 14. „(0 
Also, the number is x+10y. 
If the digits are reversed, the number becomes 
10x + y. 
Also (x + 10у) — (10x + y) = 18. -40) 


We obtain, therefore, the system of equations (1) and (2), which we have to 
solve for x and y to get the result. 


In fact, we have the above system equivalent to 


{ x+y—14=0 
—-x+y-— 2=0 
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з One ae 


х-у-14 


2-0) 
ty»—14)20 


xP y — 14 ='0 


el ay = 46 0 
of Kooy ЛАА се (у 
y=8 
of ХОР85-14 =0 
y=8 
x=6 
el y=8, 


The required number is 86. 


2. Three men and four boys can do a piece of work i 


man and 16 boys can do it in four days. 
boys do this work ? 


Solution. Let us suppose that a man alone can com 


and a boy in y days. 
Then 3 men and 4 boys will finish 


n five days and one 
In how many days can one man and four 


plete the work in x days 


Certainly x and y are positive rational numbers. 


3 4 
FX 


of the work in one day. As they take 5 days to complete the Work, we have, 


= 
$ 


( 


4 
— = ]. 
+3) 


Similarly, because one man and 16 boys finish the work in 4 days, 


1 


«(x 


x 


“‹(1) 


we have 


2003) 


The system of equations (1) and (2) is equivalent to 


3 4 1 
Ray 0 
1 16 1 
e y саг 
3 4 1 1 16 I 
=. (+ y цас X 4) -0 
1 
Syne vay ea 
44 
-F +i =0 
2, 1 16 1 
o accum eo 
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b aram m 
Я 1 16 : 3 
Fae ГОЛ 
сэ: 
y 80 
e 
Ml Sighs 
Ор 
Now, one man and four boys will be able to complete 
1 4 
20 + 80 


of the work in one day. 
If z denotes the number of days they will need to complete the work, we 


1 4 
(15 eg 


which is equivalent to 2 = 10. 

3. A horse and a cow were sold for Rs. 760 making а profit of 25% on the 
horse and 10% on the cow. By selling them for Rs. 767°50, the profit realised 
would have been 10% on the horse and 25% on the cow. Find the cost price of 
each. 


have 


Solution. Let the cost,price of the horse and the cow be x and y rupees 
respectively. 
Their selling prices in rupees in the first case will be 


125. хде Эх and АМ i.e 15 

10077 a 100: Не 102: 

respectively, so that we have 3 
5 11 
m у= WU 
ЕЮ) 760. (1) 

Similarly, we have 

11 5 р 
— — = т; m 2 
10: 5 + "t 767.5. (2) 


Now, the system of equations (1) and (2) is equivalent to 
m + 22y — 15200 = 0 
22x + 25у — 15350 = 0 
I 22 (25x + 22y — 15200) = 0 
25 (22x + 25y — 15350) = 0 
5 T5 (25x + 22у — 15200) — 25 (22x + 25y — 15350) = 0 
22x + 25y — 15350 = 0 í 
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— 141у + 49350 = 0 
Yoox 4 25у — 15350 0 


y = 350 
* Ux + 25у — 15350 — 0 
y = 350 
€ (22x +25 x 350 — 15350 0 
y = 350 
25 |, = 300, 


The cost price of the horse is Rs. 300 and that of the cow is Rs. 350. 


4. A boat goes upstream 30 km. and downstream 44 km. in 10 hours. It 
also goes upstream 40 km. and downstream 55 km. in 13 hours. Find the speed of 
the stream and that of the boat in still water. 


Solution. Let и and v denote the speeds ofthe boat in still water and the 
Stream, respectively in km. per hour. 


Then the speed of the boat while going upstream will be (u — v) km. per 
hour and while going downstream it will be (и + v) km. рег hour. 


The total time taken in the first case being 10 hours, we have 
30 44 


и ар» Я. pM 
Similarly, 
40 55 у 
ие d wee da) -40) 


The system of equations (1) and (2) is equivalent to 
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30 44 


-d AES EEA ЖОЛИ 
uct»-—ll 

30 44 
d E 
u+v= 11 

30 
-d Sur aN rta 
и + у = 1 
иту = 5 
el и-у-1 

(uty +(u—vy=5+11 

-f и-+ у= 11 
и = 8 
ә | и+у = 11 
и = 11 
°{ у = 3. 


Thus, the speed of the boat in still water is 8 km. per hour and that of the stream is 
3 km. per hour. 

5. A man invested Rs. 6,200 partly in 10% stock at 132 and partly in 8% 
stock at 99, If the income derived from each investment be the same, find the two 
investments. 

Solution. By the statement 10% stock at 132, we mean that in order to 
purchase a stock whose value is Rs. 100, we have to pay Rs. 132 and then the income 
from this investment of Rs, 132 will be Rs. 10 р.а. Similarly, by the statement 8% 
stock at 99’ we mean that by investing Rs. 99, we get stock worth Rs. 100 and the 
income will be Rs. 8 p.a. 


Suppose now that the man invested Rs. x and Rs. y respectively in the two 


stocks. ї 
His total investment being Rs. 6,200, we have 
x + y = 6200. 441) 
Again his income from the two investments being the same, we have 
ij х 10= 55 x 8. ©) 
The system of equations (1) and (2) is equivalent to 
{ x + y = 6200. 
45x — 48y = 0 


<> 
Ул у 6% sd 
«| 15x — 16 — 0 
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x + y — 6200 = 0 
5114: а. 


я х + у — 6200 = 0 
| — 31x + 15 x 6200 = 0 
x + y — 6200 =0 
hf { y = 3000 
; i x + 3000 — 6200 = 0 
380 { y = 3000 
x = 3200 
" { y = 3000 
The two investments must be Rs, 3,200 and Rs. 3,000, 
EXERCISES 


1. A number consists of two digits whose sum is 8. Find the number, if by 
adding 18 to it, the digits are reversed. 

2. A number consists of two digits whose sum is one-fourth of the number. 
If the digits are reversed the number becomes 27 more then the original number. Find 
the number. 


3. A number consists of three digits whose sum is 17 ; the middle digit 
exceeds the sum of the other two by ‘I’. If the digits be reversed the number is 
diminished by 396. Find the number. 


4. Five years hence father’s age will be three times that of the son and five 
years ago father was seven times as old as the son. Find their present ages. 

5. A man has five sons, the'sum of the ages of the five sons being equal to 
the age of the father, In 12 years' time the sum of the ages of the sons will be double 
that of their father. What is the age of the father now ? 

6. Three men and four boys can do a piece of work in five days and two 
men and twelve boys can do it in four days. In how many days will one man and 
two boys do this work ? 


7. "Three men and nine boys together can do four times as much work as a 
man and a boy together can do in the same time. Find the ratio of the work done by 
a man and a boy respectively in the same time. 


8. Four copies of the Algebra book and five copies of the Geometry book 


cost Rs. 49, while seven copies of the Algebra book and 4 еоріеѕ of the Geometry 
book cost Rs. 62. Find the price of each. 


9. A man sold nine horses and Seven cows to one person for Rs. 12,000, and 
six horses and thirteen cows to another person for the same amount. What was the 
price of each ? 


10. Akg. of tea and 3 kg. of sugar cost Ёз. 19°50. If the price of sugar rose 


by 50% and tea by 10%, they would cost Rs. 23:25. Find the prices per kg. of tea 
and sugar. 
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11. A train 75 metres long overtook a person who was running at the rate 


of 8 km. an hour and passed him in 7:5 seconds. Subsequently it overtook a second . 


person and passed him in 6°75 seconds, At what rate was the second person walking ? 

12. The current of a stream runs at the rate of five km. an hour, A motor 
boat goes 10 km. upstream and back again to its starting point in 50 minutes. Find 
the speed of the motor boat in still water. 

13. Aniland Ajay run a kilometre, First, Anil gives Ajay a start of 25 metres 
and beats him by 51 seconds, Secondly, Anil gives Ajay a start of 1 minute 15 seconds 
and is beaten by 50 metres. Find the times in which Anil and Ajay run аг kilometre. 

14. Navin and Sunilcycle from A to Ba distance of 55 km. Navin arrives 
30 minutes before Sunil. They then cycle from Bto A. By giving to Sunil a start 
of 4 km., Navin arrives 6 minutes before him. Find the speeds of each of them in 
km., p.h. 

15. Sushil walks a certain distance at a certain rate. Had he walked } km. 
an hour faster, he would have taken 15 minutes less. But if he had walked 1 km. 
an hour slower, he would have taken 45 minutes more. Find the distance and Sushil’s 
speed. 
16. Ram and Shyam have the same income. Ram saves one-fifth of his 
income. But Shyam by spending Rs. 1,000 annually more than Ram, finds himself 
in a debt of Rs. 2,000 at the end of four years. What was the annual income of 
each ? 

17. The sum of Rs, 1,550 was lent partly at 7:5% and partly at 12% simple 
interest. The total interest received after three years was Rs. 450, How much was 
lent in each case ? 5 

18. A man invests Rs. 6,750 partly in 12% at 140 and partly in 10% at 125. 


If his total income is Rs. 560, how much has he invested in each ? я 
19. А тап invested the same sum in two different stocks 7% at 1034% and 


8% at 105. His income from one is Rs. 186 more than from the other. What was 
his investment in each ? 

20. A man wishes to invest Rs. 21, 
101% at 91, so as to derive the same income from each. How 


SUMMARY 


000 between two stocks 15% at 143 and 
must he do this 7 


ing in equations to be the 


Assuming the domain of each:of the variables occuri › 
we have the following. 


set Q and the co-efficients in the equations as members of Q, 


(1) The linear equation 
ax +b=3,a40, 


has a unique solution viz., 


Муу 
2 
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(2) The equations 


ax+b=0 a0 
{а +4=0 с=0 
are consistent if and only if 
ad = be, 
` (3) The truth set of the equation 
ax + by+c=0 
a and b being not both Zero, is infinite. л 
(4) The system 
| + by +¢=0 
ax+ by + с - 0 
has (i) a unique solution (ii) an infinite number of solutions (iii) no solution accord- 
ing as : 
(i) ab! Æ a'b (ii) ab’ = a'b, ac' = ас (ШЇ) ab! = a'b, ас” Æ ас. 
Also accordingly we say that the system is 
(i) consistent (ii) dependent (iii) inconsistent. 
(5) The truth set of 
ах + by 4+ cz 4+d=0 
4, b, c being not all Zero, is infinite, 
(6) The truth set of the system 
{е + by +e +d =0 
ax + by + ст +d'=0 
may be infinite or void, 
(7) The system 
ax + by + cz + da0 
аг Тс2-4--0 
a^x + b"y + c'z Tod" ma () 
may have 
(i) a unique solution (ii) no solution 
depending upon the values of the co-efficients. 


REVIEW EXERCISES 


1. Solve the following systems of equations : 


(iii) an infinite number of solutions 


a [13x + 127—130 iy { 5x 4y-22 20 

12x + 13у — 12 0 6 
Оо NE ee ША ДАЛ 
О Зун ДД Pace 9-0 


в [215 + 25у — 13 =0 yf 4Х— 641220 
4x— 3y+ 5 =9 07 COE PSP Rd 
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2. Which of the following systems of equations are consistent and which are 


not ? 
2x — 3y +5 =0 х 11= 
05457528) {шуу uzo 
x + 36y —77—0 Qe Spake ФЭ 55:0 
С A T 5х + 4y — 3 =0 
(iii) 4 4х—2у +5 =0 (9) 4 2x—5y + 4 =0 
22x + 34py —7 =0 3x — 24у + 19 = 0 


| 3. Assuming the domain of each of the variables to be the set О, of non-zero 
rational numbers, solve the following systems of equations. 


лауа INR ЭГ АЫ УШЫ 
(i) x у (ii) 3x 4y 2 
x 3 : 2x 3y 5 


4. Assuming a + b, find the condition of consistency of 
x + p=l 
ax + by =c 
ах? + By = с?, 


5. Solve the following systems of equations. 
x— 2y+ 3244 =0 2x — Sy 32-8 =0 
(i) d 2x + Sy— 8-7 =0 DE 3y — 11z+ 5 =0 
5x + 23у — 362 — 37 = 0 13у — 1727 — 21 = 0 


2x — 3 — 3x 4 4y — 52 = 0 
(iii) 3x — 7у = 10 (iv) x42y—9z4 4-0 
9x + 8y — 72 = 2 13x — 7y— z 101 — 0. 
6. Assuming the domain of the variables to be Qo, solve the following sys- 
tems of equations. i 


f 1 1 2 3 
SE AA ар ENN A 
| 57» x Toy y A 
Rok euer PONE DEA LIT 
(i) iun m urn (ii) y ^ 6 0 
1 1 4 2 
phy dues Oe нео, 


7. А number consists of two digits whose sum is 10. If the digits are reversed 
the number becomes 36 more than what it was. Find the number. 

8. Asha tells Usha “Give me Rs. 900 and I shall have twice аз much as you 
will have". Usha replies ‘If you give me Rs. 100, I shall have thrice as much as you 
will have’. How much money has each got ? 

9. A fraction becomes 3/4 if 1 is added to its numerator. However, if itis ' 


multiplied by 2/5, it becomes 1/4. Find the fraction. 
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10, A and B working together can finish a job in 14 days. The job can also 
be done if A works for 21 days and В for 2 day. How long will it take each working 
alone to do the job. 

11. If three taps are opened together, a cistern is filled in 12 hours. One of 
the taps can fill it in 10 hours and another in 15 hours. How does the third tap 
work ? 

12. А dealer has two cars which together cost him Rs. 30,000. He sells one 
at a profit of 20% and the other at a profit of 8%. Ifhe gains 15% on the whole, 
find the cost price of each ear. 

13, A man purchases a certain number of oranges at 3 for 50 paise and some 
others of a different kind at 2 for 25 paise. Thus, he paid Rs, 36 in all. He put the 
oranges together, and sold all but 16 of them at 20 paise each. He made a profit of 
Rs. 8.80. How many oranges of each kind did he buy ? 

14, The age of the father is 3 years more than three times the age of the son. 
Three years hence father’s age will be 10 years more than twice the age of the son. 
Find their ages now. 

15. The sum of the present ages of Mohan and Sohan is 63 years. Also, 
Mohan is twice as old as Sohan was when Mohan was as old as Sohan is. Find their 
ages. 

16, A boat covers a distance of 6 km, in 45 minutes while going downstream. 
But in coming back upstream it takes,13 hours. Find the speed of the current and the 
speed of the boat in still water. ` 

17. A journey of 600 km. is covered partly by train and partly by car. It 
takes 8 hours if 120 km. is covered by train and the rest by car, but it takes 20 minutes 
longer if 200 Кш. 13 covered by train and the rest by car. Find the speeds of the train 
and the car, 

18. There are two solutions, of strengths 8% and 24% of iodine. Find the 
quantity of each solution to be mixed up in order to obtain 80 c.c. of a 12% solution. 

19. A person invests Rs. 14,970 partly in 6% stock at 90 and partly in 62% 
at97. Find how much of each stock he bought, if his total income is Rs. 1,000, 

20. Having Rs. 8,370 to invest, а man puts part of it in 9% stock at 96 and 
the remaining in 12% stock at 120. Find the amount invested in each, if his income 
from the two investments is the same. 


6 


Quadratic Equations 


50. INTRODUCTION 


As in chapter 5, in this chapter also, unless otherwise stated, the variables will 


be thought of as having the set Q of rational numbers as the domain and the numbers 


involved will also be rational. 
Let us consider algebraic expressions of the form 
2x 13, 3xyt ху E X, 338 — 2x + 5,20 + 3 +05 
3х4 + 2x2 — 3x + 7. 
med by a finite number of addition and multiplica- 


Each one of these expressions is for 
These expressions are examples 


tion operations with rational numbers and variables. 

of what are called polynomials. 

Definition. A polynomial over Q is an algebraic expression 
of addition and multiplication operations with rational m 
The index of any variable in a polynomial must be a non 


For example, while 
2x? -+ 45x 4 y, 3x2 — Sx? + 4x +7 


formed by a finite number 
umbers and variables. 
-negative integer. 


are polynomials, 

x 

— +3 

y "s ; 

is not a polynomial inasmuch as in x/y the index of the variable y is — 1 which is a 
negative integer. 

The simplest form c 


or a variable, or a product o 


f a polynomial is à monomial which is either a numeral, 
f a numeral and one or more variables. 


Thus, 
5x2, — 35x, 7ху% 
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are some examples of monomials. A polynomial may, therefore, be thought of as the 
sum of a finite number of monomials. Each one of the monomials constituting the 
sum as a polynomial, is called a term of the polynomial. If the number of terms ina 
polynomial is two, it is called a binomial and if the number of terms is three, we call 
it a trinomial. 


EXERCISE 


Identify each of the following polynomials as a monomial, binomial, 
trinomial. 


(ij) х +1 (ii) 8x3—5x + 1 
(iii) 2 xy (iv) 7 43.4 
0) 3(x + y) (vi) 8xy + y + 2x 
2 (vii) 3 (viii) 5x2 + 4 


(ix) x+y +2. 


In the present chapter, however, we shall be concerned with polynomial in 
one variable only. 


Definition. A polynomial in one variable x over О is an algebraic expression of the 


form. ( 
a? x^ -- ay x" + а» xn-2 Er AAN can XV РЕ; + 4һ1х + an 
where ESOL ase аа! 106 
are given rational numbers, a° z50,nis any natural number and the domain of 
xis Q. Thenumbers a , ai PW CPP » an-ı are called the co-efficients of 


Xy ХЭЭГ хөг у, 163 
respectively, а» is called the constant term and л is called the degree of the poly- 


nomial. Also, the polynomial is called monic if the co-efficient of the highest degree 
term is 1. 


For example, 

(i) 2x 4-5 (1) T3 + 5x —3 (iii) x1 — 2x 41 
are polynomials in x of degree one, two and three respectively. Of these (iii) is monic 
but (i) and (ii) are not monic, 


A polynomial of degree one or a first degree polynomial is also known as a 
tinear polynomial. Also a polynomial of degree two or a second degree polynomial is 
called a quadratic polynomial. 


It may be noted that in our study of linear equations and linear inequalities 
with one unknown, we were concerned with linear polynomials. The general form 
of a linear polynomial with the variable x is 


ax +Ь 


DIEM л эуүту”-э 
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where a and b are given rational numbers anda 0. We have seen that a linear 
equation with one unknown x is an open statement which is equivalent to that of 
the form | 

ax+b=0, 
mbers апда = 0. Also a linear inequality with one 


a, b being given rational nu 
t which is equivalent to one baving any of the following 


unknown is an open statemen: 
forms : 
(i) ax p b 70 (ii) ax + < 0 
(iii) ax + b > 0 (iv) ax + b <0. 
Here again a , b are given rational numbers and a 52 0. A 
In the present chapter, we shall deal with open statements which are equiva- 
Jent to those of the form 
(i) ах? + bx +¢=0 
(iii) ax? + bx + с < 0 
(у) ax? + bx c e & 0, | 
a, b, с being given rational numbers and a # 0. 
Thus, in this chapter, we shall be concerned with quadratic polynomials of 


the form 


(ii) ax? + bx +o >0 
(iv) ax? + bx + c 20 


ах? + іх + с 
where а, b, с are any given numbers and а # 0, and xis the variabl 
Q of rational numbers as its domain. 
Of course instead of denoting à 
variable by any other letter say У, u,v,t. 


Note. It is possible that the co-efficient о 
nomial is zero. 


e with the set 


variable by letter X, we may denote the 


f x or the constant term in the quardiatic poly- 
EXERCISE S 


1. Give the co-eflicients including the constant terms of the 
nomials. Also state the degree of each one of them. 


following poly- 


(i) 2x +7 (ii) — 2x 15 
(iii) — 3x pas Hi +7 
— 15у +2 vi) 7y 
on e 7 (viii “5x* — 7х + 8 
(ix) ‘7x? + x (x) 5*—2»*1- 
(xii) —8)* 


EL 
(кй SP НТ 3 
(xi) —2 + 34 
(xvi) 33 + Tat — 35 + 5 
(хуй) x7 = 1 


Gi МЕ 1 


(xv) 32 — 7 
(vii) 2x* — 2x 4.5 


f 


1 


A ADRS es ie AU TRIER te 
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2. Which of the polynomials in Ex. 8 above are monic ? 
3. Put down any five quadratic polynomials and the co-efficients including 
the constant term in each case. Which of these are monic ? 


4. Put down any two polynomials of degree three which are monic. State 
the co-efficients including the constant term in each case. 


5. Put downa polynomial of degree five. Also put down the co-efficients 
including the constant term. 


51. PRODUCT OF TWO LINEAR POLYNOMIALS. 
It is important to note that the product of two linear polynomials with the 
same variable is a quadratic polynomial. 
Consider two linear polynomials 
ax +b, сх + а; а-2 0, с-20, 
‚ Repeatedly using the distributive law, the commutative and the associative laws of 
addition and multiplication, we have 
(ах + b)(ex + d) = ax(cx + d) + b(cx + d) 
= axcx + аха + bex 4+- bd 
= асхд +. (ad + bc) x + bd. 
Also we note that 
a#0 and с» 0 > 9-0. 


The product, therefore, is а quadratic polynomial in that the co-efficient ac of the 
term асх is not zero. 


Note. We should note that the equality 
(ax + bYcx + d) = acx? + (ad + bc) x + bd 
is true y x € Q. 


EXERCISES 


1. Express the following products of linear polynomials as quadratic poly- 
nomials, 


O & + 00 +2) (ii) (x — 26 + 3) 
(iii) (x — 4)(x — 7) (iv) (2x + 1)(х + 2) 

(у) (2х + 3)(3x + 2) (vi) (5x — 7)(6x + 11) 
(vii) (x + 4(3x/— 1) (viii) ( — 2x + 1)(x — 7) 
(ix) (3x + 4)(х — 2) (x) (2 — 31) (34 + 1) 
(xi) (5 — 40)(5 + 4t) р (xii) (2 — t)(2t + 5). 


2. a, b, p, q, 1, m being any rational numbers, express the following products 
as quadratic polynomials : 


0 (Œ + a(x + b) Gi) (x — 2p)(x + 34) (й) (у + DO — 5m) 
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1 3. Put down any буе pairs of linear polynomials with the same variable and 
obtain their product as a quadratic polynomial in each case. 


Square of a Monic Linear Polynomial 


In Ex. 1 and 2 above we may see that the product of two linear polynomials 
which are monic is a monic quadratic polynomial. Ав а special case of the product 
of two linear polynomials, let us consider the square of a monic linear polynomial, A 
linear polynomial which is monic, is of the form 

х-р 
where р is any rational number. We have 
(x + py = (x + pyx + p) 
e x(x + р) + p + p) 
‚ == (x? + хр) + (рх + p’) 
= x? + 2px + p. 
We notice that the constant term is p? and the co-efficient of x is 2p. Thus, the square 
of a monic linear polynomial is a monic quadratic polynomial such that the constant 
term is the square of half the co-efficient of x. 

Conversely, every monic quadratic polynomial such that the constant 
term is the square of half the co-efficient of x is the square of a monic linear poly- 
nominal. 

For example, each of the following is a monic quadratic polynomial satisfying 
this condition, 


(i) ж + 4x + 4 (1) № + 2bx + № 
(iii) х? + 3x + 2 (iv) x? —5x + 5 
Me- kt pe (i) xt — 6x +9 


and they are respectively the squares of the following linear polynomials which are 
also monic. 


(i) x + 2 (1) x 4- b 
(iti) x + 3 i) x- 2. 
И qi) x— 3 
2 
Now, let us consider the monic quadratic polynomial h 
x + 1х +... 


ly determined in 


whose constant term is not known. This constant term is unique 
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order that the polynomial be the square of a linear polynomial. Thus, the missing 
term being the square of half of the co-efficient of x, will be 


1 ү i n 
(+) "HL Л) 
: Also with this as the constant term, the polynomial will be the square of 
1 
x+ 7 
so that we have | 
(En АЖ 
ЖООМ КУТУ (+) 
EXERCISES 


1. Each of the following is the square of a linear polynomial. Supply the 
missing terms. 


(1) x8 — 4х +-... (ii) х? 4- 3x +... 
(ui) эй ах) (iv) х4... 

(9) x*— Sx 54 (vi) x* + © xc... 
(vii) xà — 4 х it R (viii) x3 + т. B 


9 
(ix) рг... 


Also give the corresponding linear polynomial in each case 
2. Each of the following is the square of a linear polynominal. What is the 
number k in each case? /, m are given rational numbers. 


(i) x* 4 2x + (2+ E) (ii) x2 — 3x + (7 — k) 
(iii) x* + 6x + (8 +k) (iv) хе + 5x + (2 + k) 
(у) x? + [x + (m + k) (vi) x? + 21х + (m — k). 


3. Each of the following is the square of a linear polynominal, Supply the 
missing terms and give the corresponding linear polynomial in each case. 


(i) +... +9. (п) erue 5. 


4. Find К such that each of the following becomes the square of a linear 
polynomial ; /, m are given rational numbers. 


() x -- Q-I)x 4 мб — Dx 56 


(i) x 0 x + т (9) & 4p — mx m 


сей йй 
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52. LINEAR FACTORS OF A QUADRATIC POLYNOMIAL. 


Having seen that the product of two linear polynomials with the same variable 
is a quadratic polynomial, we now attend to the converse problem of expressing a 
given quadratic polynomial as a product of two linear polynomials. 


It will be seen that not every quadratic polynomial with rational co-efficients 
can be expressed as a product of two linear polynomials with rational co-eflicients. In 
fact we shall need to extend the system of rational numbers to that of real numbers 
and complex numbers to be able to express every quadratic polynomial as a product 
of linear polynomials and this programme of extension will. engage our attention in 
Algebra II. 

We shall now proceed to obtain the conditions to be satisfied by a quad- 
ratic polynomial with rational co-efficients to be expressible as a product of linear 
polynomials with rational co-efficients. Of course, we shall also learn to express 
those cf the quadratic polynomials, which can be so expressed, as products of linear 
polynomials. 

It will be seen that the expression of a quadratic polynomial as a product of 
linear polynomials constitutes the technique for the determtnation of the truth sets of 
quadratic equations and inequalities. 

We say that the linear polynomial 

іх + m, 1тЕ 0,152 0 
is a factor of the quadratic polynomial 
ах? + bx + ca, b,c E О, а5 0 
if there exists a linear polynomial 
px + а, p»gcQpzo 
such that 
ах? + bx + e = (Ix + т)(рх + q), Y х EQ. 
Condition for a Quadratic Polynomial to be Factorisable 
Theorem. The quadratic polynomial 
aX + bx + с, а,5,сЄ0,4550 
is expressible as a product of two linear polynomials with rational co-efficients. if 20 
only if 
b? — 4ac 
is the square of a rational number. 
Proof. Let us suppose that 
b* — 4ac 


is the square of a rational number. 
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We have, a not being zero, 


at иена (+ riti) 


Now, 
b c 

x? + 72 х + 25% 
is monic with b/a as the co-effieient of x. Further, the square of half of this co-efficient 
of xis Е 

b 2 р? 
(=) > Le; da 
We have, 


b c b b? c b 
Fg м =(#+ па) ao ia) 
bw, 4ac— 5° 
яр ( Тан =) + 4a? 
=(< Т 3) - b — 4ac , 
9а 403 
We have assumed that b? — 4ac is the square of a rational number, Let this rational 


number be k, so that we have 
К? = b? — 4ac. 


Thus, we have 


«эвээ 87-41 


(оа пв) 


“ We have been able to show, therefore, that the quadratic polynomial 
a + х + с, а, b,c E Q, а20 
is expressible as a product of two linear factors with rational co-efficients, if 
b? — 4ac 
is the square of a rational number. 
Conversely, we shall now prove that if ax? + bx + cis expressible as a 

product of two linear factors, then b? — 4ac must be the square of a rational 
number. 
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Let ax? + bx + c be the product of /x + m, px + q, so that we have 
ах? + bx + c = (Ix + т)(рх + q). 
Also, we have x 
(x + m)(px + а) = Ipx* + (Iq + mp) x + тд, 
so that 
а = 1р, b = Ід + тр, с = тд. 
This gives 
b? — 4ac = (Iq + тр) — Чр mq 
= [242 + т?р? + 2Impq — 4lpmq 
= [2g% + mp? — 21тра 
= (lq — mp} 
so that b2? — Дас is the square of the rational number /g — mp. 
Thus, the theorem is proved. 
Illustration. Consider the quadratic polynomials : 


(i) 6x — 7x — 3 (й) 222 + x — 5 
(iii) 12x — x — 6 (iv) 3x? +x + 8 
() x +4 (vi) 8x? + 10x — 3 


(vii) 4x2 — 12x + 9. 
(0 а= 6, b=—7, DEL Х 
b? — 4ас = (—7? —4(6)( — 3) = 121 = 11? 
so that b? — 4ac is the square of a rational number viz., 11. 
(üi) a =2, b=1, c=—S. 
b? — 4ac = 1? — 4(2)( — 5) = 41 
so that there is no rational number whose square is the rational number b? — dic 
which is 41. 
(iii) a = 12, b=—1, c=— 6. 
b? — Дас = ( — 1)? — 4(12)( — 6) = 289 = 17° 
so that b? — 4ac is the square of a rational number 17. 
(v) a=3, 8-1, c= 8. 
b? — Дас = 12 — 4(3)(8) = — 95 
so that T — дас is not the square of a rational number. 
n fact, no negative rational number is the square of a rational number. 


T ET b=0, c=4 


Bb? — 4ac = 0° — 4(1)(4) = — 16 
so that b2? — 4ac being negative, is not the square of a rational number. | 
(vi) a= 8, b=10, c= —3. 


b2 — Дас = (10)2 — 4(8( — 3) = 196 
so that 5? — 4ac is the square of a rational number 14. 
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where k is some suitable non-zero rational number such that 
І Ка, КЬ, Кс 
аге all members of the set I. The problem of writing 
ах + bx +c, a,b, c€ О, a~0 
as product of linear factors, then reduces to that of expressing 
(ka) x? + (kb) x + ke, Ка, kb, bc € І, ка52 0 
as a product of linear factors. We may, therefore, deal with the problem of 
expressing 
ах? + bx + c, а,5,сЄ1,а550 
as a product of linear factors. 
Let 
ax? + bx + с = (1х + m) (px - 4) 
where, /, m, p, q are members of I. 
Also, we have 
- (ix + т) (px + а) = Ірх? + (lq + mp) x + mq 
so that 


. 


а= 1р, Ь= ц + mp, c — mq. 
This gives ; 
ac — (Ip) (mq) — (I) (mp). 
Now a€Lcecl-accI. 
Also /q and mp are two factors of ac such that their sum is b. We have, therefore, 
the foliowing procedure to get the factors of the quadratic polynomial. 

Rule. Express the product ac of the co-efficient a of x? and the constant 
term c as the product of two integers in such a way that the sum of these two num- 
bers is the co-efficient b of x. Express b as the sum of these two numbers and proceed 
employing the distributive law. 

We illustrate the procedure with the help of the following examples. 


Examples 
Factorise the following, 
(i) 4x? + 12x 4- 5 (ii) 4x* — 23x — 6 
(iii) 6х? — 13x + 5 (iv) 5x? + 13x — 6. 


(i) The product of the co-efficient of x? and the constant term is 4 x 5 
ie, 20. 

Again, of the several pairs of factors of 20, we select the pair 10, 2 in 
that 


10 + 2 
is the co-efficient 12 of x, 
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We have 
4x2 + 12x +5 = 4x? + (10 + 2) x + 5 
= (4x? + 10x) + (2x + 5) 
= 2х (2x + 5) + 1.(2х + 5) 
= (2x + 1) (2х + 5). 
2: The product of the co-efficient of x? and the constant term is 4 ( — 6) 
e, — 24. 
Of the pairs of factors of — 24, we select the pair — 24, 1, as 
—24+4+1 
is the co-efficient — 23 of x. 
We have 
4х2 — 23x — 6 = 4° + (— 244 lI) x—-6 
= (4x? — 24x) + (x — 6) 
= 4x (x — 6) +1. (х— 6) 
= (Ax + 1) (x — 6). 
(iii) The product of the co-efficient of x? and the constant term is 6 X 5 
i.e., 30. 
We choose the pair — 10 and —3 of factors of 30 because their sum 
— 10 + ( — 3) is the co-efficient — 13 of x. 
We have 
6x2 — 13x + 5 = 6x! — (10 +3)x 4-5 
= (6x? — 10x) — (3x — 5) 
= 2x (3x — 5) + (— 1) (3х — 5) 
=) 
(iv) The product of the co-efficient of x? and the constant term is 5 ( — 6) 


—.30. 
We choose the pair 15, — 2 of factors of — 30 because their sum 15 — 2 is 


the co-efficient — 13 of x. 


We have 
AE 13x — 6 = 5x? + (15 —2x— 6 
= (5x2 + 15x) — (2x + 6) 
= 5x (x + 3) — 2(x + 3) 
= (5x — 2) (x + 3). 
EXERCISE 
Factorise the following. 
(i) х + 6x + 5 (ii) х? — 3x + 2 


(iii) x + 4x — 5 (iv) x? — 12x — 28 


19! 
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0) 2x? + 7x + 5 (vi) бл? — 13x + 6 
(vii) 3y* — 5y + 2 (viii) 12у? — 11y — 15 
(ix) 2y? — 5y — 25 (x) 128 — 321 + 21 
(xi) 31? + 7t + 2 (xii) 312 — 7t — 6 

(xiii) 182 — 15u — 11 (xiv) 21 — 4u — u? 


(xv) 944 — 30и + 25. 
53. THE QUADRATIC EQUATION ах! + bx + c = 0 OVER Q. 
In this section we shall study the various methods of solving the quadratic 
equation 3 . : 
> ax? + bx + е = 0, a, b, ¢ E О, а 5 0. 
First of all we shall obtain the criterion for a given linear polynomial to be a factor 
of a given quadratic polynomial. This criterion gives us a relation between the 
roots of the equation and the factors of the corresponding polynomial in the form of 
the following theorem. 
Theorem, A rational number, h, is a root of the quadratic equation 
а +bx+ec=0 a,b,c E Q, а5 0 
if and only if x — h is a factor of ax? +- bx + c. 
Proof. Let a rational number h be a root of 
аж + bx + с = 0, 
so that й 
ah? + bh + c = 0. 
We have ¥ x € Q, 
ax? + bx + с = (ax? + bx + с) —0 
== (ах? + bx + c) — (ah? + bh + c) 
= a (х? — h) + b (x — h) 
= a(x — h) (x -+ h) + b (x — A) 
m à = (x — h) [a x + h) + 5) 
в (x — h) [ax + (ah + b)) 
so that x — his a factor of ах? + bx + c. 
Conversely, let us suppose that x — h is a factor of 
ах? 4- bx + c, 
во that there exists a linear polynomial /x + m with rational co-efficients such that 
e ах + bx + с = (x — h) (Ix + т), хє О. 
Replacing x by h, we have 
ай? + bh + с = (h — h) (lh + m) = 0 (lh + m) = 0 
so that / is a root of the quadratic equation 
^ ах? 4+ bx + c = 0. 
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Truth Set of the Quadratic Equation ах? + bx + с = 0. 
We have already seen that 
ах? t+ bx + с 
is the product of two linear factors with rational co-efficients if and only if 
: b* — 4ac 


is the square of a rational number, 
Let b? — 4ac be the square of a rational number. 


Then we have a relation of the form 


ах? + bx + c = (Ix + m) (px + 9). 41) 
Now ix +m =0@x= — mil 
and px+q=0ex=— 41р. 


Replacing x by — m/l and — q/p separately in (1), we see that — m/l and — 4/р are 
roots of the equation 
axi + bx +¢=0. 

Also no value of x other than — mjl, — ар can be a root of this equation. 
In fact, if we suppose that x is replaced by any number other than — mll, — ар, 
no one of the two factors on the right hand side of (1) will be zero and as such the 
product will not be zero. ї à 

Thus, — т/ and — а/р are the only two roots of the equation, and so the 


truth set is { — "Л, — 41р}. 
However, if b3 — Дас = 0, 
then we shall have — m/l = — 91р. 


In fact, as we have already seen, 
. b3 — 4ас = (Iq — mp}, 
so that 
b! — 4ac = 0 > (lg — mp)? —0 
> 4 — тр = 0 
> — mil = — ар. 
The truth set of the equation in this case will be 
{— m/l}. 
We have thus been able to show the following : 
The truth set of 
ах + bxpece=0 a,b,c E Q, 420, à 
(i) consists of two members i.e., the equation has two roots if b? — 4ac is the 
square of a non-zero rational number ; à S 
(ii) consists of only one member if b? — 4ac = 0; 
(iii) is void if b — 4ac is not the square of a rational number, 
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Accordingly, we also say that the equation has 
(i) two distinct roots, 
(ii) two equal roots, 
(iii) no root. 
_ Note. The above method of solving the quadratic equation, no doubt, is very helpful 


in practice, yet it does not give the roots of the equation in terms of the 
co-efficients a, b, с. In the following process we shall be able to overcome this 


difficulty. 

Alternative Solution 

The process of solving a quadratic equation may as well be exhibited as 
follows. Of course, it is assumed that b? — 4ac is the Square of a rational number 
so that Vb? — 4ac is meaningful in respect of the set of rational numbers. 

We obtain the following chain of equivalent statements. 

ax -Lbx--cen0 

(Dividing by a, which is non-zero) 


b с 
2 cM rs 
аа о 
(Adding io both sides — 2) 


b c 
Х3---Х---- 
e n Z б 


(Adding the square of half of the co-efficient of x to both sides) 


b b ү b ү c 
а) = (и) < 


bY — bt дас 
b М b? — 4ac 
b 4 b* — 4ac 
<> en 


= = ВУР дас. 
ца ээ EE 
This shows that the required truth set is 


- b + 4 bE — дас — b — X b — 4ac D 
DECRE E рт 
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In case however, b? — 4ac = 0, the two members of the truth set become the same 
so that the truth set contains only one element and is 


1-5) 


Different Procedures of Solving a Quadratic Equation 
Let the equation be 
ах? + bx фсе 0 abcc€Q,azE0. 
Firstly we see if the polynomial 
ax? + bx с 
can be factorised by inspection. If we find by inspection that 
ax? + bx + с = (Ix + т)(рх + 4), 
then the required truth set is 
{ SERE ee 4}. 
5 Ja p 


Of course in some cases, these two numbers may be the same so that the truth set 
may consist of only one element. 

Suppose now that we are not able to judge the factors by inspection. In 
this case, we may go in for factorisation by completing the square as is shown on 
page 244. 

We could also proceed as on page 252 and obtain the truth set without first 
knowing the factors. 

Finally we could also straightway put down the roots by making substitutions 


for a, b, c in 


—b+ УЙ дас — b — УВ — дас 2 
2а 2а 

Of course, b? — 4ac has to be in all cases the square of a rational n 

procedures will be indicated in the following examples. 


umber. Different 


Examples 
1. Solve the following quadratic equations. 
() — 7x4 1220 (i) 6x? + x — 15 =0 
(iii) 39x33 — 7x — 22 = 0 (iv) 4x2 + 12x + 9 = 0. 


fficient of x? and the constant term is1 x 1216, 


(i) The product of the co-e zia 
f12issuchthat their sum is — 3 — 4 which is 


12. The pair of factors — 3, — 40 
the co-efficient — 7 of x. 
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We have, therefore, 3 
х* — 7х-Ь 12 = № — 3x — 4x + 12 

=х(х—=3)—4(х—3) 
= (x — 3) (х — 4), 

The truth set of the given equation, therefore, is 

{ 3, 4) 
or that 3, 4 are the roots of the equation, 
(ii) We have 


бачх-15-6(84 85-12) 


Thus, = (3x + 5) (2x — 3). 
бх? + x — 15 = (3x + 5) (2x — 3) vx€Q. 


Now 25-3-0өх-4 


and »x$e0ex- 5. 


The required truth set, therefore, is 
хауз =} 
2. 3 
(iii) We have 


а= 39, b-—7, c= —2, 
so that з — 4ac e ( — Туз — 4 (39) ( — 22) 
= 49 --4x 39 x 22 
= 49 + 3432 
= 3481 = 591, 


QUADRATIC BQUATIONS 
We know that the roots of the equation 
ах? + х + с = 0 
—b--4b*—4ac —b — М? — 4ac 


are .—— 
2a 2a 7 
Substituting the values of a, b, c we have the roots of the given equation as 
7+ 59 7—59 
22x B00 250.39 
п —2 
і.е., 137732 


(iv) We have the following chain of equivalent statements, 
4x? + 12x +9=0 


e + 3+5. =0 


The only root of the given equation, therefore, is — i 
2. Solve 3 


x—2t* x-4 35 


255 


Solution. The algebraic expressions on the two sides of the equality are 
meaningful whatever rational number x may be other than 2 and 4. Thus, the 


domain of x is the set of all rational numbers excluding the numbers 2 and 4. 
Multiplying both sides by 
3(x — 2) — 4) 


which is not zero for all x belonging to the domain referred to above, we see that the 


given equation is equivalent to 
3(x — Dx — 4) + 3(x — 3) — 2) = 10(x — 2) — 4) 
<> 3(х# — 5x + 4) + 30 — 5x +6) = 1008 — 6x + 8) 
6x? — 30x + 30 == 10x? — 60x + 80 
- 4x? + 30x — 50 = 0 
2х — 15x + 25 = 0 
(2x — 5)(х — 5) = 0. 


5055 
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The required truth set, therefore, is 


5 
(89 


р 


EXERCISES 
1. Find the truth sets of the following. 


(i) x —9=0 

(iii) 4x2 + 28x + 49 = 0 
(у) x? + 10x + 16=0 
(vii) 2y? + 8y +3=0 
(ix) 3} —y— 2 =0 
(xi) 6y? + 15у — 77 2 0 


(i) хз — 4x +4=0 
(iv) x? + 5x — 84 = 0 
(vi) 8х2 — 18x + 21 = 0 ` 


(viii) — y? + 8y —15 = 0 


(х) 3? + lly 20=0 
(xii) 4у% — 13у + 15 = 0. 


2. Solve the following. 
.3x +2 


added 322258 7 10 
жу нй рс D ISP х—4 | 
(шу SAME + 2) _ х--3 Tx ENDE — 3- x—4 | 


(+44 х-7 6 x—7 
54. QUADRATIC INEQUALITIES. 


We consider the following example to make jhe procedure of finding the 
truth sets of quadratic inequalities clear, 


Example, Find the truth sets of the following quadratic inequalities. 
(i) x — 3x ++2>0 (й) x* —3x +2 > 0 
(iii) х2 —3x --2 < 0 (iv) xt — 3x +2 <0. 
Solution. (i) We know that the product of two numbers is positive if and 
only if the numbers are either both positive or both negative. Also 
м — 3x + 2 = (x — 1)(х — 2). 
This gives 
{x: x? — 3x + 2 > 0} = {x : (x — 1)(x — 2) > 0}. 
Again, we have 
{x : (x — 1)(x — 2) > 0} = {x : x — 1 > 0 and x — 2 > 0} 
U {x:x — 1 < Oand x — 2 < 0}. 
Now, x—-1>0@x>1 


and x—2»50ex»2, й 
so that 


x—1>0andx—2>0@x>52, 
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Again, x—1<0@x<1 
and FH 27 HVS x2 
so that 

х- 1< бапах — 2<0%х<1. 


We see, therefore, that the required truth set is 
ЖАКы ЕК ЕД} 


so that every rational number less than 1 is a member of the truth set and every 
rational number greater than 2 is also a member of the truth set. We may as well 
say that the truth set consists of all rational. numbers except 1, 2 and those between 
] and 2. 


(ii) We see that 
{x: x — 3x +2 > 0} = {x: x? — 3x -220)U (x:3à 3x + 2 = 0) 
= {x : (x — 1) (x — 2) > 0} U (1,2) 
эро: 


The truth set consists of all rational numbers except those between 1 and 2. 
We may equivalently say that the truth set consists of all rational numbers less than 
or equal to 1 and all rational numbers greater than or equal to 2. 


(iii) We know that the product of two numbers is negative if and only if one 
of them is positive and the other is negative, so that we have 


{x x2? — 3x + 2 < 0} = {x: (x — (х — 2) < 0} 
= {x: (x — 1) > 0 and (x — 2) < 0} 
U {x : (x — 1) < Oand {x — 2 > 0). 


Now, х-1»0эх»1 
and х-2<06х<2 
so that 
x—1>0Oandx — 2 < 0 < х lies between 1 and 2. 

Again, х-1«0өх-1 
and х-2-0эх»2. 

But x < 1 and x > 2 is false. 
Therefore, 

(x:x—1«0andx — 2 > 0} = Ф 

so that 


(xixXt— 3x F 2< 0} = {x31 <4 <2}, 
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The required truth set is the set of all rational numbers between 1 and 2. 
(iv) We have : 
{xi x? — 3x +2 <0} = (x:(x— D(x—2) < 0} 
= {x: (x — 1) — 2) < 0} 
U {x: (œ — 1) — 2) = 0} 
= {x:1 <x < 2} U (L2) 
=4х:16 х6 2). 
Thus, the truth set consists of the rational numbers 1, 2 and all rational 
numbers between 1 and 2. 


EXERCISE 
Find the truth sets of the following inequalities. 
@ (1—(x—2) po (i) (x--D(x—3) «0 
(0) (x + 203-2) »0 () + 4-5 0 
(0) Qx—0(x—2)»0 (vi) (3x + 2)(4x + 5) «0 
(vii) x? — 9x +20 20 (viii) x? + x — 20 < 0 
(ix) 6x2 —x—2 <0 (x) —5x1 — 2x +3 > 0 
(xi) x* — 2x —8 <0 (xii) x? — 2x > 15. 


55. PROBLEMS. 


1. The sum of the squares of two consecutive odd numbers is 130. Find the 
numbers, 


Solution. Let one of the numbers be 2x — 1. Then the other will be 
2x + 1. We have, then 


(2х — 1y + (2x + 1)? = 130 
<> (4x? — 4x + 1) + (4x? + 4x + 1) = 130 


e 8x? — 128 = 0 

e x*— 16 = 0 

22 (x + 4)(х — 4) = 0. 

The truth set of the equation is, therefore, 
ё {4, — 4}. 


If x is 4, then the numbers are 2 x 4-1,2х 4+ 1 i.e., 7, 9, 


. Again if x is — 4, then the numbers аге2 х (— 4) – 1,2х(— 4) +1, 
ie, — 9, — 7. 


The required numbers are 7, 9 or — 7, — 9. 
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E The length of a certain rectangle is 2 metres more than its width. If the 
length is increased by 6 metres and the width decreased by 2 metres, the area becomes 
119 square metres, Find the dimensions of the original rectangle. 

Solution. Let x metres be the width of the rectangle. 
Its length will be x -i- 2 metres, 
The new length and width will be 
(x + 2) + 6 metres and x — 2 metres. 
The area of the new rectangle being 119 square metres, we have 
(x + 8)(x —2) = 119 
<> xt*--6x—16—119 =0 
€ х? + 5х — 135 = 0 
€ х? + 15х — 9x — 135 = 0 
€ x(x + 15) — 9(x + 15)= 0 
€ (x — 9)(х + 15) = 0. 3 
This gives the truth set (9, — 15}. . 
Although — 15 satisfies the equation, we have to reject it as the width of the 
rectangle cannot be negative. = 
= The width of the rectangle is 9 metres and the length will be 11 metres. 


EXERCISES 


1, Find the number whose square is 5 less than 6 times the number. 
2. The sum of two numbers is 16 and the sum of their squares is 146. Find 


the numbers. 
3. Half of a number added to 3 equals the square of the number, Find the 


number. 
4. The area ofa triangle is 12 sq. cm. Its base and height are consecutive 


even integers. Find the dimensions of the triangle. 
5. The perimeter of a rectangle is 44 cm. and its area 15 105 sq. cm. Find 


its dimensions. 
6. A rectangular plot is 4$} metres longer than its width. If the area is 90 


square metres, find the length of the plot. 
SUMMARY 
The polynomial 
ах | с a,b,c EQ; а-20 
is expressible as а product of two linear factors if and only if b? 
of a rational number. 


— 4ac is the square 
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The equation 
ax? + bx +c=0 a,b,c E О, а5 0. 

2В4 46 —b— b dac 
2a 2a 

if b? — 4ac is the square of a non-zero rational number. 


(i) has two roots 


(ii) has one root 205 


2а 
if b2 — 4ac = 0. 
(iil) has no root 
if b? — 4ac is not the square of a rational number. 


REVIEW EXERCISES 


1. Which of the following polynomials are expressible as products of 
linear factors ? Express those, which are thus expressible, as products of linear 
factors. 


(i) xt — 5x + 8 (ii) x? + 9x + 18 
(iii) x? + 13x + 24 (iv) 10x? + 19x — 15 
(у) 8x: — 29x — 20 (vi) 7x? + 18x + 8. 
2. Find the truth sets of the following equations. 
() x 4+12x+20=0 . (ii) Зх + x — 10 = 0 
(iii) x? + 6x —27 =0 (iv) 12x? — 20x — 25 =.0 
(у) 7x2 —x = 0 (vi) 2х? — 3х + 4 = 0 
(vil) 439 — 4х +1 = 0 (vill) 3x2 + 5 = 0 


(ix) 4$ — 25 = 0 
Solve the following. 


2 6 = 14 
NG es a m (Зыр nit cQ 
ony X +2 3x А 6 1 
(iii) = e X4 = 0 (iv) эро = E 
4. Factorise. 
(i) х? + x — (a? — За + 2) (ii) 4x? + 12ax + 9a? — 8x — 12a 


(iii) 4x? + 4(3a — 2) x + 9a? — 12a (iv) 2x? + 7(1 — a) x — (4a? — 8a + 4). 


5. The length of a rectangle is twice aslong as the side of a square. The 
side of the square is 4 ст more than the width of the rectangle, If their areas are 
equal, find their dimensions. 


т с. 


1 
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6. The sum of the base and the height of a triangle is 22 cm. If its area is 
52:5 sq. cm., find the base and the height. 

7. Find the three consecutive positive integers, the sum of whose squares 
is 1202. 

8. Separate 27 into two positive parts, such that the sum of the squares of 
the parts is 425. 

9. Acar covers a distance of 648 km. The number of hours taken for the 
journey is one half the number representing the speed in km. per hour. Find the time 
of the journey. 

10. In a flight of 600 km. a plane was slowed down by bad weather. Its 
average speed for the trip was reduced by 200 km. per hour and time increased by half 
hour. What was the actual time of flight ? 


ZON 


APPENDIX 


SYSTEMS OF NUMERATION 


In chapter J, it was pointed out that we have different positional schemes of 
numeration in that we have a positional scheme corresponding to any given natural 
number greater than one. While we have so far confined ourselves to the decimal 
scheme in respect of which we employ ten symbols 


0,1,2,3,4,5,6,7,8,9, 


we shall now take up the consideration of schemes of numeration pertaining to 
any finite number of symbols. This finite number is called the base of the scheme. 


We start considering the scheme with five symbols 
05. OR ree 


Let us consider a natural number, which in the decimal scheme is represented 
as 


274, 


We divide 274 by 5, and then divide the quotient thus obtained by 5. We continue 
this process of dividing the successive quotients by 5 and obtain, 


274 = 54x 5+4 
54 = 10 х 5 + 4 
10=2х5 +0 
2=0х 5 + 2, 
Thus, we have 
274 = (10x 5 +4) х5 + 4 
=10x 5844x544 
-(12х5-0)5-4-5-4 
—-2Xx5--0x5-.-4x5-.r-4. 
The expression on the right is written as 2 
(2044), 
the subscript 5 referring to the fact that the base used is five. 
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We have, therefore, 
(274)ь = (2044)s. 


Note. 1, It is usual to write a number in the decimal scheme without using the brackets 
and the subscript 10 so that whenever the base is not specifically mentioned it is 
supposed to be 10, 


2. The reader is reminded here that this process of writing (2044)s is similar to the 
one we have for writing 274 in the decimal scheme in place of 
2х 102 +7x 10+4, 
where the base is 10. 
Conversely, suppose that we have the number 
(13024)s. 
Essentially the number represents 
1х5-3х5-40х5-2х5-4 
and in the decimal scheme this number is 
625 + 375 + 10 + 4 i.e., 1014, 
so that we have 
(13024); = (1014). 

Thus, given a number in the base ten we can convert it to base five and 
vice versa. Yn an exactly similar fashion we may convert any given number in base 
ten to a number in any other base and vice versa. 

For example, in the following we convert 

(5707)10 
to the base 7. 
We have 
5707 = 815 х7 + 2 
815 = 116х7+ 3 
116 = 16x 74-4 
16= 2x7+2 
2= 0х7+ 2. 
These give successively 
5707 


(116x 7+3)7+4+2 
16х7-3х7-2 

= (16х7-+4)х 724+ 3х7-2 

= 16х 73+ 4х 2+3x7+2 

= (2х 7-2) 73+ 4х 72+ 3х7+2 
=2 X 74 +2х 73+ 4 х'7 3х 7-2, 


Thus, (5707)10 = (22432). 
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Again, let us convert (54235). to base ten. We have 
(54235 = 5 x 6+ 4 x 6 + 2x OF + 3x6+5 
= 6480 + 864 + 72 - 18 + 5 
- == 7439 
so that (54235). = (7439). ` 
With the help of the process outlined in the above illustrations, given a number 
expressed in terms of any base, we can obtain the expression for the same in terms of 
any other base. All that we have to do is that we first convert the given number to 
the base ten and then from this number in the decimal scheme we go to the number 
in the required base, We choose to go via the decimal scheme as our acquiantance 
with the same enables us to make computations in terms of this scheme with great 
ease and convenience. We illustrate this with the help of the following example. 
Note. Justas we talked of decimal fractions in chapter 4, we can as well talk of binary 
fractions, ternary fractions and so on. This, however, is not proposed to be con- 
sidered here. 


Examples 
1. Express (3204); in the base 7. 
Solution, We have 
(3204): = 3 х.6 +2 x6+0x6+4 


= 648 + 72+ 4 
= 724. 

Again, 724 = 103 x 7+ 3 
103 = 14x%7+45 
14=2х7 +0 

2=0х7+2. 


Thus, we have ШК eat y 
724 = (05) ' 
во that (3204)в = (724)1о = (2055); 
2. Express (32)s in terms of Базе 2. 
Solution, We have 
| (32)5 =3 х 5 + 2 
so that (32)5 = (17). 
Carrying out the computations with the base ten, we havo 
1728x241 
8=4x2+0 
4=2x2+0 
2-1Х2-0 
1-0х2-1, 
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These give 
17=1х 2. +0 х22+0х2+0х2 +1 
so that 
(32)s = (17ло = (10001),. 
In case the base is more than ten, we have to have symbols other ‘han the ten 
symbols 
02304,3545 5.6,1, 8, 9. 
Suppose we wish to express a number in the base twelve, then we need twelve symbols. 
In addition to the ten symbols for the decimal scheme, we need two more symbols. 
We denote these by « and B. Thus, we have the twelve symbols 
0,1,2,3,4,5,6,7,8,9, a, B. 
Here the symbols а and В stand for the numbers ten and eleven respectively. 


Example 

Exhibit (51778) in terms of the base twelve. 

Solution. Carrying out successive divisions by 12 in te 
scheme, we have . 


rms or the decimal 


51778 = 4314 x 12 + 10 
4314 = 359 x 12 + 6 
359 = 29 x 12+ И 

29=2x 12 + 5 
220x124 2. 


Thus, we get 
(51778) = (25 В 6 а). 


EXERCISES 


}. Convert the following to base ten : 


(i) (1111011) (ii) (210221)s 
(ii) (20130) (iv) (40213) 
(v) (53400) (vi) (6666): 
(уй) (732104)в (viii). (а 00 « 2) 


(ix) (За 08 a 5}. 

2. Exhibit the following as indicated : 

(i) (45)10 in base 2 (ii) (725), in base 6 
(iii) (95)10 in base 3 (iv) (213) in base 4 

(v) (2345)vo in base 5 (vi) (7733510 in base 7. ) 
(vii) (4444): in base 8 (viii) (553370)2о in base 9 D UD Ма 
(ix) (1000001): in base 11 (х) (730245)10 in base 12. 

3. Express the following as indicated : 

(i) (Ba) in base 2 (ii) (e 0). in base 5 
(iii) (1 e) in base 6 (iv) (101010); in base 7 
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(у) (2341); in base 9 (vi) (34254), in base 12 ] 
(vii) (331100), in base 11 , (viii) (2010), in base 2 1 
(ix) (43205); in base 7 (x) (3021), in base 8. : 


BINARY SYSTEM 


In view of the great importance the Binary System of numeration has achieved 
recently in computer technology, we exhibit in the following, how addition, multi- 
plication and subtraction can be carried out in this scheme. Before working out 
examples, we give below the addition and multiplication tables in this scheme. The 
base is two and the symbols involved are 0 and 1. 


| 
4 
Ч 
4 
3 
1 


Addition Table 


Multiplication Table 


As we are working with base 2 throughout, we agree to omit the subscript 2. 
Examples 


1. Find the sum of 1101 and 1110. 


Solution. 1101 
+ 1110 
15207172) 
From the addition table, we have the sum of 1 and 0 is 1 and that of 0 and l is also 
1. We put below the line 1 and 1, the sum of the first and second columns on the 
right. Also the sum of land lis 10. Below the third column we put 0 and carry 
1 to the fourth column. Again the sum of this 1 carried over and 1 in the fourth 
column will be the same as the sum of 1 and 10 which is 11. 
Thus, we have 


1101 + 1110 = 11011. 

2. Find the product of 1010 and 101, 
Solution, 10 
; 1 
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The multiplication is computed in a manner similar to the one we adopt in the 
decimal scheme, by using the multiplication table. However, we have to use the 
addition table as well. For example, while adding the fourth column | + 0 + 1 we 
have the sum 10. We put this zero below the column and carry 1 to the next 
column. Thus, we have 

1010 x 101 — 110010. 


3. Subtract 101 from 11010. 
Solution, We write the first number below the second, 
11010 
— 101 
10101. 

In the column on the extreme right we see that 1 > 0, so that we cannot 
subtract 1 from 0. We borrow 1 from the second place in the first row. It becomes 
10 in the first place. Subtracting 1 from 10 we get 1 which we put below the line, 
We are left with 0 in the second place, subtracting 0 from which we get 0 below the 
line in the second place. Again from the fourth place we borrow 1 which becomes 
10 in the third place. Subtracting 1 from it we get 1 in the third place below the 
line. The remaining places below the line will obviously have 0 and 1 respectively. 


Thus, we have 
11010 — 101 = 10101. 


The reader may check that 101 added to 10101 gives 11010. 
EXERCISES 


1. Compute the following, the base being two. 


(i) 1111 + 1011 (i) 100100 + 11011 
(iii) 1110 x 1001 (iv) 1010 x 1010 
(») 101101 — 10011 (vi) 10010 — 1001. 


2. Write the following numbers in ascending order. 


2. 


(i) 1000, 1010, 111, 1100 

(1) 101, 11, 111, 100, 110 
(iii) 1010, 1001, 1100, 1000. 

3. Replace ? by the appropriate symbol > or <. 

(i) 1010 ? 1001 (ii) 100101 ? 101101 
(iii) 111 ? 1000 (iv) 10110 ? 10011. 


Test Papers 


Test Paper I 
1. (a) Given that | 
A = {2, 0, 3, 7, 4, 8}, B = {7, 9, 6, 8, 0, 11}, 
list the sets AUB А п В, 


(b) Give five rational numbers which are not integers and five integers which 
are not natural numbers. 


2. Definite the HCF of two given numbers. 


Put down the sets of factors of 24 and 42. Are these sets finite or infinite ? 
Find their intersection set. Put down the least and the greatest members of this set. 
Also find the HCF of the two numbers, 


3. What do you mean by the statement ‘a divides b’ where a and b are 
natural numbers ? 


Show that, if a divides b and b divides c, then a divides c. 
Show that а|58а« 
4. (a) Define a prime number and show that the set of primes is infinite. 


: (b) Express the numbers 27648 and 3600 as products of prime factors and 
find their LCM. 


5. (а) Find the truth set of 
3x --221, 


the domain of the variable being N. How does the truth set change if the domain of 
the variable is taken as Q ? 


(b) Find the truth set of 
5x + 3 < 28, 
the domain of the variable being the set of odd natural numbers, 


; 6. (a) State the distributive law in the set Q of rational numbers. “Assuming 
i and the commutative and associative laws of addition and multiplication, show 
that 


(а + B = а? + 2ab + p v a,b € Q. 
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(b) For rational numbers a, 5, c, show that 
а>й+а-+ с> Ь-+ с. 
7. (a) When is a fraction called a decimal fraction ? Show that the sum and 
the product of two decimal fractions is a decimal fraction. 
(b) Arrange the following sets of numbers in ascending order. 
0) Is „13,0, — 15, 1-25} 
(ii) { — 1:27, — 3:24, — 2:5, :04, 775). 
8. (a) Define that absolute value | x | of a rational number x. Find the truth 
set of 
|2Х-031-4, 
the domain of x being Q. 
(b) Find the truth set of 
ss —S5y+11=0 
2Х-3)- 7 = 0. 
9. (а) Find the condition that the equations 
ax+b=0 
and Ix = т 
are consistent. 
(b) Express, if possible, 
8x? + 13x — 6 
as a product of linear factors with rational co-efficients. 
10. (a) Find the truth set of 
6x? — 43x + 20 = 0,х Є О. 
(b) There are two examination rooms A and B. If 10 candidates are sent 


from A to B, the number in each is the same while if 20 are sent from B to A the 
number in A is double the number in B. Find the number of candidates in each room. 


Test Paper II 


1. (a) Given that 
A={1,3,5, 7}, B={2,4, 6,8}, C= (0,4, 5), 


what are the sets A AB,BOAC,AUBNC? 


(b) Give five fractions which are not integers and five integers which are not 


fractions. 
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4. (a) State and prove Gauss's Theorem. 
(b) Show that every natural number other than 1 admits of a prime factor. 
5. (a) Given any two rational numbers x and y, is 
Х--у 
always meaningful 7 J ustify your answer. 
were assumed to be any fractions ? 


(b) Assuming the various field properties of Q, show that 


(=) 0) = – (ху) vx,ycQ 
(= х) (— у) = ху мх,уЄ 0. 
6. (а) Find the truth set of 
2x + 3y 4+ 22 = 11, 
the domain of the variables being М. 
(b) Show that 


a@>b,c>0><ac> be 
where a, b , c are members of Q. 
7. (а) What 40 
dense" ? Prove it, 


(b) Which of the following statements are true ? 


How would your answer change if x and y 


and 


you mean by the statement *The set of fractions is order " 


() —7>3 (ii) -2-3 (шу < D. 
8. (a) Simplify | 


3xty + 8xy? 4x2 4 12ху-- дуг i 
j 2x 4 Зу 3xy? - 8y* : 
(D) Find the truth set of 


4x3 + 3х — 10€ 0 


3 
14 


the domain of x being Q. 


9. (a) Find the condition that the quadratic equation 
ax + bx +¢=0 a,b,c EQ, аз-0 
has two roots. Find the same, 
(b) Show that the following equations are dependent. 
x-47py—324-2-0 
4х —2y +2— 3-0 ; 
3x — 39у + 172 — 16 = 0. ^ 


10. (а) A boat goes upstream 15 km. and downstream 22 km. in 5 hours. 
It also goes upstream 20 km. and downstream 27} km. in 6} hours. Find the speed 
of the stream and that of the boat in still water, 

(5) The product of 


two natural numbers is 45, If one is 4 less than the other, 
find the two numbers, 
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Test Paper IV 


l. (a) Given that 
4-10:-4-13-1.8-01,1,0,С-1031-85, 
which of the following statements are true ? 
CCB,BCC,C C (4U В), СС (AN В). 

(b) Give four rational numbers which are not fractions, Give if possible a 
fraction which is not a rational number. 

2. Define the LCM of three given numbers. 

Put down the sets of multiples of 5, 10 and 15. Find their intersection set. 
Does this set have a greatest member? Find the LCM of the three numbers. 

3. (a) Show that ‘a is a multiple of b’ implies that а is greater than or equa! 
to b. 

(b) Whenare two numbers said to be co-prime ? Put down five pairs of 
co-primes. ; 

4. (a) If h is the HCF of a and b, show that the HCF of ma and mb is mh. 

(b) Show that the product of two numbers is-equal to the product of their 


HCF and LCM. 
5. State the various basic field properties of Q and deduce the following 


results : 
(— х0) = — (ху) 
(= х)(— у) = ху, 
and (x — y? = х — 2ху + y’. 


6, (a) Show that 
c#0,ac=be>a=b 


where a, b, c E Q. 
(b) Assuming the commutative, associative laws of addition of fractions, 
show that 
ТУ = (+0 ++) vs»5«€F 
Give reasons for each step. 
7. (a) Show that between any two fractions there is always another 


fraction. 
Will the statement hold if we were dealing with natural numbers rather than 


fractions 7, 
(b) (i) Give five fractions beween $ and 2. 
(ii) Give all the natural numbers between 3 and 7. 
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8. (a) Solve the equation 
Т8 


96:08 23427 1 
185,014.97 55.9 18 9180. 


(5) Is it possible that the equation 
ах + bx +c=0 a,b,c E Q, a % 0, 


has more than two roots ? Justify your answer, Also find the condition that the 
equation has no root. 


9. (a) Find the truth set of the following system. 


Г2 1 5 
11 3) 2 
КОЛУ ли то 
7 2 4 
Ja xty-:t5-0 
(b) Show that the following equations are consistent. : 


Х-Уу-4-0 
3x — 2y -3—0 
= 4x + Ty 17 =0 
10. (a) Find the truth set of 
B—xQx+1)>0;xEQ. 
(6) A man wishes to invest Rs. 31,500 in two stocks 15% at 143 and 101*/, 


at 91 so as to have the same income from each. How much should he invest in each 
Stock ? 


Test Paper V 
l. (a) Given that 


1 3 1 3 
A = (5.1, $2 » Дан 1,352, 3, a} 

what are the sets A U B, A U B? 

Which of the following statements are true 

A=B,ACB,BCA? 

(b) Give seven rational numbers which are not natural numbers. Does there 
exist a natural number which is not a rational number ? 

2. Define the HCF of three given numbers. 

Put down the sets of factors of 45, 63, 20. Find their intersection set. Is 


it finite or infinite ? What are its greatest and least members ? Find the HCF of 
the numbers. 
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3. (a) Given two natural numbers a and b such that а > b and bis not a 
factor of a, show that there exist unique natural numbers q and r such that 


a=bq+r r « b. 
(b) Distinguish between the concepts of 
(i) a prime number and (ii) a pair of co-primes. 


4. (a) Show that / is the HCF of two numbers a and В.И and only if his a 
factor of a and b and the two numbers a// and b/h are co-primes. 


(b) Express the numbers 375, 240, 390, 585 as products of prime factors and 
find their HCF. 


5. (a) Assuming the field properties of Q, show that 


1 1 1 
Xy x y v х,у Є О. 
(6) Show that 
х> yz < 0 х2 < yz, where x,y,z Є Q. 


. 3x+4 
6. (a) If the expression [oor 


is meaningful where x € F, what restric- 


tions have to be imposed on x ? 
(b) Find the truth set of 
3+ 8x > П, 
given that x € N. Is this truth set finite or infinite ? 


7. (a) Show that between two different rationals, there will always be a 
rational number. 


Will the result hold if we were dealing with integers rather than rationals ? 
Give a counter example to show that this is not so. 


(b) What is the set of integers between — 11 and — 12? 
8. (a) Solve for x 
ПЫЗ ВЕ 4 
2x —5 | 6x - 11 
(b) Find the truth set of 
|2x - 7| « 13; x € 0. 
9. (a) Show that the equations 
2х — у- 72-45-0 
бх — 3y + 212 +7 = 0 


=0;х Є 0. 


are inconsistent. 
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(b) Solve the following system of equations : 


297213 
тул 


3 2 
arnt VT lane a 


10. (a) If three taps are opened together, a cistern is filled in 74 hours. One 
of the taps can fill it in 6 hours and another in 15 hours. How does the third tap 
work ? 

(b) Anil goes a distance of 30 km. on his bicycle. The number of hours taken 
by him is one less than his average speed in km. per hour. Findthe time taken by 
him to complete the journey. 


Page 3. 


Answers 


CHAPTER 1 


(iii) , (v) , (vit) , (уй), (ix). : Yes. 
(i) , (ii) , (№), (vi) : No. 


Page 5. 


1. 
3. 


Page 7. 


Commutative Property. 
(i) 12, (ii) 15, (iii) 19, (9) 9, 6) 39, (vi) 105, (vii) 33, (viii) 14. 


Associative Property. 


1. 
3. (i) 5, (ii) 13, (їй) 11, (9) 12, ©) 13, (vi) 17. 


Page 8. 


G) 58, (ii) 400, (iti) 531, (iv) 733, (v) 124, (vi) 228, (vii) 58, (viii) 177. 
(i) 8, (ii) 4, (iii) 14, (iv) 7, ©) 9, (vi) 9. 
(i) 50, (ii) 92, (iii) 209, (iv) 209. ` 


Commutative Property. 
(i) 24, (ii) 69, (iii) 47, (iv) 61. 


Associative Property. 
(i) 25, (ii) 21, (iii) 9, (iv) 13, 0) 7, (vi) 111. 


(i) 27, (ii) 27, (їй) 5, (iv) 15, ©) 13, (vi) 4. 
(i) 380, (ii) 577300, (iii) 8400, (iv) 1624000, (9) 360, (vi) 390, (vii) 2460, 
(viii) 1650. | 


Distributive Property. у 
(i) 13, (ii) 23, (iii) 27, (iv) 23, (v) 41, (vi) 9. 
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4, (i) 9, CA, AA, (ii) 7, D, CM, CA, (iii) 27, CA, (iv) 109, АА, (v) 4, D, 
(vi) 15, D, CM, CA, (vii) 22, CM, D, (viii) 72, D, CA, CM, AM, (ix) 12, 
D, AM. 
Page 14. 
1. (i) 2900, (ii) 3700, (iii) 2960, (iv) 860, (v) 390, (vi) 820. 
2. (i) 137, (ii) 77, (iii) 6700, (iv) 37000, (v) 9400, (vi) 13700, (vii) 8900, 
(viii) 188, (ix) 1740, (x) 999000, (xi) 99990000, (xii) 8370000, 
Page 15. 
(i) 125, (ii) 36, (iii) 256, (iv) 343, (v) 625, (vi) 81, (vii) 10000, (viii) 25, 
(ix) 729, (x) 256, (xi) 3200000, (xii) 216. 
Page 15. : 
1. (i) 75, (10) хе, (ili) x4, (iv) хэу, (у) хуб, (vi) xy, (vii) муз, (viii) 5%, 
; (ix) 35, (х) 7°, (xi) 57, (xii) 84. 
2. (i) 36, (ii) 108, (iii) 2000, (iv) 4000, 


Page 16. . 
(i) 12a (ii) 6a (80) ба + 3b 
(i) 4a + 7b | (v) За + 8b (vi) 2x + y+ 2. 
Page 17. | 
(i) 2 (i) 2 (iii) 9 
(qv) 4 (у) 2 (vi) 4 
(vii) 5 (viii) 6 (ix) 4 
(x) 6. 
[Pages 17-18. 
1. 0:4 (ii) 2 (iv) 3 (vi) 4 
(vii) 6 (ix) 7 (x) 11. 
2. (2 (iv) 3. 
3, (02 (iv) 3 0) 5. 
4. (i) a (ii) ab (iii) a*b* (іу) b 
(v) at (vi) 2a (vii) ад (viii) 4a*b* 
(ix) 9b*c*. 
Page 21. 
0) 3(x + y) (ii) a(x + y) (iii) 2x(y + z) 
(i) 3x(y + 22) (у) x(4y + 52) (vi) (a + b) (2х + 3y) 
(vii) 2y(4 + 3x) (viii) a(a + 2) (x) x*(x + 1) 
(x) xy(3x + 5y) (xi) 3(x + y + 2) (xii) 3(ax 4- 2by 4- 3c) 


(xiii) x(yz + xy + yz) (xiv) 8(x + y) (2 
(xvi) (a + b) (2x + 5y) 5 pene NUN 


СА (хуй) (a + b) (x +») 


(xiv) (4a + 1) (b + 4) 
(x) @ + 1) 041) (xxi) w+ 2) (v + 2) (xxii) (a + y) (a + x). 
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Page 23. 2 
2. () 12511 (ii) 15 > 5 (iii) 24 > 21 (iv) 37 > 12. 
3. True : (ii), (»), (vii), (x), (xii), (xiv), (xvi), (xix). 
False : (i), (iii), (iv), (vi), (viii), (ix), (xi), (xiii), (xv), (xvii), (xviii), (xx). 
Pages 34-35. 


1. (i) {18} (ii) (12) (iii) (26) 
(iv) (3) 0) {26} (vi) (57) 
(vii) empty (viii) (8) (ix) empty 
(x) {3} (xi) {4} (xii) {2} 
(xiii) empty (xiv) {7} (xv) empty. 
2:75 6) 9:125: | (ii) {4,5,6,...} (iii) {6,7,8, ...} 
(015927354) (v) empty (vi) {1} 
(vii) empty, (iii) (2,3,4,...) (115.25 39 
Betis) (ii) empty (iii) £1) 
(iv) (1,3) (517,9. (9) 51435 55 7k 
Page 35. 


() (1, 15), (2, 13), (3,1), (4,9), (6, 5), (7,3), (8, 1) 
(ii) (3, 5), (6, 3), (9, 1) (iii) no solution (iv) no solution. 


Page 38. 


1. (i) 14 (iii) 2. 
О 25а 0-105115 12 (iii) 3. 
3. (i) 104 (її) 1 iD 115125133. 
(iv) no solution (у) (1,2) (v?) (1, 2). 
Page 40. 
1. ‘(i) 2 (iii) 1. 
2. (i) multiples of 3. (ii) 1,3 (iii) all odd numbers. 
(09:27:55,115 29 () 1,3,4,5,6 (91):9:5:16:5:23:530:, +.. 
3. (i) (14) (ii) (2) (iii) (16) 
(iv) {15,18,21,...} 0) {1,2,4} (vi) {1}. 
Page 44. 
АТЗ 3 (в) {1,2,3,4 (ix) {1} 
(Х):(3:5 475 7. 
Page 44. 
True : (i). 
False : (ii) , (iii) , (iv). 
Pages 44-45. 


True : (iii) , (iv) , (у), (ii) 
False : (i) , (ii) , (vi) , (viii). 
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Page 45. 
В 2 GN) hg 253), 45 65 9 12, 18,36} 
(iv) (1, 53} (0) {1} (i) (1,2,3,4,6,8, 12, 24} 
(vii) {1,2,3,4,5,6,10,12, 15, 20, 30, 60} 
(0101) {1,3,5,9,15, 45}. 
Page 47. 
0) $,{1},{3},{5}, (1, 3}, (3, 5}, {1,5}, 11,3, 5} 
(ii) $,{7} (tii) $, {2}, {6}, 0,6 (iv) $. 
Page 48. 
(i) 2, does not exist (ii) 2, 256 (iii) 10, does not exist 
(iv) 10 , 70 (15d. 
Page 48. 
ОЕ (ii) {1,3,4,6,7, 9} 


(8) (1,2,3,4,5,6, 12, 15}. 
ОИ 
4, Commutativity and Associativity. 


Page 49. 
127:0) da (ii) 4 (iii) (1 , 3}. 
2. $. 
Page 52. 
() 5,2 (i) 286 is divisible by 11 (їй) 33, 14 
(iv) 413, 1 0) 222,5 (vi) 100, 7. 
Page 54. : 
3. (i) x(x + 1) = 18 , smaller one being x. 


О: ӘЛ аот у d o, »* 

(iii) x + (x + 13) = 57, x denoting the number of girls. 

(iv) x + (2x + 3) = 63, x denoting the age of the son. 

(0) 2 (x + (x + 3) = 42 , x denoting the width of rectangle. 

Pages 56-58. 

(1) 28, 29 (2) No such numbers exist. (3) 33, 35 (4) 80, 88 (5) 26, 27, 28 
(6) 34, 36, 38 (7) 107, 109, 111 (8) 29, 75 (9)2 (10) 8 (11) 41, 2, 3, 4, 5, 6} 
(12) (2, 3, 4, 5, 6, 7} (13) No (14) No (15) 30 Km. (16) (1,2, 3, 4, 5, 6) 
(17) (4, 5) (18) 3 (19) 6, 11, 19 (20) 59, 60. 61 (21) 51, 41 (22) 18 
(23) Krishan 56, Shyam 112, Ram 132 (24) 11, 39 (25) 35, 10 (26) Son 20, 
Father 45 (27) Son 21, Father 39 (28) 53 (29) 42. 


кус е: 


ў 
і 
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2, 3, 5, 7, 8, 9, 13, 17}, (4, 5, 6, 7, 8, 9, 12, 14, 16, 17} 
2, 3, 4, 6, 7, 8, 9, 12, 13, 14, 16) 
VE 8, 95 $ , 
2, 7, 3, 9, 8, 13}, (7. 8, 9} 
{2, 3, 7, 8, 9, 13), (7, 8, 9). 
2. (1, 3, 9), (1, 3, 9}, (1, 3), (1, 3). 
3. (x:xis a multiple of 24), 
4 @ {1,2,3} (ii) {5, 6, 7} (й) (4: x > 4}. 
5. (i) (|, 2, 4) (ii) (x : x is a multiple of 15} 
(iii) (13, 19, 25,...). 
8. 210 > 1000. 
11. (9, 4, (8, 5), (8, 4), (8, 3, (7, 6), (7, 5), 0, 4, (7, 3), 
(7, 2), (6, 5), (6, 4) (6, 3), (6, 2), (6, 1), (5, 4), (5, 3), (5, 2), (5, 1), 
(4, 3), (4, 2) (4, 1), (3, 2), (3, 1), 0, 1). 
15 (i) 22 (ii) 51 (iii) 13 (iv) 3 (у) 14 (vi) no solution 
(vii) no solution (viii) 6 (ix) no solution (х) по solation (xi) по solution 
(xii) 3 (xiii) no solution (xiv) 5 (xv) 2. 
16. (i) хохо» U) (1) {x:x < 14} (i) 6 (9) Ф (9) (x:x« 12) 
(vi) {х:х< 7} (уй) {1,2,3} (viii) (x :x > 2} (ix) (x:x 26) (x) N 


(xi) {x: x 22) (xii) (1, 2} 
(xiii) {70, 77, 84, 91,...} (xiv) {3, 6, 9, 12, 15, 18, 21} 
(xv) {3, 6, 9, 12, 15} (xvi) {3} (xvii) {1, 3} 
(xviii) (x : x 2 8} (xix) (1, 2, 3 (xx) Х:х 24) 
(xxi) ф (xxii) N (xxiii) (x x Æ 7) 
(xxiv) (x : x 2 6} (xxv) (1, 2, 3, 4, 5, 6) 
(xxvi) $ (xxvii) (x : x > 6} 


(xxviii) (1, 2). 
17. (i) (1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1). 
(ii) $ (iii) (8x + 4, x): x € N} 
_ (iv) {8x + 3, x): x € N} 0) Ф 
QDiy:»2x-3  . (vii) dy): y Bx + 3} 
(viii) (1, 1), (1, 2), (1, 3), 0, 4), (1,5, (1,6), (1,7), (2,1), 0,2, 0,3), 
(2, 4), (2, 5), (2, 6), (2,7), (3, 1), (3,2), (3, 3), (3,4), (3, 5), (3, 6), 
(4, 1), (4, 2), (4, 3), (4, 4), (4,5), (5, 1), (5,2), (5, 3), (5, 4), (5, 5), 
(6, 1), (6, 2), (6, 3), (6, 4), (7, 1), (1,2), (7, 3), 68, 1), (8,2), (8, 3), 
(9, 1), (9, 2), (10, 1), (11, 1) 
(ix) (1, 1), а, 2), (1, 3), (2, 1), (2, 2), (3, 1) (x) $. 
18. 161, 168 19. 20,8. 
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20. It is not possible to distribute the money in such a way that each gets full 
гиреез. 

21. 40 уеагз. 22.95, 23. 4, 5, 6, 7, 8, 9 metres, 

24. Krishna gets 2, 3, 4, 5, 6, 7 toffees and м Sita gets 
2, 4, 6, 8, 10, 12 toffees. 

25, 963. 


CHAPTER 2 
Page 63. 
1. True: (i), (iii), (iv), (viii), (ix), (x). 
False : (ii), (v), (vi), (vii). 
2. (i) (1, 2, 3, 4, 6, 12) (ii) (1, 2, 3, 4, 6, 8, 12, 16, 24, 48} 
(iii) (1, 2, 4, 5, 10, 20, 25, 50, 100} (iv) (1, 41} 
(v) (|, 5, 25, 125} (vi) (1, 71) 
(vii) (1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 25, 30, 50, 60, 75, 100, 150, 300) 
(viii) (1, 61) (ix) (1, 3, 41, 123} 
09 (1, 2, 3, 4, 5, 6, 8, 10, 12, 15, 16, 20, 24, 30, 40, 48, 60, 80 120, 240). 
4. (i) {2, 4, 6,...} (02) (5, 10,15, 4} (iii) (7, 14, 21,...} 


(iv) (6,12, 18.) (у) (36, 9,...3 (vi) (4, 8, 12,...} 
(vii) (11, 22, 33,...} (viii) (9, 18, 27,...} (ix) (10, 100, 1000,...} 
(х) №. 


5. The least of every set in Exercise 2 is 1. Тһе greatest of each set is the 
number itself. 


None of the sets of Exercise 4 has a greatest. The least in each case is 
the given number. 
Page 68. 
(ii), (iv), (у), (i), (x), (x). 
Page 68. 
1. (ii), (v). 
2. (i), (iii), (v). 


Page 69. 

(ii), (iv), (vii). 
Page 69, 

(i), (ii), (у). 
Page 69. 


True: (i), (ii), (у), (viii), (ix) 
False : (iii), (iv), (vi), (vii), (x). 
Page 70. 
(ii), (iii), (vi). 
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Page 70. 
(ii), (у), (vi). 
Page 71. 
True : (i), (iii), (v), (vii), (ix), (x) 
False : (ii), (iv), (vi), (viii). 
Page 71. 
1. (i), (iv), (vi), (ix). 
2. True: (iii), (iv), (vi), (viii), (ix) ‘ 
False : (i), (ii), (v), (vii), (x). 
Pages 72-73. 
3. Only such natural number is 1. 
4. No 5. {2} 6. True. 
7. 00) 2; 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 
73, 79, 83, 89, 97. 
8. (i) Nil (ii) One (iii) Three (iv) Four (v) Six (vi) Ten. 


Page 77. 
(04. (015 (238 (07 OMI 004 
Page 81. 
(i) 141 @ 199 5 (0) 84. 
Page 84. 
т (ii) 42. 
Page 86. 
(ii), (0). 
Page 88. 


1. ()24 @) 18 (8) 8. (0) 154 (097 
(vi) 28 (vii) 60 (viii) 120 (ix) 40 © 168. 
2. ()20 (ii) 42 (йй) 30. 
Page 91. 
(i) 3780 (ii) 2520 (їй) 80. 

Page 93. 

(1):9*:x 051 (i) 24 x 3 x Ul (iii) 2 x 32x 5 X 11 
(iv) 210 (у) 22 3х5 х 11 (vi) 24 x 53 х 13 
(vii) 2 х 34 x 5° (viii) 22x 3x 5x 11х17 (ix) 24 x 33 x 7 x 11 
(х) 25 x 3 x 7 x 31. 


Pt АУУ ee 
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Page 94. Te 
1. (i) 198 (0)273 (iii) 1 (iv) 123 (9) 1 
(vi) 1 (vii) 1 (viii) 21 (1x) 25:50) 61: 
2. (i) 924 (ii) 18900 (iii) 101551200 (iv) 12600 | (v) 630 
(vi) 279734 (vii) 3168 (viii) 1680 (іх) 493284 
end (x) 165672. 
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(ii), (iii), (iv). | 
One such set of numbers is {24, 25, 26, 27, 28}. 
12 3 { 
One of the numbers should be even and the other odd. 
1064, 3318 10. 60,140 11. 100, 126 12. 20990016. One. 19.1, 
20. The remainder can be 1 or 4 ; or 5 could also be a factor of the number. 
ОЗТ 11:13:17 195 21, 23, 27, 29, 31, 33, 37, 39, 41, 43, 47, 49. 


26. 1 (i) 27, 45 | (i) 126,234 (iii) 240,312 (iv) 12, 408 
0) 75,105 (vi) 36, 60 (vit) 72, 96. 


П (i) 144, 450 (ii) 36, 42 (iii) No such numbers exist. 
(9) 18, 150 (v) 20, 42. 


Note, The pairs of numbers determined are not unique. 


29. 28. 
30. (3, 5), (5, 7), (11, 13), (17, 19), (29, 31), (41, 43), (59, 61), (71, 73). 


EGA ЭЭ Pc rt 


CHAPTER 3 
Page 107. 


1. (i) 2 (ii) 3 (iii) T 
(7918 
0) 7 () 15% DE 


АЕ 7 
(viii) 540” (ix) 100 


3. ()3 (ii) 48 (iii) 6. 


ES | 
MÀ 
ЧИ 
b 
ijn 
E 
о, 
$e 

ч, 
И; 

) 

ex 

с 

E 


ЭРЭН 
OBES, 


4. 


5. 


7; 


Pages 109-110. 


1. 


2. 


Pages 112-113. 


1: 


A 
0 + 0) + 
5 х 
(9) У 0) 2 
Ох 
(vii) 1356 (viii) 2 
PED, я 
@ 3 @ 3-8 
1-2 
о) 2 0) + 
w 34+ 2b + 5c 
(il) 40а + B+ 30) 
112 116 120 124 
3087 319’ 330’ 341° 
35 50 60 
63 '90 ' 108 
.22 04 127 
(Dio 09 15 Gil) 5 
41451 зү 1451 ae 
© 220 (9) 220: ЕЕ 
Msg iS d 
(i) is (ii) is (iii) 104 
135 185 zn 
(у) 308 (vi) 308 (vii) or 
1425 Mon. 2835 
Oz (ii) = (iii) сод 
DD oe 95 
s жш (nin 2e 
0) 73 (vi) — а 
2p53 
08 Шин @) цув. (xi) тар 


ANSWERS 
(iii) Ё 
(ORA 

(x) 12". 
(ii) > 
wi) 3 


бш) 22. 
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Page 116. : 
1. 00 Ч (ii) п (8) a (iv) 2 
6) id Qi) u (уй) 4 (viii) T | 
(ix) ар 
2. 0 0 Cy ain 8х (ay 2 | 
; | 
o E б) у | 
Page 117. 
05465 wrt? m + вш ММУ. 
Pages 119-120. 
10» (ii) > (iii) < (9) = 0) < (vi) = 
2, yd (ii) < (iii) > (9) > 0) > (vi) > 
3 0) > (ii) < (iii) < (9) > 0) « (vi) < i 
4 (0) « (ii) « (й) > (9) > 0) « (vi) 4 1 
5. Оч (i) <, < (iii) < (<< 0<. 3 
(i) <, <. | 
ad Y 
6. (i) {чу Т? `8, 4, Ld Pb 1 
1 CES IE NE ; 
B iig 4 
пүүс qo ITI a ВРЕ Чтв 1 
09 {>> quce ue D isp lis: ба’ il 
4 $6 258 S NOME ЕУ Ду с А 
Mir т тетет 7 2 9) 
Раре 126. 
(9, Gi), (у), (vi). 
Page 127. 
1. (i) 65 (ii) *46875 (iii) 056 „> 
(iv) 076 (») "053125 (vi) 135625. 
ee 
2. (i) 3» (ii) 20123 (iii) > 


2 
(iv) 10) ty) 1800 (vi) 200 . 
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Page 129. 
1. 1:587, 2:374, 2:416, 3:273, 3:365, 3:373. 
2:5:0)525 (ii) < (iii) > (9) >. 
Pages 139-141. 
esl 11 А581 841 1 
ir Qc 35015 (i) — + 09987 
(11) “00532 + `0015ху + 185xz + (0555у2 
de 5 1 E gs AM 
( 5-22 + i^tg* 0) 65xy + 3 xz  $9y + 2yz 
Sri 7 5 35 
(vi) 7% + E {з ^*39 
3 1 
(vii) x + 5y + 3'52 (viii) `3х% + 14 у% + 3 + `45х)% 
th 
(ix) 3 ду + T Е 
(х) d + 1 xyz? + 4x?y%z. 
у “2 У@ху? + 3) к 3x + 2y 
3 (i) = 25 (ii) хуз 3. (iii) ox + 5y 
x(x + 1) ад 18y 
(в) ху 5) б сакс. Qi) 77 
аа 22) +1 УРА 
(vii) 42303 (viii) —зу (ix) 2y 
3 „ 2x + 3) „у 2X) 
(9 аа 60 54642) «йз 
15 
(хїй) 28 (xiv) хэ? 09) zy 
Se dd 
(xvi) 29ху 
142-143. 
Pages у aah tg 2 133. 
о 09 15 Gi) > 85 
4 67 m 41 iml 
(у) + 09 55 07) 15 (viii) 5 
3 5 ane. (xii) = 
@ т ©) 17 5 
9 25 
Qiii) 2- Qi) F 09) 5 
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> ©) (i) 6 a {7} 0) 6 
0) Ф (vi) {2} (vii) {2} (viii) ф 
(ix) 4 0) 4 e) {у} 
2 p .. [25 
3 540 {+} (ii) ЇЕ (1) {>} (iv) {F} 
0) {25} (vi) {4} (vii) $ . (iii) $. 
4. о {5:2 уот (0 fx: x«i] an |: x23] 
(iv) шон (у) ехэ (vi) $ 
(vii) 4x: x < 3] (viii) $ (ix) pus x< al 
(x) {x: x2 т} (хї) E Е zl (xii) {rx x <=} 
(xiii) {x А5 i] (xiv) $ (xv) bs Че >=} 
Pages 145-146. 
ши“. (2) 30, 80 (3) T (4) 75, 35 
(5) a (6) Rs. 137.50 0) 71. (8) ic 
(9) 5 p.m. (10) 16 days (п). з hours (12) 24 days 


(13) 162. litres (14) Rs. 5,5552. and Rs. 44443. 
(15) Х:250, Y : 300, Z : 240, 


REVIEW stapes : PAGES 146-149 


L (i) и, 4 (ii) 5, 5. 6. (iti) >, 2 (iv) 3, 2. 
2. (i) None exists 
(ii) least 1, greatest does not exist 
(iii) greatest 2, least does not exlst 
(iv) greatest 2, least 1 
(v) least 1, greatest does not exist 
(vi) greatest 2, least does not exist 
(vii) greatest 2, least 1. 
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$. (i) а?х?у? + abx?z3 + aby* + b*ytz* 
(ii) ах? + by? + cz? + (а + b) xy + (a + e) xz + (b + o) yz 
(iii) ‘Sax + ay + 1'5а2 + ibx + Бу + bz 
(iv) 17ах + 2:3ay + *68xz + '92у2 


0) 3xy%z + 2ху + + x2y3z, 


07 Saat : 
9. (i) Зу (ii) х (iii) 5. (iv) = 
‚аЬ M 
(v) D (vi) 2 (vii) 5 (viii) T 
i 5ax 
(ix) xz (x) Tr 
0916 сард a 
10. @ {=} (ii) (5) (iii) (28) 
(iv) Us) 0) 4 6) f ye a] 
(ii) (x: x< 2} Qiii) $ (ix) 1x:15&x«& >] 
ФЕ 
11. 160, 440 12. 160 13. 6 minutes 
14. 24 hours 15. 2 km. p.h. 16. Rs. 2800, Rs. 2000 
| 17. Rs, 800, Rs. 1300 18. Rs. 9900 19. Rs. 63 


20. Rs. 600, Rs. 400. 


CHAPTER 4 
Page 156. 

(i) — 100 (ii) + 100 (iii) — 100 (iv) + 100 

(у) + 1400 (vi) — 1400 (vil) + 1400 (уш) — 1400 
| (1 ЕЕ CH= (xii) + 1 

(xiii) + 5 (xiv) — i (ху) + (xvi) — Ч. 

16 : 25 25 

(хуй) — 5 (xviii) — 5 (xix) + iy (xx) 4-127 
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Pages 157-158. 


1. 0+5 
(у) — 11:8 
(ix) — 14 
(xiii — $ 
2. 0-6 
3. (i) — 40 
Page 161. 
1. 0-3 
9-1 


3. The result is zero in both the cases. 


Pages 163-164. 
1. (i) +10 


(ii) — 23 
(vi) + 2:06 
(x) — 5 


(xy + n. 
iy — 3 


(i) 418 


G) + 2 


бй) — 2- 


(i) — 21 


2. (i) 9, 5, + 15 
(iii) — 4°65, + 2:15, + -05. 


3. 0) 8 
Pages 167-168. 
l. (i) — 275 
0) —1 
2. (i) — 120 
(у) + 18. 
3. (i) —21 


220 
(ii) is 


(it) + 2. 
217 343 313 


12055791202: 120 


a+ -2 
(vii) + 2:9 (viii) 0 
(уо (xii) + 4 
(1)-885 @ + 1. 
(it) + ту. 
(iii) + 2:25 (iv) +2 
0)-2 9-3 


(ii) Š о. 
(ii) — 2 (iti) — +5} (iv) — 6-08 
wi) — у: 
= 4 (iii) 0 (iv) + 4-2 
(ii) + 18 ш) + & өш — 2. 
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4 0-4 () —40 — (43 
5. (0) 4-6 (uy —2 (шу —3 за 
0-4 0) 2. 
Page 171. 
1: 0-5  G-3j (t; 0-3 
6) — Ё = 20 (vit) = 4 (ili) + 1 
00-11 Я-то 61 (xi) = 1 
еш 32 em-4 0) +29. 
Pages 175-176. 
L @ 15,59, 1, — 15,0, + 025, +348 


35 7 1 5 ED) 
(0) —3 —ip ctu twt 3 


(й) — 3, — 025,0, + T + 2 + 10 


023—445 +2 
(i) — 21, — 12, — 7, — 6, 0, + 2, + 12, + 21. 
2. (ii), (iii). 
Page 180. 
(i), (ii), (iii), (vi), (ii). 
Pages 187-188. 


C REY, 
3. (i) — 214% (ii) 271 х5уг23 (iii) DM 
: 1 
(iv) y 2 E (у) 3xy (vi) 3(b4- с) 
~ 8a— Б 
wii) E iil) y + 2x (x) 22227 
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@ 2529 en 252 ей к= 
тш) $= 4 Gin T9 4 69) su 
(i des 10 S бид m 2 = Px $ хх + 1) 
Юс Zs ES REA (xx) 2 т » 
Pages 190-192. 
0-1 me мт 0) =e 
E 00125 wo өш. 
(ix) 2 Qm 60x (xii) — 3 
Qui) =P de (xv) Any x € Q is a solution, 
2. G)(x:x»—12) (ii) b: x« -F} 
(ш) Ix:xje — м0 (9) (x :x > 2) 
o «e o) е: р 
(ii) {x 23055 il ОН) (x1 x З 
0) 6x2 - 3] 0) x> 9. 
2 0-3 WO  (Q-— 2. мы 
Раре 194 
1000-72 Ее 5 (ii) (8—2) (9) (1,3) 
o f$. 3} %(—%.-%) Ci 4, -10 oins, {2} 


(x) (5)0) 4. 
2 04-4 (00) 00) (й){4,0,—4) (уф. 
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2 050554] (ii) {0} (iii) (4, 0, — 4) (iv) 4. 
3 @ t= SS er <5, 2 € 0) (ii) {x: -з<х<ьхЕ 9} 


(it) fx: 3 2x xea} 


(iv) E ree 
() {х:4<х < 10, x Q) 
(vi) {х:х > 13,х E Q} U іх: х<5,хЄ Q} 


(уїї) яз, хе = 5 reo} 
(viii) (ех»- ео [ке = eo 


(x) $ 
(x) The set Q except the number > 


REVIEW EXERCISES : PAGES 194-197 

1. () 24, — 3775 (ii) 2316, — 3°75 (iii) 2:4, — 3:75 
(»—7,—95 75. 

: least — 5, greatest does not exist. 
: greatest — 3, least does not exist. 
; greatest — 3, least — 5. 
: none exists. 
: greatest 0, least does not exist. 

: none exists. 

: greatest 0, least — 1, 

: least — 1, greatest does not exist. 


peas 2 
pb usc м ш—# 9-» 


SIS EI 


2 13 7 "3 
10. (i) 4 (ii) D (iii) 38 (iv) no solution 
55 4 321 A: 337 Roel 
(v) ЕЕ (vi) 130 wil) — 314 (viii) 553 
A TS 34 : Е аа — Бс 
(ix) – 9 (x) no solution (xi) a3 dj- 6-49 dj— (4 o 
(xii) Ero ad =. 
(a+ d) — (5 +9 


~ ALGEBRA 


E. VL y Exe О} a fx: 21] (iy fe: x> — 3} 
: f 1 
(9) | зэх» = i] 6) Iz +} e) {1, - 3] 
(vii) (5, — 5, 1, — 1} Qiii) (6, — 6, 0} (ix) ф 
(х) (5, — 1) (xi) 1x: — 3 << в} 
(xii) b: 3} U а 
(xiii) {x:- 2 is +} 
(xiv) | о {xix < -5| 
(xv) х:х»3)() (Х:х-22) 
(xvi) {x: 2 < x < 3} (xvii) {2, 3} 
(xviii) (x : x > 1} U {x: x < 20} (xix) (x:0 <x <1} 
(xx) (0, 1}. 
| CHAPTER 5 
Pages 200-202. 
1, (0) 3x+(—2) =0 (ii) 4x + ( — 4) =0 
(iii) ax + (— b) =0 (iv) 5x + 2 = 
0) 3 х+3- =0 e) se ( — 5) 20 
(vii) ax + (b — с) = 0 (viii) (a — c) x + b =0 


(ix) (a — ¢) x + (b — d) = 0. 
4. (i), (ii), (iv), (v), (vi), (vii) are linear and (iii), (viii) are not linear. The 
domain is the set Q except the numbers 


(i) 0,1 (ii) a, b (4) 1, — 3 (» —1 
0) 7,4 (it) = 3 (vii) — 5, 4 (vill) 1, — 1. 
5. (iii), (viii). 
Page 202. 
в (i) ES (i) 6 (iii) 2. (iv) — i 
: м - 3 b 
() = A (vi) 3 (vii) € =0 өш) с) 
: 4-9, 
i ао 


2. (i) 22 DE (1) 3. (в) a фо (0) 11:8 
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„ 60 M 
3. (i) 23 (i) E (iii) 7 (iv) КА 
„4 2 
4 03 (it) eek (9) Б о) — 2: 
wi) + ой -4 
Pages 203-204. 
1. (i) a=b (ii) a =b (1) 1+m =0 
(i) 1+m =0 (v) ab = c (vi) ab + с =0 
(vii) ab -- c. =0 (viii) ab = c (ix) Ід + mp = 0 
(x) Iq + mp = 0 (xi) 4 = mp (xii) ae + bd = ed. 
2. (i), (ii) and (iv) consistent, (iii) not consistent. 
3. (0,0) consistent, (ii), (iii), (iv), (vi) not consistent. 
4. (ii), (iii) consistent, (i), (iv) not consistent. 
Page 205. 
1. (i) 2x+3y+(—4) =0 (ii) 2x + (— 3) - 4 = 0 
(Ш) 2x + (— 3y -(— 4 = 0 (iv) 2x + (—3» + (—3) =0 
(0) x + 4y + (—2) =0 (vi) 4x + 2y +0=0 
E ji Vy, TNT 
Qii) ze т)У+( 4 )-0 
MPO 55 11527: 
(viii) ЗУ е9 
2. (i), (ii), (у), (vi) linear, (iii) not linear. 
(i) y cannot be 0 (ii) x cannot be 5 (iii) y cannot be 0 
(iv) x cannot be — E , y cannot be a 
LI 1 
(v) у cannot be 4, ce 3 (vi) у cannot be ЫН uA Ч. 
Page 207. 
2. Same: (i), (iv). Different : All others. 
Page 208. 
"m 5 
L (0 (30:56 0) a f(s-4) ree} 


(iii) {(® ч) PG о} (9) {(0, у) :уЕ О} 


0) {( um bee e} (vi) (E ›):›є o] 
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| OY) хуЕ О, у5 0} 
232 »ysreo»zi] Я 
an (х »)uoeg rz 
(%) ХУ: х, у E О,х-&0} 
n {e)re 020-3} 
(vi) {(®»):»› Є 0, х= =} 


Pages 214-215. 

|. (i) (5- >) (ii) ($ 3) (iii) ( — 2, 13) 
(9) (4, 1) 0) (6, 2) (vi) (3, 2) 
wi) (4-1) em(- F 4) w (oi): 

б e(- $2) obi) 88) 
(9) {(® 5 } (у) $ 
en (88) pack, keo} 
(vit) {( ЖК ) к= е, h kE о} (viii) (( — 1, 0) 


(0400) 09949 (xi) Ah k) ik = 2h + 3, h, k € Q) 

3 ofr +) шан 
"(en «(Cines 
(Rp {ы urs 
e (56) к= poke 9) 


4. (i) {(60, 40)} (10) (Q0, 18)} (07) {(4, 2)} 


(iv) (08, 59) ol 2^ 2)) e-a 
(й) (5, — 5) (viii) (3, — 2). 


кә m 
: is ge 
Бос, 
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eee 
Ч | Е о (56, – 60) 


Pages 218-219, 
1. (i) 


eme ed — ае ! be—cd е-с 
9 {= ‘ba — d) (i) (=e bou] 
2. (i) (1, 3) (ii) (- 3 2) (iii) (- + Е 2) 
43 29 1 ., [16 26 
(ss) | 9(2-8) eor - 7) 
13 
b (vii) (5 22 (viii) (- 5: 5) 
Page 220. 
Consistent : (i), (iii), (iv), Inconsistent : (ii). 
Pages 221-222. 
1. (i), (i), (iii), (v), (у), vii), (viii) are linear but (vi) is not. 
Restrictions 
(ii) 2 2. () » 12 0х +7. 
(9) у 2 2,2543 Gi) y ges а (бй) y 2. 
2. Yes: (i), Хо: All others. 
3. (i) {(x, y, 0): x, y E О} (ii) (0, y, z( : y, 2 € Q} 
х 3 
ji і (iii) {(x, 0, z) £ x, ze О} (iv) {(5. У,2 ) :у,сЄ о} 
| ; 3 
0) (6, y, 2:», 2€ ФУ We - 5,2 ) =, zeo} 
(vi) {@, J, Мт, 5) : х,у € Q} U {(х, 4, 2): 1х, 2 Е Qj. 
\. 
Pages 226-227. 
1. G) (( — 30, — 39, — 12)} (ii) (20, 15, 22) 
(iii) ((— 1, 3, — 4) (в) (6, 8, 10)} 
| 0) {(а, b, c): a = — (И + c), b = — (21+ c) [ 3, a, b, c € О} 
M б) Ф 


21c — 146 8 — 22c ] 
21101 e): a= 13 = 13 ,ab, cEQ 


(vii) $. 
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> @ {(-4.- 
1 
hs 


wn {- 


Pages 232-233. 
(1) 35 (2) 36 (3) 692 (4) Father 40, Son 10 
(5) 36 (6) 133 days (7) 5:1 (8) Rs. 6, Rs. 5 
(9) Rs. 960, Rs. 480 (10) Rs. 15, Rs. 1°50 (11) 4 km.p.h. 
(12) 25 km.p.h. (13) 5 min., 6 min. (14) 11, 10 
(15) 9 km., 4 km.p.h. (16) Rs. 2500 (17) Rs. 800, Rs. 750 


(18) Rs. 3500, Rs. 3250 (19) Rs. 21735 (20) Rs. 11,000, Rs. 10,000. 


REVIEW EXERCISES : PAGES 234-236 


1. (i) (1, 0) (ii) (2, 3) (iii) (7, 2) 
57 
Е f 86 157 : 
(iv) no solution (v) (- 163” 15 (vi) (6, 6). 
2. Yes: (i), (iv), No : (ii), (iii). 
2 895 895 
3,1: 0 oo 09 (19:15) 
4. Gb — c) + b(c — a) + са — b) = 0. 
5. @) lo» c ! а =, ЕЦЕ 7 Cal НА, сє °} 
: гд 3 117/78 10 7 
(ii) $ (3,-4.2) (iv) (- ЗЭЭ) 
us 1 1 E 
6. (i) (+, in 3) (ii) e 1, +): 
TBE 8. Asha Rs. 700, Usha Rs. 1700 
5 1 
9; E 10:08 days, 4-5: days 
ll. Itempties in 12 hours. 12. Rs. 17500, Rs. 12500 
13. 144, 96 | 14. Father 33, Son 10 
15. 36, 27 years 16. 14, 6} km,p.h. 
17. 60, 80 km.p.h. 18. 60с.с., 20 c.c. 


19. Rs. 10166}, Rs. 6000 . 20. Rs. 4320, Rs. 4050. 


Dib о не сова 


ANSWERS 
CHAPTER 6 
Page 238. 
monomials : (iii), (iv), (vii) 
binomials : (i), (у), (viii) 
trinomials : (ii), (vi), (ix). 
Pages 239-240. 
1. (i) 2,1; опе (ii) — 2, 5 ; one (Ш) — 3, 0 ; one 
(iv) 5, "7; one (у) — 1.5, 2; one (vi) 7, 0 ; one 
(vii) —2,0,7;two (viii) +5, — 7,8 ; two 
(x) 3, — 2, 1 ; two (xi) 5/2,1, — 3: two 
(xiii) 1,1, — 1;two (xiv) — 2,5 / 3,0; two 


(іх) *7, 0, 1; two 
(xii) — 8, 0, 0 ; two 
(xv) 3,0, — 7; two 

‚ (xvi) 1, 7, — 3, 5 ; three (xvii) 2, 0, 0, — 2, 5 ; four 
(хуй) 1, 0, 0, 0, 0, 0, 0, — 1 ; seven. 
2. (xiii), (xvi), (xviii). 
Pages 240-241. 
1. ()x*-4 3x+2 (ii) x*--x—6 (iii) № — 11x + 28 
(iv) 2x2 + 5x + 2 (v) 6x? + 13x + 6 (vi) 30x? + 13x — 77 
(vii) 333 + 11x —4 (viii) — 2х2 + 15x — 7 (ix) 3x? — 2x — 8 
(x) — 90 + 34+ 2 (xi) — 161 + 25 (xii) — 2t? — t + 10 


2. (i) X + (a + 5b) x + ab (ii) ха + (34 — 2p)x — 6pq 
(iii) у? + (1 — 5m) y — Sim. 
Page 242. | 
5 Ач 2 
1. (4 (ii) 3 (ili) а (i) 4 2 
PW. 13:58 
(vi) x (vii) x (viii) a (ix) ы 
and the corresponding linear polynomial in each case is 
Sr, : 1 
()х-2 (ii) x + 3 (iii) x — a (iv) x — 3 


"E 7 
(vy) x — 5 (vi) x + ы (vii) x — + (viii) x + = 


о 
15) oh 
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2. (02 a) E qii 23. Ко Т 
ҮЕ 227 Gi) m ls 
3. (i) 6x;x--3 or — 6x;x —3 
() 3х;х+ 2. ог Larp 5. 
4 °@)2 or б (ii) З ог Ч 
(iii) 2m — lor — 2m — 1 (iv) 1+ m or m — I. 
Page 247. 


(i), Gi), (iv), (vi), (уй), (viii), (x), (xii), (xiii), (xv). 

G)Cx-2(x-3) G)(x—0)(x—8 (9(х-4(х-2) 
(vi) (х— 5)( x + 2) (уй) (2х — 5( x — 1) (iii) (3x + 2( x + 2) 
(x) Qx — 55x +1) (xi) ( x + 2)(8x —3) (xiii) (3x + 4? 

(xv) € x + 2)(7х + 2). 
Pages 249-250. 

(i) (х + 1)(х + 5) (ii) (x — )(x — 2)  (И0(х-54х-1) 
w (х = 14(х+2) 0) 0х + S6 4D — QD (3х — 20x ~ 3) 
(vii) (у — 1)(3у —2) (viii) (3y — 5)(4у + 3) (іх) (у — 52y + 5) 

(x) Qt — 3(6(— 7) (xi) (3t — D(t — 2) (xii) (t — 3)t + 2) 

(xiii) Qu + 1)(7и — 11) (xiv) (3 — u)(7 + u) (ху) (Зи — 5)%, 


Page 256. 
(06-9 eO ei; ec-mm 
(у) {— 2, — 8} 0994 (vii) $ (viii) (3, 5) 
(ix) iu Б 3) (x) {3-3} (xi) $ (xii) $. 
2. (i) nosolution (ii) 9 (iii) — i (iv) no solution. 
Page 258. 


(i) {х:1<х< 2) (ii) {х:-1<х%< 3) 

(iii) {x: —2 < x < 3} i 

(iv) All rational numbers except those between — 5, 4. 

(v) All rational numbers except the numbers 1 / 2, 2 and those between 
1/2and2. 


: 5 2 
(vi) xi exe- 5} | 
(уй) All rational numbers except those between 4 and 5. 


1 
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(viii) {х:— 5 <х < 4 (ix) fx: фрех< 8) 
(х) {5:1 <х< 3} (xi) {х:-2<х < 4. 

(xii) All rational numbers except the numbers — 3, 5 and those between 

— 3 and 5. 
Page 259. 

(1) Lor 5 (2) 5, 11 (3) 2 or — $ 
(4) base : 4 or 6 cm. height : бог 4 cm. 
(5) 15 cm., 7 cm. (6) 12 metres, 71 metres. 


REVIEW EXERCISES : PAGES 260-261 


1. (ii), (iv), (vi). 
(i) (x + 3) (x + 6) (iv) (2x + 5) 6x — 3) (vi) (7x + 4) (x + 2) 
2. (i) {— 2, — 10} (ii) { — 2, 3] (iii) (— 2, 3} 
: 5 5 1 1 d 
(iv) { — Ta 3] 0) fo, +} (vi) ф 
: 5 5 
ой) Ї il (un) ¢ (ix) ES Са 3 
5k () 1,— 4 (й) nosolution (йй) no solution (№) 3. 
4 @)(х+а—1)(х—а-+2) (ii) (2x + 3a) (2x + 3a — 4) 
(iii) (2x + За) Qx + 3a — 4) (0) (2х + a — 1) (x — 4a + 4). 
(5) length : 16 cm., width : 4 cm., side of the square : 8 cm. 
(6) base : 15 or 7 cm., height : 7 or 15 cm. 
(7) 17, 18, 19 (8) 12, 8 (9) 18 hours (10) one hour. 
APPENDIX 
_ Рарев 265-266. 
1, (i) 123 (ii) 592 (iii) 540 (iv) 2558 
0) 7272 (vi) 2400 (vii) 242756 (viii) 146522 
(ix) 955565. 
2. (i) (101101) (її) (3025) (iii) (10111); (iv) (3112). 
< (v) (33440); (vi) (441316); (vii) (10534)e (viii) (1005345) 
(ix) (69150) (х) (152319). 
203, - (i) (10001110). (ii) (440) (iii) (33) (iv) (60); 
7210) (1157) (vi) (299112 (vif) (125713): (viii) (111001): 
(ix) (103430; —— 09 GIDe 
-Page 267. | р 
1,0) 11010 (ii) 11111 (iii) 1111110 (iv) 1100100 


Q) 11010 (vi) 1001. 
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ALGEBRA | 
2. (i) 111, 1000, 1010, 1100 (i) 11, 100, 101, 111 
(iii) 1000, 1001, 1010, 1100. 
за (ii) < (iii) < (9) >. 
TEST PAPER I 
Pages 268-269. 
1. (а) (2,0, 3, 7, 4, 8, 9, 6, 11), (0, 7, 8). 

(b) For example, — 3' 05, 13:24, — 2:48, 2 are rational numbers but 
not integers and 0, — 7, — 24, — 13, — 41 are integers but not 
natural numbers. 

2: (1, 2, 3, 4, 6, 8, 12, 24), (1, 2, 3, 6, 7, 14, 21, 42), (1, 2, 3, 6), 1, 6 6. 
4 (b) 29х 33 27 х 52, 210% 3315659; - 
5. (a) Ф. However, if the domain is taken as Q, the truth set becomes 
1 
{- +} (b) {1, 3,5}. 
: Bods ex 
7, (b) (0) 1- 75, 0, x 15: 125 ] 
(i) ( — 3:24, — 2:5, — 1727, *04, 75) 
7 1 2271 
ко {r-a} © (s з) 
9, 


(a) am + bl = 0 (b) (x + 2) (8x — 3) 


10. (a) {> 3} (b) 100, 80. 


TEST PAPER П i 
Pages 269-271. 


1. (а) $, {4}, (4, 5}. 
(b) For example, 2 


5 Чэ 7:34, 2°75, *36 are fractions but not integers 


and 0, — 3, — 24, — 5, — 10 are integers but not fractions. 
2) (4, 8, 12, 16, .. . }, (6, 12, 18,24, .. . ). Infinite. 
(12, 24, 36, 48, . . }. No. 12. 12. 
5. (а) (3. No change if the domain is taken as Nor Е. But the truth 


set becomes ¢ if the domain becomes the set of even natural 
numbers, 


(b) (1, 3), (4, 1). Finite. No. 


фо {5 e-r r} 

709 (7, 74, 0, — "73, — 19). 

(b) Not expressible. 

(a) at (b — c) + Ph (c а) + c*(a— b) = 0 (b) 4. 


(a) 5 (5) 4, 7, 9, 40 years. 


s TEST PAPER Ш 
272. 
E 4 {1, 2.3.4, x} [oT rgb 234 T 


(b) For example, "75, 34, 11:45, T ын агс fractions but not natural 


numbers. Not possible. 
(1, 3, 7, 9, 21, 63), (1, 3, 5, 9, 15, 45}, (1, 3, 9, 27). (1,.3, 9), 9, 1.9. 


The only factor of 1 is 1. 

(a) Yes. If x, y are fractions, then x — y is meaningful only if x — y. 
. (a) {@, 1. 3), (2, 1, 2), (3, 1, 0). 7. (b) (ii). 

28, (a) xx + 3y)ly (b {x: — 2 < x < 5/4). 
0. (a) 3 km. p.h., 8 km. p.h. (b) 5, 9. 


TEST PAPER IV 


(4) C C (A U B) is true. 


(b) For example, 0, — T -2,- iD — 3:75 are rational numbers 


but not fractions. Not possible. 
£5, 10, 15, 20, ...}, (10. 20, 30, 40, ...}, (15, 30, 45, 60, ...}. 
(30, 60, 90, ...}. No. 30. 
аео 9 


е 2:556 
(a) No (8) (i) For example, Toa т Ts PH 
(b) (ii) 4, 5, 6. 33703 S 


дас is not the square of a _ 


O No. The equation has no root if b* — 


rational number. 
= 12 


De 

10. (a) {> Е T <х<3 ] : (b) Rs. 165000, Rs. 15000. 

TEST PAPER V 
Pages 274-276. 
1 3 1 3 A 

1. (a) iz ЇЕ >, 2] , {> 15 > 2: 34| A C B is true. 

1 3 11 7 * 
(b) For example, 0, Du Eu OF 35, — 22:3. No. 
3. (1, 3, 5, 9, 15, 45}, (1, 3, 7, 9, 21, 63), (1, 2, 4, 5, 10, 20), {1}. Finite. 
DT. 

A (0) 3 059 20735555: 5 ххх эх 13. [5 

6: 5. (Б) N. Infinite. 

7. (a) No. For example, there is no integer between 0 and 1. 

| (b) $. 
& (@—- +. (b) {x:—10<x< 3) 


^ of(- 2 v) 


10. (a) It empties the cistern in ten hours. (b) 5 hours. 


